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Abstract The residual-free bubble method (RFB) is a parameter-free stable finite
element method that has been successfully applied to a wide range of boundaryvalue problems exhibiting multiple-scale behaviour. If some local features of the
solution are known a priori, the approximation properties of the RFB finite element
space can be improved by enriching it on selected edges of the partition by edgebubbles that are supported on pairs of neighbouring elements. Motivated by this
idea, we define and analyse an enhanced residual-free bubble method for the solution of convection-dominated convection-diffusion problems in 2-D. Our a priori
analysis highlights the limitations of the RFB method and the improved global
approximation properties of the new method. The theoretical results are supported
by detailed numerical experiments.

1 Introduction
The underlying principle behind the use of bubble methods (see, e.g. [9]) is that
of enriching the Galerkin finite element space with functions (bubbles) having
compact support on every element of the given partition. The bubbles are successively eliminated through static condensation, leaving a generalised Galerkin
scheme for the original finite element space which is expected to have improved
approximation properties. In general, we expect this to be the case when the numerical solution of the problem under consideration is sensitive to features present on
scales that cannot be represented on the given mesh. For instance, in the framework
of boundary-value problems for convection-dominated convection-diffusion equations, bubble methods have proved successful in capturing subgrid-scale features,
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such as thin internal and boundary layers, while recovering many classical stabilised
finite element methods [7].
The residual-free bubble method [15,8] is based on choosing as rich a bubble-space as possible. The resulting scheme has the desirable property of being
locally residual free, i.e. it has a solution satisfying the differential equation under
consideration inside every element.
A limitation of classical bubble methods in general, and of RFB in particular,
is that only those subgrid features can be accurately modelled that do not cross the
inter-element boundaries. As pointed out in [6], in circumstances when it is crucial
that subgrid scales are accurately captured, bubble methods should benefit from
the addition of edge-bubbles, i.e. bubbles with support on pairs of elements sharing
an edge, the underlying criterion being that the number of such edge-bubbles is
kept small relative to the total number of degrees of freedom (so as to ensure that
the resulting computational overhead is negligible).
In the present paper we formalize this idea: by building on the augmented-space
formulation of Brezzi & Marini [14], we define a new algorithm, the enhanced
residual-free bubble method (RFBe), and develop its a priori error analysis. The
proposed method is then successfully applied to convection-dominated diffusion
problems. Here, we confine ourselves to problems where the subdomains within
which edge-bubbles need to be used are known a priori. We refer to our recent
work [16] for the construction of an hb-adaptive algorithm which performs adaptive mesh refinement in conjunction with an adaptive choice of the active bubbles,
based on a posteriori error analysis.
The idea behind the present method is to combine the generality of a stabilised
method with the specialized use of ad hoc finite elements constructed in a way to
capture subgrid-scale behaviour on edges in the partition (see [24] and the references therein). A similar approach is developed in [3] and [4] for the discretisation
of the convection term in the Navier–Stokes equations. The finite elements introduced in [3] are tensor products of one-dimensional exponential edge-functions
which reflect the local flow conditions, so as to obtain a method that is accurate
in all flow regimes. As recognized in [4], the edge-functions should be interpreted
as one-dimensional bubbles (cf. [12]), and are, in turn, related to the link-cutting
bubbles proposed in [11] for convection-diffusion-reaction problems in one spacedimension. A closely related technique is the Petrov–Galerkin method presented
in [19] for the solution of reaction-diffusion problems, where, just as in the present
method, residual-free bubbles are supplemented by suitable edge-functions with
the aim to enhance the trial space.
This paper is devoted to the design and error analysis of the RFBe finite element method for convection-dominated diffusion problems. Briefly, the method is
defined as follows. The RFB finite element space is enriched with edge-bubbles in
subregions where layers are present. Specifically, on each element-edge, internal to
the computational domain, that intersects an exponential boundary layer, the associated edge-bubble is defined as an exponential edge-function obtained by solving
the projection of the original PDE onto the edge subject to homogeneous Dirichlet
boundary conditions at the endpoints of the edge; on each of the two elements
that share the edge, the edge-bubble is defined as the solution of the homogeneous
partial differential equation obtained by restricting the original equation to the interior of the two elements, subject to suitable boundary conditions (i.e. homogeneous
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Dirichlet boundary condition on all the edges of each of the two elements, except
the shared edge where a non-homogeneous Dirichlet boundary condition is used,
with the exponential edge-function as boundary datum).
We show through a priori analysis, and illustrate by numerical experiments,
that the RFBe method improves the RFB resolution of boundary layers. A crucial
property of the RFBe method is that the locally introduced edge-bubbles provide
global improvement of the solution, indicating that the presence of edge-bubbles
has a global stabilising effect. In addition, unlike standard stabilised finite element methods, the RFBe method accurately captures the behaviour of the solution
inside boundary layers even on relatively coarse computational meshes. Our current
implementation of the RFBe method does not supplement the basic RFB approximation with edge-bubbles within internal layers; its accuracy within internal layers
is therefore no better than that of RFB (see Section 5). The inclusion of suitable
edge-bubbles within internal layers would, of course, lead to further improvements
in accuracy.
The paper is structured as follows. We present the method in Section 2, applying the general framework for multilevel methods proposed by Brezzi & Marini
in [14]. In Section 3, we explain how the edge-bubbles are defined for convection-dominated convection-diffusion problems. Our choice is justified in Section 4
through a priori analysis. Finally, Section 5 is dedicated to the fully discrete version of the method (i.e. including the numerical approximation of the bubbles).
The theoretical results are confirmed by numerical experiments.

2 A framework for the enrichment of the RFB finite element method
Given a bounded polygonal domain  in R2 , let L(·, ·) be a bounded coercive
bilinear functional on V = H10 () and let f ∈ L2 (). We consider the elliptic
boundary-value problem in variational form:


find u ∈ V such that
L(u, v) = (f, v)
∀v ∈ V .

(1)

Assume that we are given a family {Th } of conforming and shape-regular partitions Th of  such that any T ∈ Th is affine-equivalent to a reference element
T through an affine map FT . Finally, let h be the discretisation parameter, i.e. the
maximum elemental diameter.
We define, over Th , the standard finite element space Vh of all piecewise linear
functions (if T̂ is an open unit triangle) or piecewise bilinear functions (if T̂ is an
open unit square). Moreover, let Bh be the space of residual-free bubbles, i.e. the
set of all functions in V that vanish on the skeleton of the partition Th . That is, we
define

Vh = vh ∈ H01 () : wh |T ∈ P1 (T )

(or wh |T ◦ FT ∈ Q1 (T̂ )) ∀T ∈ Th ,

H01 (T ).
(2)
Bh =
T ∈T h
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The residual-free bubble finite element space is then defined as VRFB = Vh ⊕ Bh ,
the direct sum being ensured since Vh does not contain nontrivial bubbles, i.e.
Vh ∩ Bh = {0}.
We mention here that it is possible to define higher-order residual-free bubble
finite element spaces, the general recipe being that the bubble-space should be as
large as possible, as explained by Brezzi in [6].
The residual-free bubble method (RFB) is given by restricting (1) to the subspace VRFB :

find uRFB ∈ VRFB such that
(3)
L(uRFB , v) = (f, v)
∀v ∈ VRFB .
Thanks to the richness of the space of bubbles Bh , the solution uRFB has the desirable
property of being residual-free on the interior of any element (see [13]).
As we shall see later, the bubble part of the solution can be eliminated, at least
formally, from the RFB formulation through a static condensation procedure which
leads to a generalised Galerkin formulation over the standard finite element space
Vh . In other words, the RFB method can be formulated as a two-level algorithm
which corresponds to a sort of divide-and-conquer principle: the space of bubbles
Bh should take into account the fine scales of the problem while the solution on
Vh gives an approximation of the global behaviour of u.
The draw-back of such a two-level procedure is that only the small scales that
do not cross the boundary of any element of the partition will be taken into account.
Thus, following an idea by Brezzi [6], we propose to further enrich the RFB space
with the aim of improving the approximation properties on the skeleton of the
partition. The framework is that of the general augmented-space method proposed
by Brezzi and Marini in [14], which is defined as follows.
Let  be the skeleton of our partition Th , i.e. the union of the boundaries of all
elements in Th , and let  be the space of traces of V on . An augmented subspace
is defined by considering all the extensions onto  from a finite-dimensional subspace of . That is, given a subspace h ⊂  of finite dimension, we define the
space


Va := v ∈ V : v| ∈ h .
The augmented-space formulation is obtained by restricting (1) to Va :

find ua ∈ Va such that
L(ua , va ) = (f, va )
∀va ∈ Va .

(4)

The existence and uniqueness of the solution to (4) are ensured by the continuity and
coercivity of the bilinear functional L over Va × Va , by virtue of the Lax–Milgram
theorem.
By definition of VRFB , the augmented space Va always contains as a subspace
the residual-free bubble-space Bh as defined in (2). Further, the RFB method is
obtained from the above general formulation simply by choosing h as the space
spanned by the traces of Vh .
We can also identify a second subspace Vl , which depends on the bilinear
functional L:
Vl := {vl ∈ Va : L(vl , vb ) = 0

∀vb ∈ Bh } ,

(5)
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and observe that we have the splitting
Va = Vl ⊕ Bh .

(6)

In the special case when Va is equal to VRFB , we also have, by definition,
Va = VRFB = Vh ⊕ Bh .
Since Vh and Vl are not equal, the two characterisations of the RFB space are different. Thus, the augmented-space formulation naturally gives a new interpretation
to the RFB method. Indeed, the solution ua of (4) can be characterised as follows
(see [14]).
Theorem 1 Let ua be the unique solution of (4). Then, its decomposition according
f
f
to (6) is given by ua = ul + ub where ub is the unique solution in Bh of
f

L(ub , vb ) = (f, vb )

∀vb ∈ Bh ,

(7)

and ul is the unique solution in Vl of
f

L(ul , vl ) + L(ub , vl ) = (f, vl )

∀vl ∈ Vl .

(8)

Remark 1 The bubble equation (7), i.e. the equation obtained from the augmentedspace formulation by testing in the bubble-space, has the appealing property of
being independent of ul . Moreover the two equations (7) and (8) decouple if L is
f
f
a symmetric (bilinear) functional, since in this case L(ub , vl ) = L(vl , ub ) = 0
by (5).

2.1 General definition of the RFBe method
The formulation (4) represents a framework for the modification of the RFB
method. We mentioned already that the RFB method is obtained from the augmented-space formulation by choosing h = Vh | : we now modify the RFB
method by augmenting Vh | locally and consider the associated augmented-space
formulation.
This can be done by considering, as space of traces h , the traces of Vh supplemented by a relatively low-dimensional space of traces e , assuming that any
element of e has support on a single edge. In this way we ensure that the space
h := Vh | ⊕ e
is defined as the direct sum of its components. Indeed, on any given partition edge
γ , the elements of e are either identically zero, or one-dimensional bubbles,
while, by definition, Vh |γ does not contain bubbles. Hence, for any edge γ of the
partition, Vh |γ ∩ e |γ = {0}.
We consider the associated augmented space Va , and name the corresponding augmented-space formulation (4) an enhanced residual-free bubble (RFBe)
method.
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Moreover, given the decomposition Va = Vl ⊕ Bh discussed above, we define
h := {v ∈ Vl : v| ∈ Vh | } ,
V
Eh := {v ∈ Vl : v| ∈ e } ,
and call the elements of Eh edge-bubbles. Clearly, we have that
h ⊕ Eh ⊕ Bh .
Va = V

(9)

Further, we notice that, by construction, the space of edge-bubbles Eh admits a
basis whose elements have their support on the pair of elements sharing a given
edge internal to .
The choice of the edge-bubbles or, more precisely, of their traces in , should
be dependent on the problem under consideration; indeed, the edge-bubbles may be
chosen by exploiting the differential equation or, alternatively, some information
about the solution obtained through a previous computation.
In the next section we present an example of a successful application of the
RFBe framework and show how an a priori error analysis can be used to justify
our choice of the edge-bubbles.

3 Increasing the resolution of boundary layers
We exemplify edge-bubbles, designed to capture boundary layer behaviour, and we
prove, through a priori error analysis, that the particular choice of edge-bubbles
results in a reduction of the discretisation error beyond that of the classical RFB
method.
Consider the following boundary-value problem for the convection-diffusion
equation:

Lu := −εu + a · ∇u = f
in  = (0, 1)2 ,
(10)
u=0
on ∂,
where the convection field a ∈ [C()]2 and the forcing function f ∈ L2 (). In
the convection-dominated regime, the solution exhibits a normal (i.e. exponential)
boundary layer at the outflow boundary ∂+ ; the latter is defined as the set of all
points on the boundary ∂ where a · n > 0, with n denoting the unit outward
normal vector to ∂. Analogously, ∂− denotes the inflow boundary, defined as
the set of all points on ∂ where a · n < 0. It is in the vicinity of the outflow
boundary, in particular, that we aim to obtain increased accuracy over a standard
Galerkin finite element method and over RFB by a careful choice of edge-bubbles.

3.1 Definition of the RFBe method
Let {Th } be a family of shape-regular axiparallel partitions of  = (0, 1)2 . Thus,
Th is the tensor-product of the subdivisions 0 = x0 < x1 < · · · < xm = 1 and
0 = y0 < y1 < · · · < yn = 1.
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We define as boundary layer region a neighbourhood of the outflow boundary
of width
κ = ε ln(1/ε),

(11)

in the direction orthogonal to the boundary (see Figure 1).
We distinguish among those elements that intersect the boundary layer region
and those that do not by introducing the subpartitions:
Tbl = {T ∈ Th : dist(T , ∂+ ) ≤ κ},
Touter = Th \ Tbl .

(12)
(13)

Here, for two subsets A and B of R2 , dist(A, B) = inf x∈A,y∈B |x−y|. Accordingly,
let bl and outer be the set of all open edges contained in  that belong to the
elements in Tbl and Touter , respectively. We also define the subset e ⊂ bl containing all open edges with nonempty intersection with the boundary layer region.
Furthermore, we denote by − and + the set of all open edges contained in ∂−
and ∂+ , respectively. Clearly, e , outer , − and + are mutually disjoint sets
and their union is the set of all open element-edges contained in . Finally, given
any edge γ of an element T ∈ Th , we let hγ := |γ |.
We assume that h ≥ Cκ for some positive constant C and say that the boundary
layer is not resolved by the given mesh.
We propose to associate one edge-bubble with each edge γ ∈ e that crosses the
boundary layer. Under the above assumption, the number of the edges belonging
to e is m + n − 2.
Let Ti , i = 1, 2, be the two elements sharing a given edge γ ∈ e . We define
the edge-bubble eγ as follows:
– eγ ∈ H01 () and supp(eγ ) ⊂ T1 ∪ T2 ;
– the value of eγ on γ is given by the solution of the one-dimensional boundaryvalue problem

Lγ w = 1 in γ ,
(14)
w = 0 on ∂γ ,

T1

γ T2

←− Boundary layer
region

Fig. 1 Axiparallel mesh. Each edge in e is assigned a single edge-bubble; edges γ ∈ e are
indicated in boldface. For example, γ is the shared face of elements T1 and T2 and the associated
edge-bubble has support T1 ∪ T2
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where Lγ is a differential operator obtained from L by considering directional
derivatives along γ . In our case, if for example γ is parallel to the y-axis as in
Figure 1, then Lγ is obtained on the associated edge γ ∈ e by discarding all
terms with derivatives in the x-direction.
– inside Ti , i = 1, 2, eγ satisfies
LTi (eγ , v) = 0

∀v ∈ H01 (Ti ),

(15)

where LTi is the restriction of L to Ti (as dictated by the definition of Eh ).
Remark 2 More generally, when γ is not aligned with a co-ordinate direction, since
the Laplacian is rotation-invariant, we would define Lγ w = −εw (t) + aγ w (t),
where aγ is the projection of a along γ .
To handle the case of convection-diffusion equations with symmetric tensordiffusion coefficient, we would need to freeze the diffusion coefficient to an edgewise constant tensor. Then a local rotation of the co-ordinate system and stretching
along the rotated co-ordinate axis can be used to transform the diffusion term into
the Laplacian.
We now introduce the edge-bubble-space
Eh := span{eγ : γ ∈

e },

and the RFBe method is defined as the Galerkin formulation on the associated
augmented space (9).
Alternatively, in order to exploit the well-known approximation properties of
the underlying finite element space Vh , we can consider the following equivalent
definition. As shown in the previous section, the space of edge-bubbles Eh is in
direct sum with Bh and Vh . Thus, as already discussed in the case of the RFB
method, we have the following alternative splitting of the augmented space:
Va = Vh ⊕ Eh ⊕ Bh =: VP ⊕ Bh .

(16)

Since in (16) we have a direct sum, each va ∈ Va can be uniquely decomposed as
a sum over the three subspaces. Hence, the RFBe formulation reads

find ua = uh + ue + ub ∈ Va = Vh ⊕ Eh ⊕ Bh such that
(17)
L(uh + ue + ub , va ) = (f, va )
∀va ∈ Va .
Testing in (17) with vb ∈ Bh , we obtain the bubble equation
L(ub , vb ) = (f, vb ) − L(uh , vb )

∀vb ∈ Bh ,

(18)

where we have used the orthogonality of Eh and Bh with respect to L expressed by
(15). Starting from the standard RFB formulation (3), we would obtain exactly the
same bubble equation. That is to say, the introduction of the edge-bubbles leaves
the static condensation procedure unchanged.
Formally, static condensation is carried out as follows. Letting ϕj , j = 1, . . . , NT ,
be the local basis functions for Vh on a generic element T ∈ Th and considering
 T
the local decomposition uh |T = N
j =1 Uj ϕj , we have from (18):
ub |T =

NT

j =1

Uj bj + bf ,

(19)
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bj ∈ H01 (T ) such that
L(bj , v) = −L(ϕj , v)


∀v ∈ H01 (T ),

bf ∈ H01 (T ) such that
L(bf , v) = (f, v)
∀v ∈ H01 (T ).

(20)

(21)

Assume that the variational problems (20) and (21) have been solved. Testing in
(17) with v ∈ VP and substituting ub using (19), we arrive at the following problem
on the space VP :

find uh + ue ∈ VP such that



NT




L(uh + ue , v) +
Uj LT (bj , v) = (f, v) −
LT (bf , v)
(22)


j
=1
T
∈
T
T
∈
T
h
h



∀v ∈ VP .
Thus, as for the standard RFB method (see, e.g. [6]), the RFBe method results in
a generalised Galerkin formulation, this time defined over the locally augmented
finite element space VP = Vh ⊕ Eh .
We justify the choice of the edge-bubbles through a priori analysis.

4 A priori error analysis
In the following pages, C represents a constant whose actual value may change at
different occurrences; C may depend on a, but is always independent of ε and the
mesh size h.
We emphasise that the following analysis is valid under the hypothesis that
h  κ (i.e. h ≥ Cκ, with C ≥ 1), where κ is the width of the boundary layer
(see (11)). Of course, as the mesh is refined, the relative improvement in accuracy
due to the introduction of edge-bubbles gradually diminishes (see the numerical
examples below) and, as h becomes smaller, the standard RFB method will yield
equally satisfactory results. Indeed, when h  κ, even a standard Galerkin finite
element method will provide good accuracy. However, our concern here is the case
when h  κ.
To proceed, we shall strengthen our hypotheses on the mesh by assuming that
it is quasi-uniform, i.e. that there exists a constant c0 > 0 such that
c0 h ≤ hT ≤ h = max hT ,
T ∈T h

(23)

for every T ∈ Th , where hT is the diameter of the element T .
As regards the data of the problem under consideration (10), we suppose that
a ∈ [C0,1 ()]2 and make the further assumption that
a = (a1 , a2 ) ,

where a1 , a2 ≥ ca > 0,

(24)
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so that the outflow boundary ∂+ coincides with the union of the two sides x = 1
and y = 1. Here, C0,1 () denotes the space of Lipschitz-continuous functions
defined on . For future reference, C1,1/2 () will signify the subspace of C1 (),
the space of continuously differentiable functions on , consisting of functions
whose first partial derivatives are Hölder-continuous on  with exponent 1/2.
The analysis below is valid as long as internal layers are absent. For this purpose,
we assume that f is sufficiently smooth, say, f ∈ C0,1 (). Finally, we suppose
that div a ≤ 0 in  to ensure coercivity of the bilinear functional associated with L.
Under these hypotheses, the boundary-value problem (10) admits a unique weak
solution u ∈ H01 ().
It follows from the assumptions above that the number of edges belonging to
−1 where K is a constant depending only on
e (and to bl ) is bounded by Kh
the quasiuniformity of the mesh. In other words, #( e ) = O(1/ h), while the total
number of edges in the partition is of order O(1/ h2 ). These facts will be used in
the a priori analysis.
4.1 Properties of an asymptotic approximation
In order to analyse the RFBe method, we require information about the behaviour
of the solution based on performing an asymptotic analysis, — in much the same
way as in [21].
We remark that the availability of an asymptotic expansion of the analytical
solution u in terms of the small parameter ε is required for analytical purposes but
is not needed in the practical implementation of the method.
The reduced problem, corresponding to setting ε = 0 in (10), is defined by

in ,
a · ∇u0 = f
(25)
u0 |x=0 = u0 |y=0 = 0,
with solution u0 ∈ C0,1 (): in general (i.e. in the absence of additional compatibility conditions on f at the point (0, 0)), first-order partial derivatives of u0 will
be discontinuous across the characteristic curve emanating from the inflow corner
(0, 0) of  (see, e.g., [24], pp. 178).
We consider the asymptotic approximation of u given by
uas (x, y) = u0 (x, y) − u0 (1, y)e−a1 (1,y)
+ u0 (1, 1)e−a1 (1,1)

1−x
ε

1−x
ε

e−a2 (1,1)

− u0 (x, 1)e−a2 (x,1)

1−y
ε

1−y
ε

,

where the last term is the corner layer correction, relevant in the vicinity of (1, 1)
where the two boundary layers intersect (see, e.g. [18]). The accuracy of the asymptotic approximation uas depends on the smoothness of the reduced solution u0 .
The following result which quantifies the closeness of uas to u has been proved by
Schieweck ([27], Lemma 4.4, pp. 33; see also [24], pp. 184).
Lemma 1 Assume that a ∈ [C1 ()]2 , f ∈ C0,1 () and that (24) holds. Given the
solution u ∈ H01 () of (10) and uas as above, we have that
ε|u − uas |21, + ||u − uas ||20, ≤ Cε,
where C is a constant independent of ε.

(26)

Enhanced RFB method

283

4.2 Characterisation of traces and related results
The a priori error analysis is based on the fact that the global error of a locally
residual-free finite element method is controlled by the error committed on the
skeleton of the partition. For this reason we need to introduce the relevant trace
space. The definitions and results from the theory of function spaces summarised
here may be found, for instance, in [2] or [29].
The Sobolev space Wk,p (T ), 1 ≤ p < ∞, consists of all functions in Lp (T )
whose (weak) partial derivatives of order k and less belong to Lp (T ). When
p = 2 we shall write Hk (T ) = Wk,2 (T ). The space Wk,p (T ) is equipped with the
Sobolev norm  · k,p,T and seminorm | · |k,p,T ; when p = 2, we omit the index p
from our notation and simply write  · k,T and | · |k,T . For 1 < p < ∞ the trace
of u ∈ W1,p (T ) on ∂T exists and belongs to the fractional-order Sobolev space
W1−1/p,p (∂T ); see, e.g., Adams and Fournier [2].
The fractional-order Sobolev space Ws,p (∂T ), 0 < s < 1, can be equipped with
an intrinsically defined norm. For instance, when p = 2 and 0 < s < 1, the norm
 · s,∂T and seminorm | · |s,∂T of the fractional-order space Hs (∂T ) = Ws,2 (∂T )
are defined by

1/2
|v(x) − v(y)|2
dσ
(x)
dσ
(y)
vs,∂T = v20,∂T +
1+2s
∂T ∂T |x − y|


1/2
= v20,∂T + |v|2s,∂T
,
(27)
where dσ denotes the 1-dimensional Hausdorff measure on ∂T . If γ is a relatively
open subset of ∂T , the fractional-order Sobolev space Hs (γ ) and its norm  · s,γ
and seminorm | · |s,γ are defined analogously to Hs (∂T ),  · s,∂T and | · |s,∂T ,
respectively.
The Trace Theorem states that the trace on ∂ T̂ of a function v ∈ H1 (T̂ ) belongs
to H1/2 (∂ T̂ ) and that there exists a positive constant C such that
v1/2,∂ T̂ ≤ Cv1,T̂

∀v ∈ H1 (T̂ ).

(28)

The properties of the fractional-order space Hs (∂ T̂ ) as an interpolation space
are expressed by the following Interpolation Theorem: given two real numbers
0 ≤ s1 < s2 ≤ 1 and letting s = (1 − θ)s1 + θs2 , there exists a positive constant
C such that
vs,∂ T̂ ≤ Cv1−θ vθ
s1 ,∂ T̂

s2 ,∂ T̂

∀v ∈ Hs2 (∂ T̂ ).

(29)

Let us recall some useful inequalities, which can be proved by scaling arguments applied to the Trace Theorem and the Interpolation Theorem.
Lemma 2 Let T ∈ Th . There exists a constant C, independent of h, such that
|v|1/2,∂T ≤ C|v|1,T

∀v ∈ H1 (T ).

(30)

Furthermore, there exists a constant C, independent of h such that
|v|21/2,∂T ≤ C|v|1,∂T ||v||0,∂T

∀v ∈ H1 (∂T ).

(31)
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In the error analysis we shall also make use of (31) in the form
|v|21/2,∂T ≤ Ch|v|21,∂T

∀v ∈ H1 (∂T ).

(32)

This is obtained from (31) by writing |v|1/2,∂T = |v − π0 (v)|1/2,∂T , where π0 (v)
is the integral mean-value of v over ∂T , and using a standard bound from approximation theory.
Finally we will use the following trace inequality (see, for instance, Brenner
and Scott [5]): there exists a positive constant C, independent of h, such that, for
any α > 0,


(33)
||v||20,∂T ≤ C h−1 ||v||20,T + α −1 ||v||20,T + α|v|21,T ∀v ∈ H1 (T ).
4.3 A priori error bound
We begin the a priori analysis by showing that the global error of a locally residual-free finite element method is governed by the approximation properties of the
augmented space Va on the skeleton of the subdivision.
In order to switch to norms defined over the skeleton of the partition, we shall
apply the following result from [25].
Lemma 3 Assume that ε < h ≤ 1, that (23) holds and that the family of partitions
{Th } is shape-regular. Then, for each T ∈ Th , each v0 ∈ H1/2 (∂T ), and each
w ∈ H1 (T ), there exists a function v ∈ H1 (T ) with v = v0 on ∂T and satisfying


ε |w − v|21,T + ε−1 w − v20,T ≤ C ε |w − v0 |21/2,∂T + w − v0 20,∂T ,(34)
where C depends only on the shape-regularity constant of {Th }.
We are now ready to prove the following lemma.
Lemma 4 Let u ∈ V and ua ∈ Va be, respectively, the exact solution of (1) and
its numerical approximation, the solution of (17). Then the following bound holds:


ε |u − v0 |21/2,∂T + u − v0 20,∂T .
(35)
ε|u − ua |21, ≤ C inf
v0 ∈h

T ∈T h

Proof For any v ∈ Va , using the appropriate coercivity inequality and Galerkin
orthogonality, we have
ε|u − ua |21, ≤ L(u − ua , u − ua ) = L(u − ua , u − v)
= ε (∇(u − ua ), ∇(u − v)) + (a · ∇(u − ua ), u − v)


≤ Cε|u − ua |1, |u − v|1, + ε−1 ||u − v||0, .
Thus, for any v ∈ Va ,


ε|u − ua |21, ≤ C ε|u − v|21, + ε−1 ||u − v||20, .

(36)
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Fix v0 in h , the space of traces of VP over the skeleton of the partition Th .
Applying (34) with w = u we have that, for some v ∈ H01 () which is equal to v0
on the skeleton of Th ,


ε |u − v|21,T + ε−1 u − v20,T ≤ C ε |u − v0 |21/2,∂T + u − v0 20,∂T ,
for every T ∈ Th . Recalling (36), since v ∈ Va and v0 has been chosen arbitrarily


in h , we conclude the validity of (35).
Lemma 4 justifies the suggestion that the global error can be reduced by enriching the trial space over the skeleton of Th and represents the starting point for the
a priori error analysis of RFBe.
Theorem 2 Let u ∈ H01 () be the solution of the boundary-value problem (10),
assuming that ε > 0, f ∈ C1,1/2 () and a = (a1 , a2 ) ∈ [C1,1/2 ()]2 , with
div a ≤ 0 and a1 , a2 ≥ ca > 0. Moreover, let Th be an axiparallel mesh satisfying (23). Then, as long as h ≥ (1/c0 ca ) κ and ε ≤ 1/e, the RFB solution
uRFB ∈ VRFB = Vh ⊕ Bh (cf. (3)) satisfies
ε 1/2 |u − uRFB |1, + h−1/2 ||a · ∇(u − uRFB )||−1,


≤ C1 max (ε/ h)1/2 , ε1/4 + C2 .

(37)

Let ua ∈ Va = Vh ⊕ Eh ⊕ Bh be the RFBe solution (cf. (17)) where the edge-bubbles are defined according to (15) and (45). Then, under the same hypotheses as
above,
ε1/2 |u − ua |1, + h−1/2 ||a · ∇(u − ua )||−1,


≤ C1 max (ε/ h)1/2 , ε1/4 + C3 h.

(38)

The constants C1 , C2 and C3 are independent of the mesh size h and of ε, but may
depend on a.
Proof Applying (35) with v0 = uIas , an approximation of uas | from h which
will be specified later, we have


ε||u − ua ||21, ≤ C
ε|u − uIas |21/2,∂T + ||u − uIas ||20,∂T
T ∈T h


≤ C



ε|u − uas |21/2,∂T + ||u − uas ||20,∂T

T ∈T h

+



ε|uas − uIas |21/2,∂T + ||uas





− uIas ||20,∂T 

T ∈T h

= C(I + I I ).
From our assumptions on ε and h it follows that h ≥ cε with
 c = 1/2c0 ca .
Thus, using the trace inequalities (30) and (33) with α = min ε 1/2 , h , and the
bound (26) for the asymptotic approximation uas , we get
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I ≤C



(h−1 + α −1 )||u − uas ||20,T + (ε + α)|u − uas |21,T

T ∈T h
 −1

≤ C (h + α −1 )||u − uas ||20, + (ε + α)|u − uas |21,


≤ C εh−1 + εα −1 + α



≤ C εh−1 + min ε1/2 , h


≤ C max εh−1 , ε1/2 .





Concerning I I , we separate the contributions from those elements that cross
the boundary layer region (in which the edge-bubbles are defined), and those that
do not:

 
ε|uas − uIas |21/2,∂T + ||uas − uIas ||20,∂T
II ≤
T ∈Touter

 

ε|uas − uIas |21/2,∂T + ||uas − uIas ||20,∂T

+



T ∈Tbl

= III + IV.
Let us begin by bounding term I I I . Consider the decomposition
uas = u0 + uc ,
where uc represents the sum of the three correction terms to u0 in (26). In the
outside-region, since VP = Vh and uc is exponentially small there, it is natural to
choose, on each edge γ , uIas as the linear Lagrange interpolant of u0 |γ . Hence we
set
uIas |γ = π1 (u0 |γ )

∀γ ∈

outer

∪

−.

Note, in particular, that u0 |γ = 0 and uIas |γ = π1 (u0 |γ ) = 0 for all γ ∈ − . In
addition, we observe that, as f ∈ C0,1 (), we have u0 ∈ C0,1 (), and therefore
u0 ∈ C0,1 (γ̄ ) for every edge γ ; moreover,
|u0 |21,γ ≤ Chγ |u0 |L∞ (γ ) ≤ Chγ ,

(39)

where u0 is the derivative of u0 along the edge γ .
Further, as u0 ∈ C0,1 (), by the definition of uas also uas ∈ C0,1 (). Consequently, the functions u0 , uas , uc , uIas appearing below all belong to H1 (∂T ) for
every T ∈ Th .
Let ˆ − denote the set of all edges in − that belong to the boundary of some
element T ∈ Touter . Using the triangle inequality, (32), (31) and (39) and a classical
interpolation-error bound for the linear Lagrange interpolant (see, e.g., Ciarlet [17])
we have

|uas − uIas |21/2,∂T
ε
T ∈Touter

≤ 2ε

 

|u0 − uIas |21/2,∂T + |uc |21/2,∂T

T ∈Touter
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h|u0 − uIas |21,∂T + ε|uc |21,∂T + ε−1 uc 20,∂T

≤ Cε

T ∈Touter



2 h|u0 − π1 (u0 )|21,γ + ε|uc |21,γ + ε−1 uc 20,γ



= Cε
γ∈


≤ Cε 




outer ∪ ˆ −


γ∈

h|u0 |21,γ + ε

outer

γ∈







|uc |21,γ + ε−1

outer ∪ ˆ −

γ∈


||uc ||20,γ 

outer ∪ ˆ −

≤ C ε + e−2c0 ca h/ε ≤ Cε,
due to the estimates of the norms of uc over the skeleton of the mesh given in the
Appendix, and assuming, to obtain the last bound, that h ≥ (1/2c0 ca ) ε ln(1/ε),
which is a slightly less restrictive assumption than what is required by the statement
of the theorem.
For the L2 -norm term in I I I , proceeding in the same fashion, we obtain




||uas − uIas ||20,∂T ≤ 2

T ∈Touter

γ∈

≤4
γ∈

||uas − uIas ||20,γ

outer ∪ ˆ −





||u0 − π1 (u0 )||20,γ + ||uc ||20,γ

outer ∪ ˆ −





≤ C 
γ∈


≤ C 

γ∈

outer ∪ ˆ −









h2γ |u0 |21,γ  + e−2c0 ca h/ε 




h3γ  + e−2c0 ca h/ε 

outer ∪ ˆ −



≤ C h + e−2c0 ca h/ε ≤ Ch.
After comparing the two bounds we conclude that
I I I ≤ C(h + ε) (≤ Ch) .

(40)

In order to prove this bound on term I I I we only required that f ∈ C0,1 ()
and a ∈ [C1 ()]2 . We can obtain a sharper bound on I I I by carefully distinguishing between edges where u0 has different regularity properties. Suppose, for
this end, that f ∈ C1,1/2 () and a ∈ [C1,1/2 ()]2 . Let ns be the set of all open
edges in outer ∪ ˆ − that are crossed by the characteristic curve emanating from
the point (0, 0) and let sm = ( outer ∪ ˆ − ) \ ns be the set of all remaining edges
in outer ∪ ˆ − . Clearly, #( ns ) = O(1/ h) due to our hypothesis that a1 , a2 > 0,
while #( sm ) = O(1/ h2 ). Also, u0 |γ ∈ C0,1 (γ ) ⊂ H1 (γ ) for all γ ∈ ns , and
u0 |γ ∈ C1,1/2 (γ ) for all γ ∈ sm . Hence,
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ε
γ∈

h|u0 − π1 (u0 )|21,γ + h−1 u0 − π1 (u0 )20,γ



outer ∪ ˆ −



= ε

 

h|u0 − π1 (u0 )|21,γ + h−1 u0 − π1 (u0 )20,γ

γ∈

+

sm

 

h|u0 − π1 (u0 )|21,γ

γ∈



≤ Cε 

≤ Cε 



+ h−1 u0 − π1 (u0 )20,γ 

ns


γ∈

h3 |u0 |2C1,1/2 (γ ) +

sm


γ∈

h3 +

sm


γ∈






γ∈


h2 |u0 |2C0,1 (γ ) 

ns

h2 

ns

≤ Cεh.
Similarly, we gain a factor of h in the analogous bound in the L2 -norm, and we
conclude that
I I I ≤ C(h2 + ε),
where the O(ε) term in the bound arises from norms of uc , in exactly the same
way as in (40), our earlier, cruder bound on term I I I .
We now come to the analysis of I V , i.e. the term concerning norms of uas −uIas
over those elements that intersect the boundary layer. Here we need to distinguish
between the edges that belong to e and those that do not.
We begin by analysing the case VP = Vh , which corresponds to the RFB
method. In this case, the value of uIas along the boundary of the elements belonging to Tbl has already been fixed. Let us concentrate, for instance, on the boundary
layer associated with the boundary y = 1. For each edge γi = xi ×[1−hγ , 1] ∈ e ,
i = 1, . . . , m − 1, since we have already fixed uIas (xi , 1 − hγ ) = u0 (xi , 1 − hγ ),
we have
uIas |γi = ui0 (1 − hγ )

1−y
,
hγ

having introduced the notation ui0 (·) = u0 (xi , ·). In particular, we notice that since
uIas |γi vanishes at y = 1 but u0 |γi does not, uIas is no longer the linear interpolant
of u0 along γi . Moreover, for every i = 1, . . . , m − 1 we have:
|uIas |21,γi = |ui0 (1 − hγ )|2 h−1
γ ;

uIas 20,γi =

We also note that, by definition, uIas |γ = 0 for all γ ∈

1 i
|u (1 − hγ )|2 hγ .
3 0
−

∪

+.
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Defining uc = uas − u0 as before and applying (32) and (31), we have

ε
|uas − uIas |21/2,∂T
T ∈Tbl

 

≤ 2ε

|u0 − uIas |21/2,∂T + |uc |21/2,∂T

T ∈Tbl



 

≤ Cε


h|u0 − uIas |21,∂T + |uc |1,∂T uc 0,∂T .

(41)

T ∈Tbl

We now split the boundary ∂T of each element T ∈ Tbl into edges that belong to
the union of the sets ˆ e = e ∪ ( − \ ˆ − ) and + and those that belong to bl \ e .
Hence, from (41), and noting that #( ˆ e ∪ + ) = O(1/ h) and #( bl ) = O(1/ h),
we thus obtain:

|uas − uIas |21/2,∂T
ε
T ∈Tbl

 


h |u0 |21,γ + |uIas |21,γ + ε|uc |21,γ + ε−1 uc 20,γ



≤ Cε

γ ∈ ˆ e∪

+Cε

γ∈



+





h|u0 − uIas |21,γ + ε|uc |21,γ + ε−1 uc 20,γ

bl \ e

≤ C εh−1 + ε2



+Cε

γ∈

bl \

γ ∈ ˆ e∪





||uc ||20,γ 

γ ∈ ˆ e∪

+

h|u0 |21,γ





|uc |21,γ +
+ he

−2c0 ca h/ε



+



e

≤ C,
thanks again to the bounds given in the Appendix.
Similarly, since (uas − uIas )|γ = 0 − 0 = 0 if γ ∈
in I V we obtain

uas − uIas 20,∂T
T ∈Tbl



≤

γ ∈ ˆ e∪

γ∈

+



≤3



||uas − uIas ||20,γ +

+2

bl \ e

γ∈

≤C





||u0 − uIas ||20,γ + ||uc ||20,γ

bl \ e




hγ + ||uc ||20,γ + C

γ∈ˆe



≤ C 1 + εh

−1




γ∈

≤ C.

for the L2 -norm term

||uas − uIas ||20,γ

||u0 ||20,γ + ||uIas ||20,γ + ||uc ||20,γ

γ∈ˆe

+,

bl \ e






hγ |u0 |21,γ + ||uc ||20,γ
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Thus, for the RFB method,
I V ≤ C.

(42)

By considering the case VP = Vh ⊕ Eh , we now show that the edge-bubbles
proposed provide the required extra resolution in the boundary layer.
Let T ∈ Tbl and let γ be an edge of T . If γ ∈ bl \ e , then we write
uas = u0 + uc and since uIas |γ = π1 (u0 |γ ) we have:


|uas − uIas |21,γ ≤ 2 |u0 − π1 (u0 )|21,γ + |uc |21,γ


h −2c0 ca h/ε
2
≤ C |u0 |1,γ + 2 e
ε
≤ Ch,
(43)
having used the hypothesis that h ≥ (1/c0 ca )ε ln(1/ε) and, once again, the properties presented in the Appendix.
Similarly, if γ ∈ bl \ e , we have:


uas − uIas 20,γ ≤ 2 u0 − π1 (u0 )20,γ + uc 20,γ


≤ C h2 |u0 |1,γ + he−2c0 ca h/ε


(44)
≤ C h3 + ε2 h ≤ Ch3 .
Now, let γ ∈ e ; consider, for instance, γi = xi ×[1−hγ , 1], i = 1, . . . , m−1.
In this case, we still have one degree of freedom (the edge-bubble associated with
γi ) at our disposal. That is,
uIas |γi = ui0 (1 − hγ )

1−y
+ gi eγi ,
hγ

for some coefficient gi ∈ R which we are free to choose. This time we consider
the following decomposition of the asymptotic approximation uas (x, y):
1−y

uas (xi , y) = u0 (xi , y) − u0 (xi , 1)e−a2 (xi ,1) ε


1−xi
1−xi
1−y
+ −u0 (1, y)e−a1 (1,y) ε + u0 (1, 1)e−a1 (1,1) ε e−a2 (1,1) ε
= ui0 (y) + uicy (y) + uic (y),
1−y

with the notation uicy (y) = u0 (xi , 1)e−a2 (xi ,1) ε .
We wish to choose uIas |γi as a good approximation to ui0 + uicy . To this end,
consider the decomposition

 

ui0 + uicy = u0 + π1 (uicy ) + uicy − π1 (uicy ) .
We observe that uicy − π1 (uicy ) conforms with our definition of edge-bubble since
it solves the homogeneous boundary-value problem
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Lγi w = a2 (xi , 1)
w|∂γi = 0,

uicy (1−hγ )−uicy (1)
hγ

on γi ,

where
Lγi w := −εw + a2 (xi , 1)w .

(45)

Thus, with such a definition of Lγi and recalling (14), we obtain gi eγi =
uicy − π1 (uicy ) by setting
gi := a2 (xi , 1)

uicy (1 − hγ ) − uicy (1)
hγ

.

In this way, recalling the definition of uIas |γi ,

 

ui0 + uicy − uIas |γ = ui0 + π1 (uicy ) + uicy − π1 (uicy )
i


1−y
i
+ gi eγi
− u0 (1 − hγ )
hγ
1−y
= ui0 + π1 (uicy ) − ui0 (1 − hγ )
hγ
y
−
1
+
h
1−y
γ
= ui0 + uicy (1)
+ uicy (1 − hγ )
hγ
hγ
1
−
y
−ui0 (1 − hγ )
hγ
1−y
= ui0 − π1 (ui0 ) + uicy (1 − hγ )
,
hγ
since uicy (1) = −ui0 (1).
Hence, using the triangle inequality, the definitions of uIas and uicy , (39) and the
definition of uic , we have:


|uas − uIas |21,γi ≤ 2 |ui0 + uicy − uIas |21,γi + |uic |21,γi


2

 i
1
−
y
i
i
i
2

+ |uc |1,γi
= 2 u0 − π1 (u0 ) + ucy (1 − hγ )
hγ 1,γi


i
2 −2a2 (xi ,1)hγ /ε
+ |uic |21,γi
≤ 4 |ui0 − π1 (ui0 )|21,γi + h−1
γ |u0 (1)| e


−2c0 ca h/ε
i 2
e
+
|u
|
≤ C hγ |ui0 |21,γi + h−1
γ
c 1,γi

1−xi 
≤ C h2 + ε2 h−1 + ε−2 he−2ca ε
≤ Ch.

(46)
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1−xi 
≤ Ch3 .
uas − uIas 20,γi ≤ C h3 + ε2 h + he−2ca ε

(47)

We are now ready to bound I V . Note that if T ∈ Tbl and if γ is an edge of
T such that γ ∈ + , then (uas − uIas )|γ = 0 − 0 = 0, while if γ ∈ − , then
(uas − uIas )|γ = uas |γ = (uas − u0 )|γ and the bounds given in the Appendix
apply. Finally, we note that #( − \ ˆ − ) = 2. Therefore, using (32), (43) and (46),
we have that


|uas − uIas |21/2,∂T ≤ Cε
h|uas − uIas |21,∂T
ε
T ∈Tbl

T ∈Tbl





≤ Cεh 


γ∈

γ∈

γ∈

bl



≤ Cεh 

|uas − uIas |21,γ +





h+

|uas − u0 |21,γ 


hε −2 e−2ca /ε 

−\ ˆ −

γ∈

bl

−\ ˆ −



≤ Cεh.
As for the L2 -norm term, using, this time, (44) and (47), we have:

uas − uIas 20,∂T
T ∈Tbl



≤ 2



γ∈


≤C

uas − uIas 20,γ +

γ∈

bl


γ∈

bl





h3 +

γ∈


uas − u0 20,γ 

−\ ˆ −



he−2ca /ε 

−\ ˆ −

≤ Ch .
2

Thus we have shown that
I V ≤ Ch2 .
On adding the bounds on terms I I I and I V to the bound on term I , we obtain the
desired error bounds for RFB and RFBe in the energy-norm ε 1/2 | · |1, .
Finally, noting from [26] that the streamline derivative of the error

 a · ∇(u − ua )v d
||a · ∇(u − ua )||−1, := sup
|v|1,
v∈H1 ()
0

is controlled by the energy-norm error, in the sense that
h−1/2 ||a · ∇(u − ua )||−1, ≤ Cε 1/2 |u − ua |1, ,
we deduce that (37) and (38) hold.
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Remark 3 The error bounds stated in the theorem are valid as long as the number of
edges crossed by the characteristic curve through (0, 0) is of order O(1/ h), which
is true under the hypothesis that a1 , a2 > 0. In the absence of this assumption and
requiring that f ∈ C0,1 () we obtain, by virtue of (40),
ε 1/2 |u − ua |1, + h−1/2 ||a · ∇(u − ua )||−1,



for RFB
C2 ,
1/2
1/2
≤ C1 (ε/ h) + h
+
C3 h, for RFBe.
We conclude this section with some comments. The correct choice of the trace
of the edge-bubble on the common edge of the two elements that form the support
of the edge-bubble is hinted by the error analysis: the value of the edge bubble on
that edge is equal to the boundary layer correction term in the asymptotic approximation of the solution appearing in the course of bounding the interpolation error
uas − uIas . It is this choice that gives rise to the O(h) term in the error bound (38).
In the context of convection-diffusion problems, we say that a method is uniformly convergent of order α with respect to some norm || · ||ε (which may depend
on ε), if an error bound of the form
||u − uh ||ε ≤ Chα ,
holds as h → 0 for some positive constant α that is independent of ε. In the preasymptotic regime, when h  κ, we observe for the RFBe method that ε 1/2 |u −
ua |1, ≤ Ch, with C independent of ε.
It is interesting to note that all methods studied in the literature that achieve
uniform convergence on a family of shape-regular partitions are based on the use
of ad hoc exponential basis functions (see [24], pp. 273-8): in particular, we refer to
the conforming methods discussed in [23] and [28] and the nonconforming method
considered in [1]. Each of these methods includes the use of exponentially fitted
splines as trial and test spaces, constructed as tensor products of solutions of the
restriction of the original equation on the edges of the partition. They all achieve
uniform rate of convergence with α = 1/2 in the energy-norm ε 1/2 | · |1, .
The method of Schieweck [28], similarly to our method, considers basis functions constructed using exponentials only on those edges which cross the boundary
layer; elsewhere, the method uses a standard bilinear approximation. Schieweck
proves that, for his method,


ε 1/2 |u − uh |1, ≤ C (ε/ h)1/2 + h1/2 .
This bound should be compared with (38) for our RFBe method which can be seen
as a combination of the residual-free bubble method with exponential fitting on
edges contained in the boundary layer.
We know from the local a priori error analysis of Sangalli [25] that, for ε  h,
away from the boundary layer region, the RFB method is also O(h) accurate in
the energy-norm. Our error bounds show that an identical result cannot hold in
the energy-norm on the whole , unless the approximation properties in the layers are improved. Moreover, we have identified the inferior approximation of the
boundary layer behaviour along the edges of the partition as the main source of
the inaccuracy of the RFB method. This observation will also be confirmed by our
numerical experiments.

294

A. Cangiani, E. Süli

1.5

1.5

1

1
0

0.5

x

0
0.5

x

0.5
0
0

0.2

0.4

0.5
0
0

y

0.6

0.8

1

0.2

1

0.4

y

0.6

0.8

1

1

Fig. 2 The RFB solution of the problem from Example 2 on a 4 × 4 (left) and 8 × 8 (right)
uniform mesh. In both cases the bubbles are computed on an 8 × 8 Shishkin subgrid. The problem parameters are ε = 10−2 , a = (cos(π/4), sin(π/4))

Figure 2 may help to clarify why refining the mesh need not improve the
accuracy of the RFB method in the preasymptotic regime of h  κ. The plots show
the RFB approximation to the solution of the boundary-value problem described
in Example 2 below on two subsequent uniform meshes. The lengths of the edges
crossing the boundary layer are halved as we half the mesh size, but the number of
such edges is doubled. Hence asymptotic convergence is impeded until the mesh
starts to resolve the boundary layer.
This argument, of course, can also be seen as further evidence of the advantages
of anisotropic mesh refinement. Indeed, returning to the bound (42) on term I V
which does not imply convergence of term I V to zero under mesh refinement, we
see that this is due to the fact that

hγ = hγ #( e ).
γ∈

e

On a succession of anisotropically refined meshes, graded in the normal direction
to the boundary layer, we achieve reduction of hγ (whilst keeping #( e ) fixed),
and hence we should expect improvement in the accuracy of the solution.
5 Full discretisation and numerical examples
As discussed in Section 2, one can consider different splittings of VRFB , the only
constraint being that each element of VRFB must be linear on every edge of the
partition.
vh ∈ VRFB such that
For each vh ∈ Vh we define 

and

vh − vh ∈ Bh
(48)
L(
v h , vb ) = 0
∀vb ∈ Bh .
h which coincides with the space Vl as
In this way we construct a new subspace V
defined in (5). Moreover, we still have
h ⊕ Bh ,
VRFB = V
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which again leads to the augmented-space formulation discussed in Section 2. Simh ⊕ Eh ⊕ Bh where, this time, V
h ⊕ Eh = Vl , and the unique solution
ilarly, Va = V
f
of (17) can be rewritten as ua = 
uh + ue + ub where, as we have seen in Section 2,
f
ub is the solution of
f

L(ub , vb ) = (f, vb )

∀vb ∈ Bh .

f

Equivalently, ub |T = bf for any T ∈ Th , where bf solves (21). Further, testing
h ⊕ Eh , we have that 
with wh ∈ V
uh + ue satisfies

h ⊕ Eh , (49)
L(
uh + ue , wh ) = (f, wh ) −
L(bf , wh )
∀wh ∈ V
T ∈T h

which is equivalent to (8).
The formulation (49) is similar to the multiscale finite element method (MFEM)
defined in [20] for the solution of symmetric elliptic problems, enhanced by edgebubbles. The MFEM method is a Galerkin method in which the local basis functions
are defined by solving boundary-value problems for the original equation. In our
case, given an element T ∈ Th and letting {ϕi }4i=1 be the standard bilinear basis
h
functions related to T , the corresponding basis functions {
ϕi }4i=1 for the space V
are obtained, according to (48), by solving, for i = 1, 2, 3, 4, the local boundaryvalue problems


ϕi ∈ H1 (T ) such that
(50)
L(
ϕ i , vb ) = 0
∀vb ∈ H01 (T )

on ∂T .
Tr(
ϕ i ) = ϕi
Since the basis functions have to be evaluated numerically, the algorithm is,
clearly, of a two-level type.
We have chosen to use the formulation (49)–(50) as the starting point for the
full discretisation of the method. Once more, we would like to stress the fact that
the two formulations, (22) and (49), are equivalent. Moreover the two approaches
involve the same number of subgrid computations. Nevertheless, we have found
that the formulation given by (49) is simpler to code and results in slightly faster
computations.
In order to solve the boundary-value problems that define the basis functions
of Va , we need to introduce a subgrid. We do so by considering a sub-partition
TN of the original partition, where N is the discretisation parameter of the new
partition. The restriction of TN to any element T ∈ Th induces a partition of T that
we use to solve the problems (50), (21) and (15) which define, respectively, the
h , the bubble related to the forcing term and, finally, the
local basis for the space V
edge-bubbles.
Accordingly, on selecting V N as the bilinear finite element space over TN , we
define:
1. the discrete counterpart of the bubble-space (2) as
B N = Bh ∩ V N ;
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2. the space of edge-bubbles as the subspace of V N given by
E N = span {ejN , j = 1, . . . , Ne } ⊂ V N ,
where ejN is obtained by solving in V N the boundary-value problem (15);
N of V
h as span {
3. the discrete counterpart V
ϕiN , i = 1, . . . , 4} for any T ∈ Th ,
h
where 
ϕiN = 
ϕiN,T is the solution in V N of (50) on T ∈ Th .
The fully discrete RFBe space is then defined as
hN ⊕ E N ⊕ B N ,
VaN = V
and the fully discrete RFBe formulation reads

N
find uN
a ∈ Va such that
N
N
∀vaN ∈ VaN ,
L(ua , va ) = (f, vaN )

(51)

and can be again rewritten in the form (49).
The analytical study of the size of the additional error due to the introduction
of the subgrid (subgrid discretisation error) into the fully discrete formulation (51)
does not appear to be straightforward; the main difficulty being that Lemma 3 is
no longer applicable at the fully discrete level. Thus, we shall assess the impact
of subgrid discretisation on the accuracy of the method through numerical experiments.
5.1 Numerical examples
We now present some numerical experiments in MATLAB© , using the formulation (51) in order to validate the a priori error analysis and assess the size of the
numerical error due to the discretisation at the subgrid level.
Example 1 We consider the boundary-value problem

Lu := −εu + a · ∇u = f
in ,
u=g
on ∂,
where
a = 21 (3 − xy)(1, 1) ;

f = 2;


 (1 + cos(5πx))/2 if y = 0
g = (1 + cos(3πy))/2 if x = 0
0
otherwise.

We solve this model problem on a sequence of uniform meshes using both the
RFB and the RFBe methods. For each computation, the subgrid mesh is axiparallel
and of Shishkin type with turning point λ = cs (ε/ca ) ln N and the same value of
the Shishkin parameter cs = 1/4; see [24] for further details regarding Shishkin
meshes.
We wish to confirm the a priori bounds on the energy-norm error both in terms
of the mesh size h and the diffusion parameter ε. In order to do so, we need to
ensure that the subgrid computations are accurate enough.

Enhanced RFB method

297

0

0

10

10

h=1/4
h=1/8
h=1/16

ε 1/2 |u − ua |1,

ε 1/2 |u − ua |1,

h=1/4
h=1/8
h=1/16

−1

10

1

10

N

N−1 log N
−1

10

2

1

10

10

N

2

10

Fig. 3 Example 1. Energy norm error as a function of N : ε = 1/50 (left) and ε =

10−2

(right)

In Figures 3(left) and 3(right) we show the global error in the energy-norm
for a fixed mesh size but different values of the subgrid mesh parameter N for,
respectively, ε = 1/50 and ε = 10−2 .
We notice that a substantial reduction of the error is obtained just by refining the
subgrid, until the ‘macro-scale’ discretisation error becomes dominant and refining
the subgrid thereon yields no improvement in the overall accuracy. This happens
later for smaller values of ε and h. For instance, for ε = 10−2 and h = 1/16 (see
Figure 3(right)), we initially observe the characteristic N −1 log N convergence
rate on Shishkin meshes (see [24]), showing that the subgrid discretisation error
dominates the overall computational error in this case.
Based on such computational evidence, we may infer that the error bound for
the fully discrete method should include a term proportional to the error in the
numerical approximation of the elemental basis functions. This would be in accordance with the findings of Sangalli [26] on a different augmented RFB formulation
applied to a symmetric problem. (For the problems considered in [26], Sangalli’s
argument is applicable to our method as well).
Convergence in terms of the mesh parameter h is shown in the log-log plots of
Figure 4. Since we do not have at hand the exact solution, the error is evaluated
using a reference solution given by Richardson extrapolation using two numerical
1
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Fig. 4 Example 1. Energy norm error as a function of h for ε = 1/50 (left) and ε = 10−2 (right):
RFB method and RFBe method with N = 64 (RFBe(64))
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Table 1 Example 1. Error and preasymptotic convergence rate for RFBe(64)
ε = 10−2

ε = 1/50
h
1/4
1/8
1/16
1/32
1/64
1/128

Energy
0.36
0.17
0.07
0.08
0.11
0.09

rate

L2

1.06
1.22
−0.15
−0.41
0.28

0.141
0.043
0.011
0.0042
0.0025
0.001

rate

Energy

1.7
1.92
1.43
0.77
1.28

0.34
0.15
0.06
0.04
0.08
0.11

rate

L2

rate

1.14
1.24
0.74
−1.05
−0.45

0.17
0.051
0.0138
0.0036
0.0025
0.0017

1.73
1.89
1.93
0.53
0.55

solutions obtained on Shishkin-type meshes with, respectively, 256 and 512 nodes
in each co-ordinate direction.
In the preasymptotic regime (i.e. on unresolving meshes of mesh size h 
κ) the RFBe solution exhibits first-order ‘convergence’ to the reference solution
in the energy-norm ε 1/2 |·|1, ; in order to avoid confusion between the decay rate of
the error in the preasymptotic regime with the, ultimate, asymptotic convergence
rate of the method as h → 0, we shall use the term preasymptotic convergence
rate to characterise the behaviour of the error for the range of h  κ.
As we keep on refining, the slope of the error curve changes sign (the preasymptotic rate becomes approximately −1/2) until the error curve joins the corresponding error curve for the RFB method (the rates are listed in Table 1).
The relatively inaccurate results obtained when h ∼ ε are easy to explain. The
region

◦
bl := ∪T ∈Tbl T ,
where the solution space has been enriched with the edge-bubbles, is properly contained in the boundary layer region, hence part of the boundary layer behaviour
cannot be accurately captured. Eventually, the mesh is fine enough to resolve the
layer, and the asymptotic convergence rate of the method is then recovered.
As for the subgrid computations, we have used the value N = 64 (hence the
notation RFBe(64)). We see from Figure 3 that this choice ensures that the subgrid
discretisation error is of higher order. For smaller values of ε we can still identify the preasymptotic rate of convergence predicted by our a priori analysis; see
Figure 5(left).
As regards the L2 -norm error, not covered by our theorem, the preasymptotic
convergence rate of the RFBe method appears to be 2. The local a priori analysis
of Sangalli [25] predicts the same asymptotic rate of convergence for RFB in the
outside-region.
So far we have not taken into account computational cost. The RFBe method is
computationally more expensive than RFB on the same partition since it involves a
larger number of degrees of freedom, and because the extra d.o.f., the edge-bubbles,
need to be computed.
Assume, for example, that the partition is uniform with n × n elements; the
number of edge-bubbles is then 2(n − 1), while the total number of d.o.f. is of
O(n2 ). Moreover, assume that the basis functions (50) are calculated using a 4 × 4
subgrid, as in most of the computations presented so far. As for the edge-bubbles,
we are free to consider finer subgrids. We then have a range of possible scenarios.
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Fig. 5 Example 1. Error as a function of h for different values of ε: the RFB method and the
RFBe method with subgrid discretisation parameter N = 64 (RFBe(64))

If, for example, the edge-bubbles are also computed on 4 × 4 subgrids, the computational times for the two methods (RFB and RFBe) are almost identical. On the
other hand, if relatively fine subgrids are used for the edge-bubbles (32 × 32 in our
example below), the CPU time is dominated by the computation of the edge-bubbles, hence RFBe then becomes much more expensive than when the coarser 4 × 4
subgrid is used.
Nevertheless, since the boundary layer is a major source of error, the RFBe
method can be more effective even if the edge-bubbles are calculated with high
precision. This is particularly true if we require a certain accuracy in the energynorm of the solution.
In Table 2, we compare the computational time required by a sequential code
implementing the RFBe(32), RFBe(4), RFB methods and a standard Galerkin
finite element method to compute the solution to a fixed tolerance (TOL) in the
energy-norm, for ε = 10−2 . (The procedure would be speeded up through parallelisation of the subgrid computations). The table reports the CPU time in seconds
on a Pentium III 800 MHz processor; the corresponding number of elements in
each co-ordinate direction is given by the numbers in square brackets. We have left
the entries of the table blank if in order to achieve the required accuracy a resolving
mesh was necessary, i.e. if n > 100.

Table 2 Example 1. Computational time (in seconds) to achieve, on a uniform mesh, a given
accuracy (TOL) in the energy-norm. We indicate in square brackets the number of elements used
in each co-ordinate direction on the global uniform mesh. RFBe(N ) indicates that an N × N
subgrid was used for computing the edge-bubbles. A 4 × 4 subgrid is used to compute the RFB
(internal) bubbles in each case

TOL RFBe(32)

RFBe(4)

1/2
1/5
1/10

6
16
46

[3]
[7]
[18]

RFB
2.2
59

[10]
[58]

ε = 10−2
Galerkin
77

[68]

14

[94]
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Table 3 Example 1. Computational time (in seconds) to achieve, on a uniform mesh, a given
accuracy (TOL) in the L2 -norm. We indicate in square brackets, the number of elements used in
each co-ordinate direction on the global uniform mesh
ε = 10−4
TOL

RFBe(32)

RFBe(4)

1/5
1/10
1/50
1/100

14 [5]
26 [9]
52 [20]
92 [28]

1
[6]
2.2 [9.8]
105 [78]

TOL

RFBe(32)

RFBe(4)

1/5
1/10
1/50
1/100

14 [5]
22 [8]
49 [19]
71 [26]

1
2
39
124

TOL

RFBe(32)

RFBe(4)

1/5
1/10
1/50
1/100

6
[3]
14 [6]
35 [14]
52 [20]

0.6 [4]
1
[6]
4.5 [15]
9
[22]

RFB
1.1
14

[8]
[30]

Galerkin
272 [200]

ε = 10−3
[6]
[9]
[46]
[84]

RFB
1.8
17

[10]
[32]

Galerkin
5
32

[62]
[120]

ε = 10−2
RFB
1
2
52
137

[6]
[16]
[56]
[90]

Galerkin
0.3 [17]
0.8 [28]
7
[74]
21 [106]

We notice that the RFB and Galerkin methods are unable to provide any reasonable accuracy in the energy-norm on unresolving meshes. This situation would
become even more evident if we were to consider problems with smaller values
of ε. Having said this, the accuracy of the RFBe method on unresolving meshes is
also limited albeit to a much lesser extent than the accuracy of RFB and standard
Galerkin methods (cf. Figure 5).
Similarly, Table 3 reports the computational time to achieve a fixed accuracy
in the L2 -norm, for ε = 10−2 , 10−3 and 10−4 .
Again, the RFBe method is the most effective in almost all the cases considered,
in particular for the smaller values of ε. More precisely, we notice the following:
1. For RFBe(32), the evaluation of the edge-bubbles dominates the CPU time;
2. Having said this, the growth of the computational time is roughly linear, while
the method converges quadratically (again, see Figure 5);
3. On the other hand, the computational cost of all the other methods considered
grows quadratically, while their rate of convergence is less then quadratic.
Hence, as the tolerance becomes tighter, the RFBe(32) method requires a smaller
amount of CPU time than the other methods.
Finally, we remark that the mesh used to evaluate the basis functions (the internal bubbles if we think in terms of RFB) could also be adjusted. The presence of
the edge-bubbles improves the stability of the RFB method (as we shall show in
the next example), hence the same accuracy in the outside-region can be achieved
using a poorer approximation to the internal bubbles. For instance, if we switch off
the bubbles in the outside-region, we obtain a method similar to the one in [28];
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Fig. 6 Example 2. The RFBe solution of the boundary-value problem (52) on a 4 × 4 uniform
mesh for ε = 10−2 . The bubbles are computed using a 8 × 8 Shishkin subgrid

if no other layers are present (as in this example), this yields almost as accurate
results as the full RFB method.
Example 2 We solve the boundary-value problem with constant coefficients



in  = (0, 1)2 ,
−εu + cos( π4 ), sin( π4 ) · ∇u = 1
(52)
u=0
on ∂.
In Figure 6 we see the numerical solution obtained by using an RFBe method on
a uniform mesh with h = 1/4 and ε = 10−2 as a sum of its components in the
spaces Bh , Eh and Vh .
The convergence in terms of the mesh parameter h in the energy-norm for
ε = 10−2 is shown in Figure 7. As for the subgrid computations, we have used
axiparallel Shishkin subgrids with N = 20 and N = 4 and the Shishkin parameter
cs = 1/2.
We notice that, for this problem, the error is almost completely concentrated
in the boundary layer, so mesh refinement, particularly in the outside-region, is of
secondary importance in the regime h  κ.
In contrast with this, as can be seen in Figure 7(right) which reports the error
in the outside-region
outer :=  \ bl = (0, 1 − h)2 ,
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the accuracy of the RFBe method away from the boundary layer is largely independent of that of the subgrid computations. As long as ε < h, the numerical solutions
obtained by using the RFBe method are more accurate than those delivered by
the RFB method: the edge-bubbles have the effect of eliminating the over- and
under-shooting near the boundary layer typical of RFB (and of most stabilised
finite element methods). This can be seen by comparing Figures 2 and 6.
A similar result was obtained by Mizukami and Hughes [22] with their shockcapturing method which has the additional property of satisfying the discrete maximum principle. Example 4.1 in [22] (f = 0, a = (cos(π/6), sin(π/6)) , ε = 10−7
and homogeneous Dirichlet boundary conditions at x = 1 and y = 1; Dirichlet
boundary condition u = 1 otherwise) highlights the problem of over- and undershooting near the boundary layer. The RFBe solution to this problem is nodally
very accurate; see Figure 8.
The energy-norm error for different values of ε on a fixed uniform mesh of
size h = 1/8 is depicted in Figure 9(left). For small values of ε, since we cannot
afford to use very fine subgrids, the error due to the approximate computation of
the bubbles is dominant. On the other hand, the lower bound on the error given by
the error in the outside-region, which is largely independent of the subgrid size,
permits us to confirm the a priori bounds (see Figure 9(right)).
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Fig. 8 Solution of Example 4.1 in [22]: f = 0, a = (cos(π/6), sin(π/6)) , ε = 10−7 and
Dirichlet homogeneous boundary conditions at x = 1 and y = 1; Dirichlet boundary condition 1
otherwise. The edge-bubbles were computed using an 4 × 4 subgrid. The RFB solution is shown
on the left and the RFBe(4) solution on the right
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Fig. 9 Example 2. RFB and RFBe energy-norm error on  (left) and outer (right) for different
values of ε and fixed uniform mesh of size h = 1/8

We have verified that the overall accuracy is improved by the introduction of
the edge-bubbles. The method achieves both an increased local resolution and a
global improvement in accuracy in comparison with RFB (see Figure 7).
In practice, the bases for the bubble-spaces must be evaluated numerically by
introducing a subgrid. Since the edge-bubbles are not eliminated via static condensation, one may be led to believe that the method should be quite sensitive to the
accuracy to which the numerical solution is to be computed. In fact, this seems to
be true only inasmuch as accuracy within the layer is concerned, as we can see by
comparing the plots of Figure 7(left) and (right).
Remark 4 In general, one may not know a priori in which subregions of  the
edge-bubbles should be included. Thus, we believe that the RFBe method should
be thought of as a corrector in an iteration whose predictor is the RFB method, followed by a loop of a posteriori error estimation aimed at locating elements where
edge-bubbles need to be inserted; work in this direction is in progress (see [16]).
We conclude with an example taken from [10] and with a remark concerning
the application of the RFBe method to problems that exhibit internal layers.
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Fig. 10 Example 3. Solution of a problem with an internal layer on a uniform mesh of size
h = 1/20. The problem parameters are ε = 10−6 , a = (cos(π/3), sin(π/3)) ; as for the subgrid, a Shishkin mesh with N = 4 has been used. The RFB solution is shown on the left and the
RFBe(4) solution on the right
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Example 3 We solve the boundary-value problem considered in [10] using the RFB
method:


−εu + (cos(π/3),
sin(π/3)) · ∇u = 1
in  = (0, 1)2 ,



x ≤ 1/2, y = 0
(53)
u = 1 for
x
= 0,



u = 0 otherwise.
This problem is not covered by our analysis: because of the presence of an internal
layer, the asymptotic approximation we used does not satisfy (26). Still, the RFBe
results show a considerable improvement over the results delivered by the RFB
method.
The solutions obtained by means of the RFB and RFBe methods on a uniform
mesh with h = 1/20 for ε = 10−6 are shown in Figure 10. We notice that the
oscillations near the boundary layer and the spike in the corner layer present in the
RFB solution are absent from the RFBe solution. This highlights the fact that such
unwanted features of the RFB method are due to poor resolution of the boundary
layer on the skeleton of the partition. On the other hand, no visible improvement
over the accuracy of RFB is obtained along the internal layer propagating from the
point of discontinuity in the boundary condition. One would expect that carefully
chosen edge-bubbles defined in a neighbourhood of the internal layer will eliminate
this numerical inaccuracy.
6 Conclusions
We have shown how a small number of edge-bubbles can be defined to improve
the resolution of boundary layers by the RFB method in the context of convectiondominated-diffusion problems. The resulting RFBe scheme enhances the accuracy
of RFB in the preasymptotic regime h  κ. Indeed, both our a priori error analysis and our numerical experiments show that on such unresolving meshes the RFB
method shows little or no improvement in accuracy in the energy-norm. In contrast,
RFBe exhibits the optimal rate of convergence even in the preasymptotic regime.
Moreover, we have noticed that, although we are acting locally, the RFBe
scheme delivers increased resolution globally, indicating that the introduction of
the edge-bubbles has a stabilising effect. More precisely, our method, similarly to
the shock-capturing method presented in [22], shows no over- and under-shooting
near the boundary-layer. Such improvement is obtained robustly with respect to
the subgrid size and hence at (almost) no extra computational work.
Another characteristic feature of RFBe is that its accuracy inside the boundary layer region is sensitive to the accuracy to which the edge-bubbles have been
computed; thus, only if high precision in layers is required, should one consider
performing expensive and accurate calculations of the edge-bubbles.
Following the ideas of Brezzi and Marini [14], we presented the RFBe method
in a general form, suggesting that other multiscale problems for which the fine scale
features are only locally present may benefit from the introduction of edge-bubbles.
The principle is that we are ready to afford the introduction of only a small number
of new degrees of freedom. In order for the procedure to work efficiently, we must
assume that it is known where the bubbles have to be added. This information may
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be obtained from previous computations with, or without the use of a posteriori
error bounds. Of course, instead of selectively adding bubbles, one could also take
the opposite approach of selectively removing bubbles. Indeed, we adopted this
latter perspective in our recent work [16], in the context of adaptive mesh refinement for convection-dominated diffusion problems: on the coarsest mesh in the
sequence of adaptively refined meshes an internal bubble function was included on
each element; thereafter, in the process of adaptive mesh refinement, an a posteriori
error bound was used to selectively turn off the internal bubbles in those elements
where they were no longer required from the point of view of achieving a fixed
user-prescribed tolerance.
A further direction for future research is the extension of RFBe to problems
with internal layers: in the present paper the focus of our work has been the analysis
and computational assessment of the method in the case of boundary layers, particularly on unresolving meshes. Numerical experiments indicate that on unresolving
meshes one may further reduce the global error by using suitable edge-bubbles
within internal layers.
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Appendix: Estimates for the asymptotic approximation
As in the main body of the paper, let bl and outer be the set of all open edges
contained in  that belong to the elements in Tbl and Touter , respectively. We define
e ⊂ bl as the set of all open edges in bl with nonempty intersection with the
boundary layer region. Furthermore, we denote by − and + the set of all open
edges contained in ∂− and ∂+ , respectively. Let ˆ − signify the set of all edges
in − that belong to the boundary of some element T ∈ Touter .
We shall suppose throughout that h ≥ (1/c0 ca )κ, where κ = ε ln(1/ε) is the
thickness of the boundary layer and ε ≤ 1/e.
Lemma 5 Let uc = uas − u0 be the collection of all correction terms in the
asymptotic approximation uas defined by (26). We have the following bounds.
a) If γ ∈

+,

then
ε2 |uc |21,γ + uc 20,γ ≤ C(h + ε);

b) If γ ∈

e,

then
ε2 |uc |21,γ + uc 20,γ ≤ Cε;

c) If γ ∈

−,

then
ε2 |uc |21,γ + uc 20,γ ≤ Ch e−2ca /ε ;
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outer

∪ ˆ − , then
ε 2 |uc |21,γ + uc 20,γ ≤ Ch e−2c0 ca h/ε ;

e) In addition, the following bound holds:

ε 2 |uc |21,γ + uc 20,γ ≤ C e−2c0 ca h/ε .
outer ∪ ˆ −

Proof The bounds under a) and b) follow from the inequality

2 
2 



 ∂uc
2  ∂uc


(x, y) + 
(x, y) + |uc (x, y)|2
ε 
∂x
∂y


1−y
1−y
1−x
1−x
≤ C e−2ca ε + e−2ca ε + e−2ca ε e−2ca ε ,
upon integration over an edge γ belonging to + and e , respectively.
Similarly, the bound c) follows after noting that, for instance,

2 
2 


 ∂uc

2  ∂uc
(0, y) + 
(0, y) + |uc (0, y)|2
ε 
∂x
∂y


1−y
≤ C e−2ca /ε + e−2ca /ε e−2ca ε .
The proof of the bound d) is as follows. Let us suppose that γ is parallel to the
x-axis and consider the L2 -norm of the derivative of uc with respect to x (proceeding in a similar manner, one can prove an analogous bound on the y-derivative of
uc when γ is parallel to the y-axis). It will suffice to consider the first term of uc ,
i.e.,
u0 (1, y)e−a1 (1,y)

1−x
ε

.

We fix an edge γij = [xi−1 , xi ]×yj where i ∈ {1, . . . , m−1} and j ∈ {0, . . . , m−
1}. Then,

2
xi 

u0 (1, yj ) d e−a1 (1,yj ) 1−x
ε  dx


dx
xi−1


1−xi−1
a1 (1, yj ) −2a1 (1,yj ) 1−xi
ε
e
− e−2a1 (1,yj ) ε
(54)
≤C
2ε
1−xi
ε

≤ Cε−2 h e−2a1 (1,yj )
≤ Cε −2 h e−2c0 ca h/ε ,

where, in the transition from line two to line three, we applied the Mean Value
Theorem to the function x → g(x) = exp(−2a1 (1, yj ) 1−x
ε ) for x ∈ [xi−1 , xi ],
and noted that since g is strictly monotonic increasing on this interval it attains its
maximum value at x = xi .
Proceeding in the same manner for the other two terms in uc , we find that
ε 2 |uc |21,γ ≤ Che−2c0 ca h/ε .
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Analogously,
uc 20,γ ≤ Che−2c0 ca h/ε ,
and hence d).
The proof of e) is as follows. Summing (54) over all edges in the set outer ∪ ˆ −
that are parallel to the x-axis (an identical argument applies to the edges parallel
to the y-axis), we get
n−1 m−1


j =0

i=1

≤C

xi
xi−1


2


u0 (1, yj ) d e−a1 (1,yj ) 1−x
ε  dx


dx

n−1


a1 (1, yj )  −2a1 (1,yj )hγ /ε
e
− e−2a1 (1,yj )/ε
2ε
j =0

≤C

e−2ca c0 h/ε
,
εh

where hγ = 1 − xm−1 . As ε < h, we deduce that
n−1 m−1


j =0 i=1

ε2

xi
xi−1


2


u0 (1, yj ) d e−a1 (1,yj ) 1−x
ε  dx ≤ Ce−2ca c0 h/ε .


dx

Proceeding in the same manner for the other three terms in uc , and then repeating the argument for the edges in outer ∪ ˆ − that are parallel to the y-axis, we
deduce that

ε 2 |uc |21,γ ≤ C e−2c0 ca h/ε .
outer ∪ ˆ −

Analogously,


uc 20,γ ≤ C e−2c0 ca h/ε .

outer ∪ ˆ −
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