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Optimal Preﬁltering in Iterative Feedback Tuning
R. Hildebrand, A. Lecchini, G. Solari, and M. Gevers
Abstract—Iterative feedback tuning (IFT) is a data-based method for
the iterative tuning of restricted complexity controllers. A “special experiment” in which a batch of previously collected output data is fed back at
the reference input allows one to compute an unbiased estimate of the gradient of the control performance criterion. We show that, by performing an
optimal ﬁltering of the data that are fed back, one can minimize the asymptotic variability of the control performance cost and, hence, minimize the
average performance degradation that results from the randomness of the
data. The expression of the optimal ﬁlter is derived, and a simulation illustrates the beneﬁts that result from using this optimal ﬁlter as compared to
the use of the classical constant ﬁlter.
Index Terms—Identiﬁcation for control, iterative feedback tuning (IFT),
stochastic optimization.

I. INTRODUCTION
Iterative feedback tuning (IFT) is a data-based iterative scheme to
optimize the parameter of a feedback controller according to a linear
quadratic Gaussian (LQG) cost function. At each iteration, an estimate
of the gradient of the cost function is constructed from a ﬁnite set of
data obtained partly from the normal operating condition of the closed
loop system and partly from a special experiment in which the output
of the plant is fed back in the reference signal of the closed loop. The
IFT algorithm converges to an optimal controller as the number of iterations tends to inﬁnity [4]. In a separate contribution, we derived an
analytical expression for the asymptotic covariance of the controller
parameter vector, as well as that of the gradient estimate required for
the IFT iterations [3]. The result was derived for the IFT of a disturbance rejection controller.
In this note, we use the expressions derived in [3] to maximize the
average asymptotic accuracy of the achieved IFT cost by choice of a
preﬁlter for the reference signal in the special experiment. The preﬁlter
affects the signal to noise ratio in this experiment; it was left as a degree
of freedom in the original formulation of IFT. An analytical expression
for the optimal preﬁlter is given. It depends on certain characteristics
of the unknown process. However, in the spirit of IFT, these characteristics can be estimated from data collected under normal operating
conditions, which are available in large quantities. Thus, the computation of the optimal preﬁlter does not necessitate any special experiment on the process and hence does not impose any additional cost.
We also present a Monte Carlo simulation example which conﬁrms the
asymptotic covariance expression derived in [3] and shows the beneﬁts
obtained by the use of the preﬁlter.
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The note is organized as follows. In Section II, we brieﬂy recall the
IFT algorithm for disturbance rejection and results from [3] that we
rely upon. This enables us in Section III to establish a design criterion
for the optimization of the preﬁlter and, accordingly, derive the optimal
preﬁlter. In Section IV, we present the simulation example. Conclusions
are given in Section V.
II. IFT FOR DISTURBANCE REJECTION
We assume that the plant to be controlled is a single-input–singleoutput (SISO) linear time-invariant system; its transfer function is denoted by G(q ). The output of the plant is affected by an additive stochastic disturbance v (t) assumed to be quasistationary with zero mean
and spectral density 8v (! ). The transfer function G(q ) and the disturbance spectrum 8v (! ) are unknown. We consider the closed-loop
system depicted in Fig. 1, where C (q; ) belongs to a parametrized set
of controllers with parameter vector  2 Rn . The transfer function
from v (t) to y (t; ) is denoted by S (q; ). In this note, we consider the
situation where the control objective is to perform disturbance rejection
only. Thus, normal operating conditions are deﬁned as those for which
the reference signal r(t) is set at zero. The goal is to ﬁnd a minimizer
for the cost function

1
2
2
2 E[y(t; ) + u(t; ) ]

J () =

(1)

where   0 is a penalty on the control effort chosen by the user.
The IFT method is an iterative procedure that gives a solution to
this problem. It is based on the construction, at each iteration step, of
an unbiased estimate of the gradient of J () from data collected on the
plant with some present controller C () in operation. The cost function
J () is minimized with an iterative stochastic gradient descent scheme
of Robbins–Monro type [1]. After each iteration, the controller parameter vector is updated (n ! n+1 ), and new data are collected on the
closed-loop system with this updated controller in order to estimate the
next gradient. Under some suitable assumptions [2], [4], the sequence
of controllers converges to a local minimum of J ().
The IFT parameter update rule is given by

n+1

= 0
n

n

Rn01 estN

@J
( n )
@

(2)

where n is a positive step size and Rn is a positive–deﬁnite
matrix. The reader is referred to [3] and [4] for details of the
algorithm to construct the gradient estimate. Here, it sufﬁces to
recall that, in order to construct estN [(@J )=(@)(n )], ﬁrst a batch
fu1 (t; n ); y1 (t; n )gt=1;...;N of N data is collected with the controller C (q; n ) in the loop under normal operating conditions, i.e.,
with r(t) = 0. Then, this batch of data is used to construct the signal
sequence fr(t) = 0Kn (q )y 1 (t; n )gt=1;...;N which is applied to the
reference input of the system (see Fig. 1); this is the “special experiment,” which deviates from normal operating conditions. It produces a
second batch of input and output data fu2 (t; n ); y 2 (t; n )gt=1;...;N ,
which are used to construct the following estimates of the gradients of
u1 (t; n ) and y 1 (t; n ):

est
est
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J ()  0:5 1 E 1nT H ()1n (notice that J () is analytical for
 =  since it is the integral of a functionpthat analitically depends
n is asymptotically
on ). In the previous section, we saw that n1

6
1
2
6 = 2aa0 1 R01 Cov estN @J
() [R01 ]T :
@

normally distributed with zero mean and covariance given by (4). Let
us now adopt the choice R H  , i.e., we consider a Gauss–Newton
p
scheme. Then, the asymptotic covariance of n n becomes

= ()

Fig. 1. Control system under normal operating conditions.

()

An estimate of the gradient of J  at n is then obtained as
N
@J 
@y1 t; 
y1 t; n
N
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n
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This yields
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rithm and affects the signal to noise ratio in the special experiment.
The sequence of parameters n converges to a local minimum of
J  . In [3], under some suitable technical assumptions, the following
characterization of the asymptotic accuracy of the method was established. Let  denote the local minimizer of J  to which the sequence
n converges and H  denote the Hessian of J  around . Let the
a = n where a is a positive
sequence of step sizes be given by n
constant, let the sequence Rn converge to a constant positive–deﬁnite
R, and let the covariance matrix
N @J = @  be positive deﬁnite.
p
Then, the sequence of random variables n n 0  converges in
distribution to a normally distributed zero mean random variable with
covariance matrix

()

()

1
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@J () R01 eA t dt
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i.e., n(n 0 )!N (0; 6), where A = (1=2)I 0 aR01 H (
) .

6 = a2

eAt R01 Cov

estN
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The asymptotic accuracy of IFT thus depends on the covariance of
the gradient estimate. This quantity in turn can be inﬂuenced by the
preﬁlter Kn q . In [3], an asymptotic, with respect to the number of
data N , expression for this covariance was derived. It is given by

()

lim N Cov estN

N !1

where

4[Kn ] = 21
and

@J ( )
@ n

= 4[Kn ] + 5

jS (ej! ; n )j4 8v2 (!) [1 + jC (ej! ; n )j2 ]2
jKn(ej! )j2
0
3
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@
@
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@J ()
@

[R01 ]T
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We will take this expression as the criterion to be minimized for the
design of the optimal preﬁlter.
H  .A
There are different methods to satisfy the condition R
classical method to obtain a sequence of estimated matrices Rn which
converges to the Hessian is to ﬁt a regression model using the gradient
estimates obtained in the previous iterations; see [7] and [8]. In practice,
in order to use (8) as a criterion for the design of the optimal ﬁlter, at the
iteration n one has to replace the optimal parameter  on the right-hand
side by the current parameter n , since the preﬁlter is estimated from
data obtained under the current operating conditions (as will be shown
in the next subsection). In the same way, R must be replaced by the current estimate of the Hessian Rn . These approximations are reasonable,
since the procedure described in the present note is for the case where
the current controller is near the optimal controller. It aims at achieving
optimal asymptotic accuracy of the expected control performance cost.

= ()



B. The Optimal Preﬁlter
The optimal preﬁlter at iteration n is the ﬁlter Kn that minimizes the
criterion (8) with  replaced by n : It minimizes the weighted trace of the
covariance of the gradient estimate. In order to obtain a bounded solution
we need to restrict the gain of the preﬁlter. A straightforward constraint
is a bound on the energy of the reference signal rn2 t , i.e., on the input
of the second experiment. This bound represents the level of acceptable
perturbation to the normal operating conditions during the second experiment. We thus arrive at the following optimization problem:



()

estN @J
( )
@ n
subject to Var rn2 (t) 
is selected by the user. By using (5), and recalling that 5 does

Knopt = arg min
Trace Rn01Cov
K



(6)

5 is a constant matrix which does not depend on the preﬁlter

Kn (q). In [3], a frequency domain expression for 5 was also derived.
However, for the objective of designing the preﬁlter the expression of
is not speciﬁcally of interest.

5

III. DESIGN OF THE OPTIMAL PREFILTER
In this section, we propose a criterion for the design of the preﬁlter

Kn (q) and we deliver the expressions of the corresponding optimal

preﬁlter. We assume that the current controller is near the optimal one.
Therefore, in order to construct a design criterion for the preﬁlter, one
can employ the asymptotic covariance results given in Section III.
A. The Design Criterion

lim n 1 E 1Tn H ()1n
2
= 2aa0 1 Trace Cov estN

n!1

+ u1 (t; n )est @u
(t; n ) : (3)
@
The choice of the preﬁlter Kn (q ) is a degree of freedom of the algo

(7)

) as a measure of quality of the controller
Let us take E[J (n )] 0 J (
C (n ). Note that this measure is positive by deﬁnition of . Denote
1n = n 0 , then, expanding J () into a Taylor series around 
and retaining only terms up to second order, we obtain E[J (n )] 0

where
not depend on the preﬁlter, we can rewrite the optimal preﬁlter design
problem as follows:

Knopt = argmin
Trace Rn014(Kn )
K

subject to

Var rn2 (t) 

:

(9)

The explicit solution of this problem is characterized by the following
proposition.
Proposition 3.1: The optimal preﬁlter solving (9) is given by

Knopt (ej! )

4

= const 1 jS (ej! ; n )j2 8v (!)[1 + jC (ej! ; n )j2]2
3
2 Trace Rn01 @C
(
ej! ; n ) @C (ej! ; n )
@
@

(10)

where the constant is determined by the design restriction.
Proof: See the Appendix
In order to compute the optimal preﬁlter in practice, one needs an estimate of the unknown spectral density jS ej! ; n j2 v ! of the signal

(

) 8( )
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Parameter ( ), the 1024 parameters  obtained using the constant ﬁlter ( ) and the contour lines of J().

)

y t; n which is the output of the plant under normal operating conditions, i.e., with zero reference signal. The estimate can be obtained with
standard techniques in the time or in the frequency domain [5], [6]. Note
that since the data needed to estimate this quantity do not stem from a
special experiment they are available in large amounts. In fact periods of
normal operating conditions can be interlaced with the IFT special experiments. By assuming these periods to be much longer than the length
of the special experiment from which the gradient is estimated, the contribution of the variability in the estimate of jS ej! ; n j2 v ! to the
variability of the gradient estimate can be considered as being negligible. Having an estimate of jS ej! ; n j2 v ! one can construct the
magnitude of the optimal preﬁlter by calculating the fourth root of the
right-hand side of (10). Then, there exist standard tools to approximate
a given magnitude function by a stable minimum phase ﬁlter.

(
) 8( )

(

) 8( )

of the output of the ﬁrst experiment. We quantify the performance improvement obtained with the optimal ﬁlter (10) with respect to the conT H   is used, both ﬁlstant preﬁlter when the criterion E n
n
ters satisfying the same energy constraint. We consider the IFT pro, step sizes n
=n and
cedure with experiment length N
Rn
H  .
We ﬁrst calculate the theoretical values of for the two cases by
using the numerical value of H  and the complete asymptotic expression of derived in [3]. For the constant preﬁlter, we obtain

= ()

6

[1 ()1 ]
= 512
6
()

=1

02:02
6 = 1002 1 022:74
:02 1:71
and, correspondingly, limn!1 n 1 E[1
Tn H (
)1
n ] = 8:39 1 1002 .

As for the optimal preﬁlter, we obtain
IV. SIMULATION EXAMPLE
Consider the system described by

01

02

( ) = 1 0 0q:3q00100:50q:28q02 ; with noise spectrum
2
8v (!) = 1 + 0:19e0j! :
Let the class of controllers be C (q; ) = 1 + 2 q 01 and set  = 0:6
in (1). The (local) minimizer  = [00:690580:33105] has been found
numerically. The Hessian of J () at  is given by
1:87521 0:22642
H (
) =
0:22642 2:44438 :
Let us assume that the constraint on the reference signal rn2 (t) during
Gq

the IFT procedure is that this signal has to have one half the energy

01:21
6 = 1002 1 011:87
:21 1:16
and limn!1 n 1 E[1
Tn H (
)1
n ] = 5:79 1 1002 . The improvement
T
n H (
)1
n ] between the two cases is
in the asymptotic value of E[1

31%.
In order to conﬁrm the validity of these theoretical values, we have
performed a Monte-Carlo simulation. The parameter vector 8 has
been extracted 1024 times. The extractions have been performed by
starting the IFT procedure at 0 , in order to eliminate the transient
effect of the initial condition, and then running eight iterations of the
IFT parameter vector update up to the parameter vector 8 . The 1024
parameter vectors obtained this way are shown in Fig. 2 for the case
of the constant preﬁlter. The corresponding sampled estimate of is

=

01:94
6^ = 1002 1 021:64
:94 1:65

6
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Parameter ( ), the 1024 parameters  obtained using the optimal ﬁlter ( ) and the contour lines of J().

8 [1 ()1 ]
6
01:21
6^ = 1002 1 011:93
:21 1:18
and for 8 1 E[1
T8 H ()18 ] we obtain 5:98 1 1002 . The estimated

and the corresponding sampled estimate of 1 E T8 H  8 is
: 1 02 . The parameter vectors obtained for the case of the optimal
preﬁlter are shown in Fig. 3. In this case, the sampled estimate of is

8 38 10

improvement between the two cases hence equals 31.5%, as predicted
by the theoretical calculations.
V. CONCLUSION

In this note, we have shown how the performance of the IFT algorithm for disturbance rejection can be improved by preﬁltering the
reference input for the special experiment. The effect of the preﬁlter
amounts to decreasing the contribution of the process noise in the special experiment to the error in the gradient estimate. Hence the preﬁlter
will be the more effective the bigger the contribution of the process
noise in the special experiment is. This is the case if a low energy level
of the reference signal for the special experiment is required.
APPENDIX

We address the following optimization problem. By choice of Kn ,
minimize
 j S n 4 2
v
j  j C  n j2 2
I1
 0 jKn j2

( ) 8 [1 +

( ) ]

I2 =

1
2



0

jKn j2jS (n )j2 8v d!  :

By the Cauchy–Schwarz inequality, we have

I1 I2 
jS  n j 3 v
 jC  n j2
 0

1
2

( ) 8 (1 +

( ) )
3

2 Trace Rn01 @C
( ) @C ( ) d!
@ n @ n

2

and equality holds if and only if the integrands in the expressions for
I1 and I2 are proportional. It follows that Kn realizes the minimum of
I1 if and only if I2
and there exists a positive constant such that

=

4 2
jKnj2 jS (n )j2 8v  jS (jKnn)jj28v [1 + jC (n)j2]2
3
2Trace Rn01 @C
( ) @C ( ) :
@ n @ n

Proposition 3.1 now follows immediately.
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On the Stability of a Linear Bioprocess Model
With Recycle Loop
Hideki Sano and Noboru Kunimatsu
Abstract—In this note, we treat a linear bioprocess model with recycle
loop and analyze the spectrum of the closed-loop operator in order to dis-semigroup generated
cuss the exponential stability. It is shown that a
by the closed-loop operator satisﬁes the spectrum determined growth assumption and that the recycle loop works effectively for the process through
a numerical simulation.

reason, it is meaningful to consider the closed-loop system consisting
of the bioprocess model and a recycle loop. In this note, we show that a
C0 -semigroup generated by the closed-loop operator satisﬁes the spectrum determined growth assumption and that the recycle loop works effectively through a numerical simulation. Moreover, we show that there
exists a set of singular parameters for the bioprocess model in the sense
that the growth bound 01 of the uncontrolled semigroup is invariant
under a special recycle loop. On the other hand, it should be noted that,
for a mono-tubular heat exchanger equation, a suitable output feedback
has been applied to the system in order to produce ﬁnite poles from the
viewpoint of pole assignment problem (see [7] and [13]).
The result by Huang concerning the spectrum determined growth
assumption is summarized as follows.
Theorem 1 [5, Ths. 1, 4]: Let etA be a C0 -semigroup with
the inﬁnitesimal generator A in a Hilbert space H and set
!0 := limt!1 (log ketA kL(H ) =t); 0 := supfRe();  2 (A)g,
where  (A) denotes the spectrum of A. Then, the spectrum determined growth assumption 0 = !0 is satisﬁed if and only if
01
supfk(I 0 A) kL(H ) ; Re()   g < 1 holds for each  > 0 .
Furthermore, the computational formula relating to the growth bound
!0 is the following:

!0 = inf f;  > 0 ; supfk(I 0 A)01 kL(H ) ; Re()  g < 1g:

Index Terms— -semigroup, linear bioprocess model, recycle loop,
spectrum determined growth assumption.

II. SYSTEM DESCRIPTION
We will consider the following linear bioprocess model of sequential
reactor type [2]:

I. INTRODUCTION
Recently, modeling and/or control of bioprocess are actively studied
by many researchers (see, for example, [1], [2], [6], [9], [12], and the
references therein). In [2], Bourrel and Dochain have introduced two
distributed parameter bioprocess models of hyperbolic type; one is a
linearized basic bioprocess model and the other is a sequential reactor
model, and they have shown that, for each bioprocess model, the openloop system becomes exponentially stable under a condition depending
on parameters of the model. In [12], feedback control is applied for the
linearized basic bioprocess model with boundary input and the exponential stability is discussed based on Huang’s result [5] concerning the
spectrum determined growth assumption. The same approach has been
applied by Xu et al. [14] and Kunimatsu and Sano [8] to the proof of exponential stability of a counter-ﬂow heat exchanger equation with zero
bundary conditions and the stability analysis of a counter-ﬂow heat exchanger equation with boundary feedbacks, respectively. In addition,
we notice that the approach is similar to the one used in [3, Th. 5.1.7]
to prove that the spectrum determined growth assumption holds for retarded differential equations.
In this note, we discuss the stability of the linear bioprocess model of
sequential reactor type with recycle loop. The bioprocess model, which
is of hyperbolic type, is super-stable without adding any controls since
the growth bound of the uncontrolled semigroup is 01, namely, the inﬁnitesimal generator of the semigroup has no ﬁnite poles on complex
plane. However, in the reaction process, it may be possible to yield
more output for given inputs by introducing a recycle loop. For that
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@z1
@z1
(t; x) = 0
(t; x) 0 a11 z1 (t; x) 0 a12 z2 (t; x)
@t
@x
@z2
@z2
(t; x) = 0
(t; x) 0 a21 z1 (t; x) 0 a22 z2 (t; x)
@t
@x
0 a23 z3 (t; x)
@z3
@z3
(t; x) = 0
(t; x) + a11 z1 (t; x) + a32 z2 (t; x) 0 a33 z3 (t; x)
@t
@x
(t; x) 2 (0; 1) 2 [0; 1]
z1 (t; 0) = u1 (t) z2 (t; 0) = u2 (t)
z3 (t; 0) = u3 (t);
t 2 (0; 1)
z1 (0; x) = z10 (x) z2 (0; x) = z20 (x)
x 2 [0; 1]
z3 (0; x) = z30 (x);
y1 (t) = z1 (t; 1) y2 (t) = z2 (t; 1)
t 2 (0; 1)
(1)
y3 (t) = z3 (t; 1);

R

where z1 (t; x); z2 (t; x); z3 (t; x) 2
represent the concentrations of substances C1 ; C2 ; C3 at the time t and at the point
x 2 [0; 1], respectively. And u1 (t); u2 (t); u3 (t) 2
are the inare the outputs. The parameters
puts and y1 (t); y2 (t); y3 (t) 2
a11 ; a12 ; a21 ; a22 ; a23 ; a32 ; a33 are strictly positive constants depending on the reaction process

R

R

C1 + C2 ! C3 C3 + C2 ! N2
where N2 is a substance different from C1 ; C2 ; C3 .
In the aforementioned reaction process, we can obtain the substances
C3 and N2 using substances C1 and C2 only. Now, let our objective to
yield more output C3 for given inputs C1 and C2 . So, we consider an
output feedback law

u 1 ( t) = k 1 y 1 ( t) u 2 ( t) = k 2 y 2 ( t) u 3 ( t) = k 3 y 3 ( t)

0018-9286/$20.00 © 2005 IEEE
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