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Motivation

Non linear pricing

We consider a market with one risky asset, where different interest
rates apply for borowing and lending :

dXt = utXtdt + atXtth
df = rfedt
dB; = RtBtdt, Rt > 1.

i.e. we can borrow money at a rate R; but invest in the bank account
at rate r;.

Let Y; denote the wealth process of a self financing strategy that
allocates 7 on X; and Y; — 7y on the bonds 5, B;. In such an
economy we consider the problem of hedging a contigent claim &
written on X, t € [0, T].
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Motivation

Non linear pricing

The self financing assumption gives :

dx d
dY; = m—o + (Yo — m)p — — (Y —m)

X, & B 70
=
dY; = mpuedt + mordWy + (Yy — ) oredt — (Ye — ) _Redt, Y1 =¢
=
dY; = reYedt + (e — ro)mdt — (Re — re) (Yo — ) _ dt + 7o dW,
Yr =&, as.

Goal is to solve it (uniquely) with respect to (Y, ). Then a fair price
for £ at time 0 is Yo.
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Motivation

Non linear PDE representation

Let X be the solution of the forward SDE:

d
dXg™ = Vo(Xs™)dt + > Vj(Xs™)dW/
j=1

and let u(t,x) € C*?([0, T] x RY) solve the non linear backward
Cauchy problem

ue(t, x) + Vo(x) - Vu(t,x) + %Tr[V(x)V*(x)Dzu(t,x)] @)

+ f(t,x,u(t,x), Vu(t,x)V(x)) =0
u(T,x) = e(x).

where V; : RY — RY and V := (V1]...|V4) € RI*d,
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Motivation

Non linear PDE representation

Apply Ito’s lemma to Y™ = u(s, X{*):

1
dyd* = (ut +Vo - Vu+ 2Tr[VV*D2u]> (s,x;=X) ds + VuVdWs
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Motivation

Non linear PDE representation

Apply Ito’s lemma to Y™ = u(s, X{*):
1
dy* = (ut +Vo VU + 2Tr[VV*D2u]> (s,x;=X) ds + VuVdws
Integrating fromtto T

T T
D(XT*) Y :/t <ut +Vo - Vu + ;Tr[VV*Dzu]> o|s+/t VuVdwg
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Motivation

Non linear PDE representation

Apply Ito’s lemma to Y™ = u(s, X{*):
1
dy* = (ut +Vo VU + 2Tr[VV*D2u]> (s,x;=X) ds + VuVdws
Integrating fromtto T
T 1 T
DX =Y = / <ut + V- VU + 2Tr[VV*D2u]> ds+/ VuVdWs
t t
and since u solves the pde

.
Y = ¢(x}’x)+/ f(s,X$*, u(s, X)), VUV (s, X&™))ds—VuV (s, Xe™* ) dWs
t S———

Ys Zs Zs
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Backward SDEs

Our data is as follows :
@ Atime horizon [0, T], a d-dimensional Brownian motion
{W;, 0 <t < T} defined on a probability space
(Q, F, {Ft}o<t<T, P).
@ Vector fields {V;}% , € C2°(RY; RY) to define a Stratonovich
equation.

@ A real valued function f : [0,T] x R x R x RY — R at least
Lipschitz continuous in x,y,z and ¢ € L?(Fr).

We will make the usual identification of every vector field with the first
order operator :

0
Vlg = ZV|J 83
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Backward SDEs

We then consider the following decoupled FBSDE:

s d s )
X = / Vo(Xy™)du + > / V;(X5*) o dwW}
‘ = )
T T
Y :g+/ f(u,Xj’X,Yj’x,Zj’x)du—/ Z,” dW,
S

S

Theorem (Pardoux & Peng [1990]): There exists a unique triple of
adapted processes (X,Y,Z) € RY x R x RY satisfying (2) in the
space of processes

.
E [ sup Yt2+/ |Zszds] <00
0

0<t<T
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Backward SDEs

Step 1: Apply the martingale representation theorem to the r.v.
€+ Jy £(s,Xs,0)ds.

T T t
M :=E / f(s,Xs,0)ds + £| /| =E / f(s, Xs,0)ds + ¢ +/ Z2dWs
0 0 0

IfYl=M — fé f(s, Xs,0)ds then

T T
Yt1:§+/ f(s,Xs,O)dsf/ Z2dwg
t t
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Backward SDEs

Step 1: Apply the martingale representation theorem to the r.v.
€+ Jy £(s,Xs,0)ds.

T T t
M :=E / f(s,Xs,0)ds + £| /| =E / f(s, Xs,0)ds + ¢ +/ Z2dWs
0 0 0

IfYl=M — fé f(s, Xs,0)ds then

T T
Yt1:§+/ f(s,Xs,O)dsf/ Z2dwg
t t

Step 2: Construct a sequence (Y",Z") such that

T T
Yt”:£+/ f(s,Xs,Ysr“l,Zs”‘l)ds—/ ZldWs
t t
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Backward SDEs

Step 1: Apply the martingale representation theorem to the r.v.
€+ Jy £(s,Xs,0)ds.

T T t
M :=E / f(s,Xs,0)ds + £| /| =E / f(s, Xs,0)ds + ¢ +/ Z2dWs
0 0 0

IfYl=M — fé f(s, Xs,0)ds then
T T
2 :g+/ f(s,Xs,0)ds 7/ Z3dWs
t t
Step 2: Construct a sequence (Y",Z") such that

T T
Yt”:£+/ f(s,Xs,Ysr“l,Zs”‘l)ds—/ ZldWs
t t

Step 3: Show that (Y, Z) := limn_(Y",Z") satisfies
T T
Yt e 5 +/ f(S7X57YS7ZS)dS - / ZSdWS
t t
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Backward SDEs

When ¢ is simple , i.e. £ = (X7 ) we have the following non linear
Feynman Kac formula. Consider the PDE :

Ug(t,x) 4+ Lu + f(t,x, u(t,x), Vu(t,x)V(x)) =0

_ ()
u(T,x) = d(x).

where L := Vo +1/23 %, V2.

Theorem (Pardoux & Peng[1992]): If u is the (viscosity) solution of
(3), we have

Yo =u(s, Xs¥), Ze* = Vu(s, XMV (X™), as.

The representation for Z holds, even if u solves (3) in the viscosity
sense, so long as u € CL(RY).
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Backward SDEs

Integrating the BSDE between t and T and using the Feynman -Kac
formula we have:

]
YK Z B |o(X) + / (s, X%, (s, X%), Vu(s, XV (XE¥))ds
t

In other words, there exists an implicitly defined functional
At : Cpa [t, T] — R such that

Y =B (X)), ()

Hence, to approximate we have to :
@ Replace the functional A; with an explicit version A
@ Integrate /"\t(~) with respect to an approximation of the law of X".
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Backward SDEs

Descritization along the lines of the algorithms by Zhang(2004),
Bouchard & Touzi (2004):

.
O(X7 ) + f(s, X% u(s, XS, VuV (s, XS )ds

t—e

T—eXx _
Y- =E
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Backward SDEs

Descritization along the lines of the algorithms by Zhang(2004),
Bouchard & Touzi (2004):

.
O(X7 ) + f(s, X% u(s, XS, VuV (s, XS )ds

t—e

T—eXx _
Y- =E

=Y = E o] )]
+ef (T —e,X,u(T —€,X), VU(T — e,X)V (X))
———

Y1
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Backward SDEs

Descritization along the lines of the algorithms by Zhang(2004),
Bouchard & Touzi (2004):

.
YK =E [o(XF) + f(s,XéE’X,u(s,Xé“x),VuV(&XéE’X)dsl

t—e

=Y = E o] )]
+ef (T —e,X,u(T —€,X), VU(T — e,X)V (X))
———
Y1

However, a Stratonovich Taylor expansion tells us

d T
u(T. X7 ) =u(T —ex)+ > Viu(T — e,X)/T odW/{
i=1 €
d T s ) )
3 Vivu(T - e,X)/r /T odW] o dW] + O(¢¥/2)

ihj=1
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Backward SDEs

Multiplying by AW' and integrating, we have
E [q>(xTT*67X)(va - wT_e)] = eVU(t — &, X)V (x) + O(¢?)
Hence,

1
YIS AR {qa(xTT‘f’X)} +ef (T =6, x,u(T — ,x), “E[®(XT ) AW+])
D D ——

Y1_e Yt
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Backward SDEs

Multiplying by AW' and integrating, we have
E[o(x] ) (Wr = Wr )] = eTu(t - e )V (x) + O(e?)
Hence,
VI B [0 )] 4 ef (T — e u(T — e.x), TE[O(X] ) AW ])
—_——

Y1_e Yt

Given a partition 7 := {0 =ty < t; < ... <ty = T}, we define the
one-step operator

. 1
Rig(x) =E |:g(xttll+))1<):| + hi+lf (tiax7 Rig(x)7 hi

—E [g(Xé:f)AWiH}) )
i+1

hi =t —t_1, AW, =Wy —W,;_,
The approximation of Yy is Y ::= R; ... Ra®(X ™)

sup E[|Y — Y{ 1,0 ()[?] < Cln
0<t<T
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Backward SDEs

The involved expectations are not computable in most cases. If K[ ]
denotes integration with an approximation of the law of X%* we set
{Ri}i:

N

Rig(x) = IAE [g(xti+l(ti7x))]
Chyaf (ti,x, RO(). B [g(xtiﬂ(thx))AwiH]) |
Yy =Ri...Ra®(Xy)

Existing methods for [&[-]:
@ Approximation of the density with Voronoi tesselations, Bally&
Pages [2001]
@ Malliavin representation for regression functions, Bouchard &
Touzi [2004]
@ Projection on function bases, Gobet,Lemor,Warin [2005]

@ The cubature method
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Cubature

Assume that we have a finite measure x on (RY, B(R?)). A cubature

formula of order m on Euclidean space is a set of points {x;}N, ¢ R¢
and a set of non negative numbers A, i = 1,...,N such that

(dx) Aj vk <
/Rdxux Z ixk, m

i=1

Hence for any smooth function f : RY — R we have

N
dx) ~ > Af(x)

The cubature method of Lyons and Victoir realises the same idea on
the Wiener space.

Rd
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Cubature

Given a nice function f, the Sratonovich-Taylor expansion tells us

fX) = 3 Vi Vi f(x) /0 odW,! ... o dW,*

(il ..... ik)G.Am <t <... <t <t
+ Rm(t, x,f)

m+1

with ||[Rm(t, x,f)|lp = O(t 2" ). Let Q be another measure on

X, f
(C([0,t]), B(C([0,1])))

If E2[|Rm(t, %, f)[P] is small and

(E2 —E) U othill...othi:} =0
o< <... <t <t

. E° [f(xto“)} ~E [f(xto’x)}
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Cubature

Theorem (Lyons & Victoir (2004), Litterer& Lyons (2008))

For any t > 0, there exists paths w1, ...,wy € ngbv([07t];Rd) and
A1, A2,..., AN such that

E(/ o AW .. o W)
o<ty <... <t <t

N
:ZA,—/ dw(ty) ... dwp (t)
=1 70

<t <..< <t

If the above is true up to m iterated integrals, we have a cubature
formula of order m defined on [0, t].

This new measure, called cubature measure, will be denoted by Q{",
ie Q=N N,
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Cubature

A bit of notation : Given a multi index | = (i1, ...,ix) € {0,...,d}* we
write V,f :=V;, ...V, f and consider the norms

=k, [Nl=k+#{1<j<k:ij=0}

Theorem (Lyons & Victoir (2004))

If Q" is a cubature measure of order m defined on [0, t] then

m+2

sup [E [f(x)] = Egn [f(X*)] 1< 3 172 sup |Vif

xeRd i =

Konstantinos Manolarakis Imperial College London Solving a BSDE with the cubature method



Letw € Copy ([0, T];RY). What is E%[f(X*)]?

8o 0,x\1 _ ! d ' : i
B2 [f (X)) = f x+/0 Vo(Xs(w))ds—i—Z/O Vi(Xs(w)) o dWi(w)
t d t
= f <x+ /0 VO(XS(w))ds+Z /O Vi(XS(w))dwi(s)>

where Xs(w) solves the ODE

dXs(w ZV, (Xs(w (s).

Let us denote by =7 x(w) the solution at time T of the ODE
dyrx = S0, Vi(yex)dw! (t), yo = x. Then

X\
QP Xt,+1 )] = E :)\J_h|+1x wj)-
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Cubature

Cubature with two paths and two time steps

(,x)

(A1, Y1) (A2, 2)

(A2,y11) (AMA2,¥1,2) (A2A1,Y2,1) (A2,y2,2)

whereyi = =5, x(Wsy,i)s  Yij = Z6p,25, 0(ws,) (Wea), 1,1 =1,2.
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Analysis of the global error

We focus on |Yq — \?0|. With a bit of work one can show :

n—1
Yo — Yol = D |Ri...Ra®(X*) = Ri ... Ra®(X™))
i=0
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Analysis of the global error

We focus on |Yq — \?0|. With a bit of work one can show :

wo—vo|~Z|R.... B(XP%) = Ri.. Ra®(X™)|
i=0

With a bit more work and involving the Feynman-Kac formula

Yo Yol = O(|l) + 3 (I(B ~ Bon)lu(ta, X

+ [ (E — o) [u(tsa, X\ AW ] )
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Analysis of the global error

We focus on |Yq — \?0|. With a bit of work one can show :

wo—vo|~Z|R.... B(XP%) = Ri.. Ra®(X™)|
i=0

With a bit more work and involving the Feynman-Kac formula

Yo Yol = O(|l) + 3 (I(B ~ Bon)lu(ta, X

+ [ (E — o) [u(tsa, X\ AW ] )

n 4
Yo — Yol = O(Jx) + >~ | S h{EY" sup [Viu(t, )l

i=1 \j=3 =i
m+-2
+ Z +1 sup ”VI (tlv')”OO
J m+1 H H—J
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Analysis of the global error

The bounds depend on the behaviour of the derivatives of u. If
®eCrt?:

ID'ulos < 00 (~ D'®[lsc) = Yo — Yol < Clr|

If ® only Lipschitz continuous : When f = 0 we fall back to the linear
PDE case. Then

C
sup Viu(ti, x)| < T —o)072
Hence
n m+2 hJ/2
|Yo—Yo|N\/E+Z Z 7/2

i=1j= m+1

Aim is to use a partition which gets more dense as we appproach T.
For example (Kusuoka[2003]) tj = T (1 — (1 — —) ).
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Analysis of the global error

When ¢ is only Lipschitz and f # 0 no equivalent characterization of
the derivatives of u is available. The trick is to take an ¢ step back
from T projecting .

b(x) = E[@(Xr) X7 = x]
and work with the solution of the PDE

Gy + L+ F(t,x0,VGV) =0, (T — ¢,x) = b(x)

However in this case ||D'u||oc ~ [|D'®]o0 ~ h(= 11072 Hence,

Yo ol = 1/2+Zn 1h2h 32 3
o= rl,/2+§j{‘:11hi2hn1 m>5

Need to keep the partition dense enough throughout with h; < h,.
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Numerical examples

Pricing a call option in a Black Scholes economy.

= (X - K)+7 f(t,X,y,Z) =—ry —foz, 0 = et

o

o(x)
T |1 i
p | 0.03 s
r |0.06 :
o 02 g
Xo | 10 3
K |10

oA,
U
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Numerical examples

Pricing a call option with different interest rates:
O(x) = (x=K), f(t,x,y,z) = —{ry+0z+(R-r)(y—2/0)-}, 0 := £~

0.05
0.06
0.08
0.2 ' VTR VvV VY

10910 (error)

—+—cub3
—=—cub5

AXS9 W~ ® H
—
—
—
=g
>
>

10

steps
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