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The Objectives of the Research

The main objectives of our research is to build an Equity-Interest Rate
Hybrid model which:

= generates smiles on the equity side;

= the interest rate component is well fitted to (at least) ATM
swaptions, caplets, etc. and preserves an implied volatility hump;

= hybrid handles non-zero correlations between the underlying
processes (preferably full matrix of correlations);

= can be efficiently and accurately evaluated by means of the Fourier
inverse based algorithms (the calibration purposes);
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Hybrid Model Construction

@ In general the equity-interest hybrid is given by:
dX; = a(Xs, Ry)dt + b(X,)dWX, Equity
dR; c(Ry)dt + d(R;)dWR, Interest Rate
z,z] cMdt,  Correlation

with Ht = [Xh Rt]v and Zt = [dW§<7dW5]T,

@ where:
o C"isa (n4+ m) x (n+ m) matrix which represents the instantaneous
correlation matrix between the Brownian motions;

o the correlation within the asset classes is allowed, i.e.:
C* = (dWX)(dWX)T, CY = (dWR)(dW])T.
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Hybrid Model Construction (Equity Part)

@ In particular, the Heston model for the state vector
X: = [x: = log St,0+]" is described by the following system of SDEs:

dx; = <rt - ;ot> dt+  ordWY, xo >0,
doy = €(o —or)dt+ wyo dW?, oo >0,
cl, = px,odt,
with the speed of mean reversion € > 0, long-term mean ¢ > 0, and
correlation |px,»| < 1.
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Hybrid Model Construction (Interest Rate)

o For the interest rate process we take the state vector R, = [r;, v¢]:

dre = K(0: + pve — re)dt+ nﬁ(l_P)dW’ ro > 0,
dvi = A(v(1—p) — v)dt+ ’Y\/VT th",
Cl 2 - /)r.vdta
with
v >0 forp=0,
vw=0 forp=1,
where p = {0, 1},

@ depending on p we have two different models for the short-rate:
e p = 0: stochastic volatility short rate process (H2++)

[ ]
e p = 1: Hull-White two factor model (G2++) i
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Hybrid Model Construction: Correlation Structure

o A hybrid model HY = [X;,Y]T = [x;, 0¢, rt, v¢] T has the following
instantaneous correlation structure:

1 pxo | Pxr Pxv
cH - * 1 Por  Po,v

* * 1 Prv

* * * 1

4x4

@ the equity and the interest rate asset classes are linked by
correlations in the right-upper and left-lower diagonal blocks of
matrix CH:

e the instantaneous covariance matrix S := TyX

ParT P TP
5_ Po. T /TP po sy /ey w P

) 2. 1-p 1=p '
* * n-v; PrvTVVe s
L x Vv P iy Delft

Rabmnkl'he model for py , # 0,px,v # 0, po,r # 0 and p,, # 0 is not affine!
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Square Root Process

o Distribution of oy [ ] is given by:

or = c(t)x?(d, \(t)), t>0,

with
1, _ ded dee” oy
= —w(l—e¢ = = .
c(t) 4€w ( e™ ), d > (t) 21— e 1)
e with
E(o¢|oo) = c(t)(d + A1),
Var(ot|og) = c2(t)(2d + 4X(1)).
What can be said about ,/0; and its moments? P
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Square Root Process

e How to find E(,/c¢) ?

o Delta method based approximations | 1.
e Integral exact representation [ 1

Lemma (Expectation and variance for ,/o;)

For a given time t > 0 the expectation and variance of \/o; are given by:

= 1 kr(%Jrk)
(\ﬁ|00) ;’7 W7

Ot =K — t)e o
k=0
ﬂ et
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Square Root Process
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Figure: Speed of convergence of expectation E(,/o:) (LEFT) and variance
Var(y/o:) (RIGHT) for different t. Other parameters are chosen: ¢ = 1.2,
w=0.4,5=0.2and oo = 0.05.
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Normal approximation for dynamics of /o

e For t — o0, noncentrality parameter A(t) — 0 so by [ ]

. o w? wW?
tl@cﬁNN<v0‘se’se>-

@ For t > 0 we have found an approximation:

Jor~ N <\/C(t)(A(t) — 1)+ c(t)d + m, c(t) - Mci_t)/\czt))) ;
with
1 L 4ed _ Aee™%0
(t) = 4—€w2(1 — ), d= 2 (t) = Ww2(1— e—ost)'
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Normal approximation for dynamics of /o

Histogram of o, Histogram of Yo, vs theoretical ft of normal distribution

12
histogram of o|

o
normal pdf (theoretical ft)

Density

" MM
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Data

Figure: For maturity T = 5; LEFT: a histogram for o+, RIGHT: a histogram for
\/0¢ and the theoretical fit of normal distribution. The Monte Carlo simulation
was performed with 20.000 paths with 500 steps for e = 1.2, w = 0.2, d = 0.1,

g0 = 0.05.
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Normal approximation for dynamics of /o

e For finite t normal distribution provides highly-satisfactory
approximation;

@ The moments of /o; are functions of time;

VG ~ N (E(y/arloo), Var(y/a7]oo)).

@ By It6’s lemma:

w? € o w
dy/o; = — - —= - dt —dWw?, / .
Ot < 8 /o + > ( oy Ut>) =+ > to o0 >0

@ Define an approximation: /o ~ u;
duy = pdt +9LdWS,  up= /oo > 0,

]
‘ for certain time dependent: ¥ and ¥¥ chosen such that first ~ TUDelft
Rabobank two moments of u; and /o; match.
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Construction of the Affine Hybrid Model

@ The instantaneous covariance matrix:

Px, rnf\/VT t=p) ATV TP

Ot px,crwo—t
2

S — * W 0ot pa rnw\/ \/ Vt PU,VWV\/ Ut\/ Vt(l_p)
x x vy praive "’
2. 1-p
* * * YV, axa

@ Element (1,3) (for example) from matrix S is given by:

S13) = P VT P

@ In our previous research for the Heston-Hull-White hybrid model
(p=1) we have used the following approximation of Sy 3):

§(113) = px,rE(ﬁ) ~ Px,r (a + be—ct) , y
A TUDelft
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Construction of the Affine Hybrid Model

@ Define an approximation:

§(1,3) = Px,ﬂ?uf (Uf)(l_p) y
with:
duf = pidt+ 7dWe, uf = /o9 >0,
duy = pidt+ /AW, uy =+/vo >0,

pPovdt = dAWZAdWY,
@ Depending on the values of parameter p:

p=1: Suz = Px,rMug Affine. p
4 fuoar
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Construction of the Affine Hybrid Model

@ In order to repair this for the case of p = 0 take
zp 1= uf uy,

with:
dz; = Aedt + v/ AW + uf P dWY,

where: Ay = pfuf + piug + V7Y po.v.
@ The process above is not affine, but since uf ~ /o and u ~ /v,
the following holds:
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Construction of the Affine Hybrid Model

@ By combining the equations the linearized hybrid is given by:

Equiy 4 e = (e = 30¢) dt+ /ord W,
WY Vo, = (6 - 00) dt + wyaawy,

— _ (1_P) r
Hybrid Short Rate {17t = (0 Tpve re)dt /e (1,,51W“
l\/IodeI th = )\(V(l — p) — Vt)dt + 'Y\/W thv,

duf = pgdt +p7dWye,
Affinity correction duf = pidt + Yy dWy,
dzy = Adt + /v p7 dWE + /ooy dWY,

with
ug = /oy, ug = /oo >0,
ul = v ug =+/vo >0,
def
‘ 7= Wul = oo, Z0=/Toy/Vo > 0. 'i"_UDelft

Rabobanfs the model affine???
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Construction of the Affine Hybrid Model

@ Because of the model linearization the dimension of the original 4D
state vector, X; = [x;, 0¢, 1, v¢] " has increased;

@ 5D vector Fl} = [x¢, 06, 1, vi, uZ] T for p =1, H-G2++

Tt PxoWOt | P Pxy VU | Pxof U7
2
* woor | WP, Uy poywyuy | wpfug
T
~ SO ) ~
zH%z H% * * n /)r,vnr pr,ﬂndjt
~2
* * * ) Po VY7
g\2
* * * * (¥7) s

@ 7D vector H0 [X¢, 0 1y Ve, uf 0?2 T, for p = 0, H-H2++
(similar to 5D case).

Now, the extended models are of affine form. s
TUDelft
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Characteristic Function of the Heston Hybrid Model

@ For a given affine state-vector H; the discounted characteristic
function [ | is given by:

¢(U, Xt7 t, T) = EQ (e_ -ftT r5d5+iuTX-,—‘f-t) = eA(u7T)+BT(U77')Xt7

where the expectation is taken under the risk-neutral measure, Q.
For a timelag, 7:=T — t.

@ The coefficients A(u,7) and BT (u, 7) have to satisfy the following
complex-valued ordinary differential equations (ODEs):

d 1
EB(u,T) = —n+a/ B+ EBTQB,
dA(u ) ro+BTag+ 1BTcB
ll = — e
a1 0 ) 5 ob,
A with certain matrices aj, ¢;, r;, i =0, 1. 'I";U Delft
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Characteristic Function of the Heston Hybrid Model

o H-G2++ with ﬁ} = [x¢, 06, re, vi, u]T, the CF under risk neutral
measure indicated by Q, to be of the following form:

{ OH-G24+(u, ﬁ}r7 T) = eA(U»T)+BT(u,T)ﬁé’

~ S THl
¢H—G2++(u7 H(1)7 O) = e HO’

= Partially analytical solution for CF is available.

o for H-H2-++ with ﬁ? =[x, 00, e, vi, uZ ul, z] T,

~ I
{¢H-H2++(U, HO,7) = AWm+B (un)Ho

1 . T40
Ph-ra4+ (u, HG, 0) = e,

= Requires numerics for solving ODEs. 3
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Characteristic Function of the Heston Hybrid Model

@ Crucial in evaluating CF is fast calculation of the coefficients A(u, T)
and Bj(u,7) for any i € {1,...,n}.

d
—Bi(u,7) = f(7,B1(u, 1), ..., By(u,T1)),
dr
@ Solve ODEs with explicit Runge-Kutta method,;

= the method allows evaluating CF for a whole strip of u's.

@ In order to gain speed use a pricing engine which requires as few
points as possible:

= the Fourier Cosine expansion method by [ I
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Series Coefficients of the Density and the CF

@ Fourier-Cosine expansion of density function on interval [a, b]:

100 X —a
f(x) = Z n:OF” cos (mrb_ a) ,

with x € [a, b] C R and the coefficients defined as

2 b X —a
Fn = b—a/‘,, f(x) cos <n7rb_a> dx.

e F, has direct relation to ch.f., ¢(w) := [, f(x)e“*dx
( JR\[a,b] f(x) =~ 0),

: . ;
B 2 oy nm . nam P
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Recovering Densities with Fourier Expansion Technique

@ Replace F, by A, and truncate the summation:
2 _ _
= 0 (2 o (o (52

o Example: f(x) = A=e~#* [a,b] = [-10,10] and

x={-5—4,-- 45}

N 4 8 16 32 64
error 0.2538 | 0.1075 | 0.0072 | 4.04e-07 | 3.33e-16
cpu time (sec.) 0.0025 | 0.0028 | 0.0025 0.0031 0.0032

Exponential error convergence in N.
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Pricing European Options

@ Start from the risk-neutral valuation formula:

v(x,tp) = e AtREQ [v(y, T)|x] = efrAt/]P v(y, T)f(y|x)dy.

@ Truncate the integration range:

v(x, o) = e A /[ M DIy e
a,b

@ Replace the density by the COS approximation, and interchange
summation and integration:

N-1 o,
7
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Pricing European Options

o Log-asset prices: x :=In(Sp/K) and y :=In(57/K),
@ The payoff for European options reads

viy, T) = [a- K(e¥ — 1)]".

e For a call option:

call 2 b y _ a
vt = b—a), K(e” — 1) cos kﬂb—a dy
2
= b K(Xk(07 b) 711[“((0’ b))7
—a
e For a vanilla put:
2

VlfUt = K(_Xk(a>o)+wk(avo))'

b—a
e
A TU Delft
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Numerical Example

Pricing for 21 strikes K = 50,55,60, - - - , 150 under Heston's model.
Other parameters: 5o =100,r; =0, T =1,¢ = 1.5768,w = 0.5751,5 =
0.0398,0¢ = 0.0175, py » = —0.5711.

no. of expansion terms N 96 128 160
COS (msec.) 2.039 2.641 3.220
max. abs. err. 4.52e-04 | 2.61e-05 | 4.40e — 06

5
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Pricing European Options with the Hybrid Models

Table: The models were evaluated with the following parameters: ¢ = 1.2,
=01 w=005 k=15 6=0051n=01A=15 ~v=0.1, pro = —0.4,
px,r = 0.4, pxv = —0.6, por = 0.1,p5,, = 0.2, pr,, = 0.3, and initials: Sp =1,
oo = 0.05, rp = 0.03, for H-G2+4++ vy = 0 and for H-H2+-+ vo = 0.05.

characteristic number of expansion terms (/)
model mat. des. 50 100 200

SSE 1.0661 | 5.756E-11 | 1.011E-16

H-G2++4+ | 7 =1y | time [s] 0.073s 0.084s 0.093s
SSE 2.352E-5 | 1.357E-11 | 1.263E-11

7 =10y | time [s] 0.095s 0.105s 0.115s
SSE 16.671 2.746E-8 | 1.045E-17

H-H24+4+ | 7=1 | time [s] 0.450s 0.512s 0.612s
SSE 2.231E-3 | 8.479E-16 | 1.453E-16

7 =10y | time [s] 0.817s 0.932s 1.023s

6
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The Accuracy of Hybrid Approximation

implied volatilties for exact (Monte~Carlo) and approximations (FFT) implied volatilties for exact (Monte-Carlo) and approximations (FFT)
for Heston-G2++ hybrid model for Heston-H2++ hybrid model
100% 100%
H-H2++, T=1 (Monte-Carlo]
a0 H-G2++, =1 (Monte~Carlo) | | a0 R ) i
B H-G2++, =1 (FFT) H-H2++, T=5 (Monte-Carlo]
H-G2++, 1=5 (Monte~Carlo) N HoH24+, 125 (FFT)
80% SV H-G2++, 125 (FFT) 1 80% H-H2++, 110 (Monte~Carlf}]
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3 k=t
] S
S 3 s
Q2 60% @ 60% q
=1 °
2 2
g som g so% 1
40% 40% d
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02 04 06 08 1 12 14 02 04 06 08 1 12 14
strike strike

Figure: Implied BS volatilities for the Equity. LEFT: H-G2++, RIGHT:

H-H2++ For both models the parameters were chosen to: ¢ = 1.2, 3 = 0.1,
w=0.05r=1560=0057n=01 A=15v=0.1, pro = —0.4,

px,r = 0.4, pxv = —0.6, po,r = 0.1, p5,, = 0.2 and p,,, = 0.3. For the

H-G24+4+ v =0, in H-H2++ vy = 0.05. TUDelft
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The Correlation Impact on Implied Volatilities

Impact of p, _on implied volatilty for the approx. H-G2++ hybrid model Impact of p,  on implied volatiity for the approx. H-H2++ hybrid model

0.45 045
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2 035 2035 q
g E
S ]
S S
3 3
2 2
g o3 —— H-G2++: p_=-0.7 g o3 —@— H-H2++ p =-07|
—@— H-G2++: p =-03 / —@— H-H2++: p =-03
—A— H-G2++: p, =0 —— H-H2++: p =0
0.2 g H-G2++: =03 025 —— H-H2++: g, =03 | 4
—— H-G2++: p =0.7 P —— H-H2++: p =0.7
02 . . 02 . .
0 5 10 15 0 5 10 15
maturity [y] maturity [y]

Figure: Effect of the hybrid correlation, px,,, between the stock and interest
rate on Equity implied volatility. LEFT: H-G2++, Right: H-H2+4++. P
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Conclusions

Conclusions

= We have build an approximation of the CF of the Heston-Hull-White
two-factor and Heston-Stochastic volatility IR Hybrid Models;

= With help of Fourier Cosine expansion method and Explicit
Runge-Kutta method the pricing of European Options can be done
in milliseconds;

= The idea of extending the space-vector can be generalized to any
Hybrid models involving correlated square-root processes.

= Analytical CF can be obtained by setting some correlations to zero.
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