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Outline of Results

Two lines:
Contributions of

@ Theoretical nature
Provide rigorous proofs of short time to maturity expansion
formulas for i) call prices and ii) implied volatility in local volatility
setting.

@ Practical Nature
New expansion formulas for call prices and implied volatility. I.e.
expansion up to second order with optimal (in a certain sense)
coefficients. Already order 1 more accurate for several models
tested than earlier expansions tested.
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Local volatility

The Local volatility model

das; = b(t)Stdt+a(St,t)th

where
@ {S;}i>0 is price process for the stock

@ {W; }{>0 is a Brownian motion. Pioneered by Bruno Dupire. Still
popular model, some say, in certain (eg. French) banks.
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Sabr type models

@ Sabr Model in it's original form (Hagan and Woodward, Hagan, Kumar,
Lesniewski and Woodward, Andreasen-Andersen)

dFt = FtﬁYtde
dy; = aydWp
< dWltr dWZt >= pdt

Calibrates well to smile, but for only one maturity.
@ "Dynamic Sabr Model"

dFy = @C(Ft)Ytde
dyy = @Ytdwzt

< dWltv dWZt >= p(t)dt,

time dependent parameters. Can be calibrated to implied volatility
surface for several maturities.
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Heston

Heston Model

dSt = yStdt + \/ VtStth
th = K(G—Vt)dt + 0/ thZt
thdZt = pdt

where
@ {Si}i>0 and { Vi };>0 are price and volatility processes
@ {W;}i>0 and {Z; };>o are Wiener processes with correlation p

@ 0 is long-run mean, x is the rate of reversion and ¢ is volatility of
volatility
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Heston + local vol

The Heston Model with local vol

dSt = }lStdt + v/ Vt‘

th = K 9 Vt dt + 0 thZt
< dW;, dzZ; >= pdt

where
@ {Si}i>0 and {V; };>0 are price and volatility processes
@ {W;}i>0 and {Z; };>o are Wiener processes with correlation p

@ 6 is long-run mean, « is the rate of reversion and ¢ is volatility of
volatility.

Andreasen and others.
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Lipton-Andersen Quadratic SV Model

Background

ds(t)
lc(t) 2
= A)y/2(0) (BOSO) + (1-bE)So-+ 5 TH(SH) = So)? ) v
dz(t) = x(1 —z(t))dt +#5(t)\/z(t)dZ(t)
z(0) =1

where
< dW (t),dZ(t) >= pdt

Needs adjustment at the wings, since local martingale but not a martingale in general.
Can be seen as special case of Heston-local vol model.
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Background

Passage from stochastic volatility model to local vol model:

@ Gyongy-Dupire-Derman and Britten-Jones and Neuberger
method for reducing the computation of call prices in stochastic
volatility model to computation of a effective local volatility in a
local volatility model.

Combine with:
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Methods

Passage from stochastic volatility model to local vol model:

@ Gyongy-Dupire-Derman and Britten-Jones and Neuberger
method for reducing the computation of call prices in stochastic
volatility model to computation of a effective local volatility in a
local volatility model.

Combine with:

@ Heat kernel method for the determination of transition probability
density in the local and stochastic volatility models.
This reduction requires knowledge of the corresponding
Riemannian distance function and/or geodesics for the SV
model. These are known in Sabr models.
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Gyongy-Dupire: From stochastic volatility to local
volatility

Stochastic volatility models:

dFt = D{tb(Ft)dW]_t

day = g(ar)dWay

Fo = F,ap = a initial conditions
< dWyg, dWp >= pdt

Obtaining a local volatility model with same F marginals:
“Equivalent” local volatility function is given by:

Uioc (K, T) = b?(K)E [aF | Fr = K]
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Gyongy-Dupire: Effective parameters

Background

More general result, giving rise to the concept of "mimicking":

dS; = ¢(Sy, », t)dt + b(St, t)g(v(t), t)dWyy
dyy = (v)dt + B(vr)dWodt

< dWy, dWy; >= pdt

S(0)=sS, v(0)=v,

yields the same marginal distributions with respect to the S variable as the
following sde:

dSt = ’)/(S,t)dt +0(St,t)th,
S(0)=s

where, effective parameters are 0?(K,T) = b?(K,T)E [gz |St = K] and
7K, T)=E[c|Sr =K]
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Background

Laplace asymptotics

Local volatility

Representation

2 ~ Jo y?p(t. (s0.Yo). (k,y))dy
7 =T o (S0, v0), (K. y)ay

1 9R((s0¥%0).(Ky))
Now use p(t, (so, Yo), (K,¥)) = =€ X f(K,y), where dg
is the natural Riemannian distance, and f comes from heat kernel

expansion.

Apply Laplace asymptotics to express (for small t) in terms of

Ymin = argminy, d2 ((So,Yo), (K,y))
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Background

Heat kernel Series solution for fundamental solution

Seek solution of backward heat equation iny, T in the form:

Heat Kernel Series: Time homogeneous case
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Heat kernel Series solution for fundamental solution

Seek solution of backward heat equation iny, T in the form:

Heat Kernel Series: Time homogeneous case

g(x _d2py) £
(v 7) = T Ay Py)e E Uy, w0
n=

where,

@ d(x,y) is the geodesic distance between x and y, i.e., minimizer of the

functional
1 dxidxi
Jy oG g ot
x(0)=x %(1)=y,

where g(x) = det(gjj) and where
g =a"!, herea= {aj}is principal part of elliptic operator aijax?—;xi
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Heat kernel ct'd

*]
f=
.ax.ax, '8x, 0
Solutlon in the form :
xy o
47(’(“/2\/ (X, y)P(x,y)e ; T—0
]

d2

0
A(X,y) = |g(x)]| " ?det (axay> lg(y)|~*/2 Van-Vleck-DeWitt determinant

@ P — exponential of work done by field A, e/cuy <4417

@ A s constructed from PDE, using two ingredients: and
from the drift b, i.e.

, , P ,
[ 1/2 Y 1/24ij
A" =b' —det(g)” Ev (det(g) g )
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Time inhomogeneous case

@ Suppose the coefficients of the diffusion and/or drift depend
explicitly on time. How does the heat expansion change?

Time inhomogeneous case

NG _d2xy.l)
F(y,x,t,T)= an X:—n/z AX, Yy, )P(x,y, t)e 470 x
—+o00
{) Un(x,y, t)(T )"},
n=1
asT—-t—0 )

o

satisfies the backward Kolmogorov equation in the variables (y,t).
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Finding the coefficients in the heat kernel expansion

Background

@ Zero-th order coefficient can be solved for in only when we
know the in closed form. This is why Sabr model
succeeds since in Sabr model Riemannian distance is diffeomorphic
image of distance in the hyperbolic plane ( In formula below f#~1 is local
vol, i.e.dfy = fPy,dwW,).

distance in diffeormorphic image of hyperbolic plane

d(X,Y)

(K fiﬁdUZ) —2p(y —Y) [ Adu+(y — Y)?2

= arccosh |1
" 2(1—p?)yY

@ Coefficients in the heat equation satisfy the so-called transport
equations, i.e. ordinary equations along the geodesics connecting
points y and x. Cannot usually solve these in closed form but can Taylor
expand for y close to x.
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Heat kernel coefficients one or higher

One way to get around the inability to solve the transport equations
explicitly proposed by Henry-Labordeére:

@ Use on diagonal (say first order) heat kernel coefficients:
U1(x,x)

@ Approximate Off diagonal heat kernel coefficient Uy (x,y) by

X+y x+y)

Ug(x,y) = Uy ( > o

This method works quite well when we are near the diagonal, i.e., y
close to x.
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Background

Influence of curvature

G. Ben Arous, P.L., Tai-Ho Wang

@ Consider the SV model

dxy = b(x¢)yrdWq¢ + pxdt

1
dyy = yytq+ dWoy + pydt

< Wy, dWapy >=pdt
where p and vy are constants. Then

@ The (Gaussian) curvature of the Riemannian metric naturally associated to the problem is and

@ The curvature is equal to

(q-1)y2d

Thus

*] The curvature is identically zero if and only if g = 1, ie. in the quadratic case, and is negative when q < 1.

Peter L:
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influence of curvature II: (q — 1)y

@ When q = 0, the curvature is constant.
This is the original lognormal Sabr model.

@ When q = —1 i.e. Heston model, the curvature is negative and it
blows up aty = 0. In fact the curvature blows up aty = 0 as
soonas q < 0.

@ Note: The sign and size of the curvature is important in the heat
kernel asymptotic approach to the heat kernel.
Here is why: On Riemannian manifolds of negative Riemannian
curvature, the cut locus is empty.
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Hyperbolic Space

1
H:ds? = F(olx2 + dy?)

Space of constant negative Gaussian curvature Gc equal to —1:

Gc

1 0 [ FOE 100G
*ﬁ{ﬂﬁﬁ*ﬁﬂ
a{zaF 1 0E FaE}}

ov |[Hau Haov EHau

where ds? = Edx? 4 2Fdxdy + Gdy?, &H = vEG — F2 and where, in the

case of hyperbolic plane: E =G = y% F=0
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geodesics

H y paraldsto y through p

y>0

Geodesicsin the hyperbolic plane
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Local volatility Model

Our Approach and Results

fO<Ci<o<Cy:

Berestycki, Busca Florent (2002, 2004) The implied volatility lies in
W12P forall 1 < p < co and satisfies the equation

2ppe + ¢7 — 02X, r)(l—x‘%)

02X, T) TP + 502 (x, T)T29P93 = O

where x = log (32— ). Also, short time limit

fm0,%) = 71—

fO (r(sx 0

Note, however, that BBF require the diffusions be non-degenerate,i.e.
c(x,T)>C>0.
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e Our Approach and Results
@ Local volatility Models revisited
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Our Approach and Results

Local Volatility Models revisited: Motivations

Highly accurate approximations for transition density in local volatility
models of interest because

@ Local volatility model of independent interest.

@ Asymptotics for local volatility models when combined with
Gyongy projection technique, provide highly accurate
asymptotics for stochastic volatility models (two factor).
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Our Approach and Results

Heat Kernel coefficients time inhomogeneous case

@ Heat kernel coefficients in time inhomogeneous case satisfy
, i.e., first order, inhomogeneous ordinary
differential equations along the geodesics associated to the
natural Riemannian metric. In one-D can be integrated exactly.
For example:
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Local volatility Models revisited

Our Approach and Results

Heat Kernel coefficients time inhomogeneous case

@ Heat kernel coefficients in time inhomogeneous case satisfy
, i.e., first order, inhomogeneous ordinary
differential equations along the geodesics associated to the
natural Riemannian metric. In one-D can be integrated exactly.
For example:

Coefficients

Up(s,K,t) = exp

e 1 1
_/K d(K,7n,t) _§+

@ £=1a(s,t)L +b(s,t) & +c(s,b).

d(s,K) :/SK a(j,t)du
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Our Approach and Results

Example:Driftless one dimensional case

1
Lu= §a2<y,t)Uyy

@ Heat kernel coefficients in closed form:

Coefficients: 1 D case

ay.b,
a(x,t)

<o ([ (a0 aZFJ,t)d“) )

y
B :g:; =P (_ -/xy al?((yy,'tt))z) =P (/xy a(Yl.t) ) /xy az(aut.t)dUdy)

-

1
Up = exp(E log
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Our Approach and Results

Heat Kernel coefficients 2

b = c¢ = 0in PDE & a independent of time, obtain the following integral:

off diagonal: time homegeneous case

U(x,y)
1 a2
- d/ %y~ 2i
1 a(y) _ao) -t P E gy
= fxm { = (ayw) ay(x)—5 [ a)dy}
harmonic m(;;n_of volatility
1)
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Our Approach and Results

Solving for implied volatility

Use Dupire-Derman-Kani to express Call Prices in the form:

Call price asymptotics

Call(y,x,t,T) = (y —x)* + %E[/IT [azly‘:xh

1 /T 1 1 __d?
= (y—x)*—i—E/t a%(x,u) (a((x,T) (47r(uft)1/2e 2 [up(X,y, t)

+(Uu—t)u (X, y,t) + (u—1)%ux(x,y,t) +...)]) du
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Our Approach and Results

Call Prices: lllustration in time homogeneous case

Grouping powers of T —t = T, this leads to expressions for call
prices of the form

Call Prices

Clyx,T)=(y—-x)"+

(Uo(x,y)uo(x,y, T) +...)

1
2V2n
—(yX)*+2\/15ii u(y) Uiy, T)

heat kernel coefficients

where
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matching
@ Recallw = [} a(&t)du ~d(x,y, )"
y
@ In Black-Scholes setting @ = logﬁ In reglme PSS 1, the auxiliary function

U, (expressible in terms of erfc (compllmentary error function)) admits asymptotic
expansions

T3/2 2 T5/2
w?(t w?(t)

This leads to following matching:

Black Scholes price

_a?
e T

Uo(w,T) =~

~—

oBsvVXye %T

wZ
local vol price

_ Jaxvay ne- St L
- 1 yv wz(t)

-
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Our Approach and Results

Matching continued: transcendent matching vs
algebraic matching

@ (Transcendental matching) Exponential contributions on both
sides must balance:

=-zero-th order exponents of exponentials must match

@ (Algebraic Matching) Once zero-th order exponents match,
match like powers of T on both sides.

Results Transcendental matching leads to Berestycki-Busca-Florent
formula, in the time homogeneous case and to a slightly different
formula in time inhomogeneous case.
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Implied volatility expansion

@ Expansion

dJBS T =t
/h

085 (S0, K 6, T) = ol (t) + olg (1) (T =) + ...

@ (Zero-th order "generalized BBF")

zero order

log(30)
Ohe (1) = 5
K a(u,t)cIu

Note, to recover optimal expansions, volatility a(u, -) needs to be
evaluated at t, not at T, in time inhomogeneous case.
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Implied volatility expansion

first order time homogeneous, r # 0

"(1)(5@ K) here (0)= BBF

log (u[ du)+r[K mdu—rﬁfo

/SoK log(Sp/K)
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Our Approach and Results

Implied volatility expansion

first order time homogeneous, r # 0

"(1)(5@ K) here (0)= BBF

_yakDato) s 1 gy S0 _u
Iog(\/SO—Klog(So/K [ du)+r[K ,(0))2L,du er 32(u)du

A\

ATM

2
= 0Bs1 = S—K(a‘ +aug )+ I

A\

o Compare with Hagan-Woodward formula (for r = 0, with Say = EOJ—K)

o0 |14

a%(Sav) {za”((sav) (a’(sav) )2 4 LH T

24 a(Sav)  a(Sav) s,

(W (sq.K)
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Our Approach and Results

Comparisons

Henry-Labordére refinement of Hagan-Woodward

Labordere refinement

2 " l
%(0,(0))2 + a (480) ((aa((ssoo))) _ }(a (SO))2>] T)

o <1 "

@ (Analytical comparison): Labordére’s and Hagan et al.’s o7
involves derivatives of the volatility. Optimal o; does not = Better
stability properties.

@ Labordeére oy involves U, (x,y), first order term in heat kernel
expansion. Optimal o7 involves only Ug. In fact this pattern holds
throughout:

Optimal 0; involves only U;_q
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Our Approach and Results

Numerical comparison

Performance in CEV model:dS = ¢ /S SgdZ

Sqgrt CEV model: HL in green, GHLOW in blue
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Our Approach and Results

Numerical comparison

Performance in Andersen model:
ds = {yps+(1-9)So+3 S i } dz

Andersen quadratic model: HL in green, GHLOW in blue

0
? 4
@
— <
S
Il
g i
3
I
5 8.
g 8
&
@ .
e
L, Expiry = 1 year
@
£ 74 6=02
E hi Y=-0.5
3 B y=0.1
o
E u
g
.
©
I
T T T T
0.5 1.0 15 20
Strike

Peter Laurence Asymptotics for local volatility and Sabr models



Local volatility Models revisited

Our Approach and Results

Tables

Performance in Andersen model:
ds = {$S+(1-¥)So +7(5‘73°)} dz

Strike Aoy AogHiow Uexact OHL  UGHLOW
0.50 8.8E-05 -1.0E-05 31.29% 31.28% 31.29%
0.75 -3.4E-05 -3.0E-06 2451% 24.50% 24.51%
1.00 -1.1E-06 -1.1E-07 20.03% 20.03% 20.03%
1.25 2.0E-05 -4.3E-07 16.75%  16.75% 16.75%
1.50 3.3E-05 -1.8E-07 14.18% 14.19% 14.18%
1.75 4.1E-05 -7.6E-08 12.09% 12.09% 12.09%
2.00 4.6E-05 -3.2E-08 10.32% 10.33% 10.32%

Table: Quadratic model,c = .2, T =1,Sp=1,¢9p=-5y=1
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Our Approach and Results

Tables

Performance in CEV model:dS = 0 /S SpdZ

Strike Aoy Adghiow Texact OHL _ UGHLOW
050 2.1E-05 1.3E-06 23.68% 23.68% 23.68%
0.75 3.5E-06 8.0E-07 21.48% 21.48% 21.48%
1.00 5.6E-07 1.1E-07 20.01% 20.01% 20.01%
1.25 1.5E-06 4.2E-07 18.91% 18.91% 18.91%
150 3.4E-06 3.3E-07 18.05% 18.05% 18.05%
1.75 5.5E-06 2.7E-07 17.34% 17.34% 17.34%
2.00 7.3E-06 2.3E-07 16.74% 16.74% 16.74%

Table: CEV,=1/2,0=.2,T=1,S5y=1¢9p=—-5y=.1
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Our Approach and Results

Conclusion

@ Heat kernel expansion can be used to obtain highly accurate
implied volatility.

@ Enhanced accuracy of implied volatility expansions due to correct
matching after use of off-diagonal heat kernel coefficients.

@ Proper expansions involve regimes: No single expansion is best
for all regimes!

@ Optimal expansions for three factor models a challenge for the
future.

@ Terms in the expansions correspond to derivatives as function of
final time for fixed spot and this can be established rigorously!
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