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What is a scale function?
m Suppose that X = {X; : ¢ > 0} is a general spectrally negative Lévy
process.

m Use P, to denote the law of X when Xy = 2 > 0 with associated
expectation operator E,.

m Let m := Eo(X1) and assume temporarily that m > 0. This implies that

X = inf X,

s>0

is almost surely finite in magnitude.

m Let us define 1
W(2) = —Pu(X., >0)

i.e. the ruin probability with initial position z is 1 — mW (z).

m From now | will call W a scale function.
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Is there a better characterization of scale functions?

m Take its Laplace-Steiltjes transform

/ e W (z)de = i/ e PPy (-X, < z)ds
0 m Jo

m The Laplace transform on the right hand side should remind you of the
Wiener-Hopf factorization and in fact it has been known for a very long
time that 5

Eo(ePX>) = m—Lt—
() =)

where
]EO(@BXt) — ¥t

m In conclusion

/000 e PTW (z)dz = ﬁ

i.e. we are just one Laplace inversion away from the ruin probability.
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What else can you do with scale functions?
m Define
8 =inf{t >0: X, > a} and 7y = inf{t > 0: X; < 0}.

m Condition the event {X __ > 0} on the event of hitting (continuously)
a > 0 before entering (—o0,0) or its complement and we get

P.(X_ . >0) =P, (s <79 )Pa(X,, >0)+0

m In other words we recover a classical formula of Takdcs and Zoletaraev

W (a)

Po(rd <75 ) =
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for ¢ = ®(q), the largest root of the equation ¢(8) = ¢ then,
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m Remembering that X _+ = a we can see that
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where WD (z) := e®D7 Wy, ().
m Since the Laplace exponent of (X,P*(®) is ¢g,)(0) = ¥(0 + ®(q)) — ¢
we may compute for 5 > ®(q)

= B D (1) d = 1 __ !
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m We call W@ the g-scale function and we are only ever one inverse
Laplace transform away from it.
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Taking stock

m So far we not really assumed much other than m > 0. In fact with a little
work even this assumption can be dropped.

m We have extracted a nice formula for the two sided exit problem and one
might hope to see better fluctuation identities appearing. Such formulae
could easily feed into a number of settings for financial and insurance
models.

m So how far do things go?
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First passage formula:

m Let
K-,-, := inf Xt
t<t
where 7 := inf{¢t > 0 : X; < 0} is the ruin time of X.

m We are interested in the triple-law
Kéq)(du, dv, dy) :=E, ((f”; X edu, X, €dv, X _ € dy)

for u,y > 0and v > y.
m Then

KQSQ)(du, dv, dy)
= ¢ P@WOV WO (p_) — &) WD (z — y)YI(du + v)dydv

where II is the jump measure of X and ®(q) is the solution to (8) = q.

m If we are just interested in the undershoot-overshoots (i.e. ¢ = 0) then we
have
K, (du, dv, dy) = W'(z — y)TI(du + v)dydv
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Perpetual American put:
m The perpetual put requires one to evaluate the function

u(z) = supEs(e™" (K — )

where the supremum is taken over all stopping times 7 with respect to the
natural filtration of X and ¢ > 0.

m Both common sense and rigour tell us that

v(z) = Eo (e (K — exw’))

for some optimal y € R.

m The evaluation of the latter can be computed from the triple law (or indeed
more directly using scale functions) and the optimized over y to give

*

vo) = K=tk [ WO@d—(-o) [ e WO
0 0

* 1o L(I)(q)—l
. ‘lg{%(q)q—w(l)}

where
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Perpetual Russian options:
m Perpetual russian option requires one to evaluate for ¢ > (1)

u(z) = supE(eque@VYT))

which after an exponential change of measure becomes

u(z) = sup E*(ef’"e(wVYTH(T))
where p = ¢ — (1) and dP*/dP|r, = exp{X: — ¥ (1)t}.

m Again common sense and rigour tells us that the optimal strategy is first
passage of x V X, — X, over a level. One computes in the end

*

0

where .
- =inf{z >0:1+ q/ WD (2)dz < W 9 (z)}.
0
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Actuarial dividend problem:

m If X it thought of as the surplus process of an insurance company (eg the
classical Cramér-Lundberg process) then the process L; = (a V X;) — a is
a dividend strategy which pays out the excess of the aggregate surplus
process when it exceeds a threshold a.

m Write Y = X, — L, for the aggregate process. Let
oc=inf{t >0:Y; <0}

be the ruin time.

m Then, for ¢ > 0, its Laplace-transform is given by

T (9)
— @D (N gy — gD () T2 (2)
E.(e )=1+ q/o W (2)dz — W' ¥ (z) W(q)’(a)

m Moreover the net present value of dividends with discount rate p > 0 has
moments given by

o n W(zm) () n (pk) (a)
pt
= ({ ) = i L o
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Take stock again

m The preceding formulae are all ‘just one Laplace-transform away' from
being explicit but none the less, there is clearly a Laplace inversion to take
place before anything becomes explicit.

m The only explicit scale functions in circulation (until last year)
corresponded to the following Lévy processes

e Brownian motion with drift

e a-stable processes for o € (1,2)

e Cramér-Lundberg process with exponential/mixed exponential/phase-type
jumps

m How explicit can one be with scale functions?
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Building scale functions

Hidden in the Wiener-Hopf factorization is a very simple trick for
constructing a plethora of examples.

Recall that by definition

/000 e P W(z)dz = ﬁ

The Wiener-Hopf factorization tells us that necessarily 1(3) = 86(5)

where
e*¢(@)t _ E(eiﬁHL)

and H = {H; : t > 0} is the descending ladder height (killed)
subordinator.
Integration by parts thus yields

/0OO e P® W'(z)dr = %

Classical theory now identifies W'(z)dz as the renewal measure of the
subordinator H about which a lot is known.
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LHow to find explicit scale functions

The basic idea

m Instead of choosing the Lévy process (ie. choosing 1)) choose a
subordinator (ie. choose ¢) whose renewal measure is known and build an
associated Lévy process by defining its Laplace exponent ¥(3) = 36(3).

m Q: How do we know which subordinators are allowed to participate in such
a relation?

m A: Again the Wiener-Hopf factorization helps us out and tell us that any
subordinator who's jump measure is absolutely continuous with
non-increasing density.

m The latter condition of a decreasing Lévy density is natural because, also
hidden in the Wiener-Hopf factorization, is the relation

(2, 00) = vg(2)

where vy is the Lévy density associated with ¢.

m This method gives us a rich supply of scale functions W but not too many
concrete examples of g-scale functions W(?. The fundamental difficulty
being that the latter two are related via an exponential change of measure
involving ®(q), the inverse of () which is not always explicitly available.
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m Then

W (z) / e )
r)==¢C — = (& — Z.
o T
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Concrete example of the triple law: |

m In this example we build a spectrally negative Lévy process with Laplace

exponent

P(O) =0T(v+ 0+ N)/cl(v +0),

where § >0, ¢ >0, v>0and A € (0,1).

m It has no Gaussian component and its Lévy measure satisfies
A ean(l—u)

c2T(1 —A) (e — 1)A+1°
m A straightforward calculation shows that

' (04) = E(X1) =T(v + \)/cT(v) >0

II(z,00) =

m Then
@=c [ T - )
W(z)=c (" — 2.
0 L'(A)
= And
P.(—Xr >u, X;— € dv,X__ €dy)

A e~ (0¥ (] — e~ (@)A1 (utv)(1-) v
= I‘(l — )\)F()\) (e(u+v) _ 1)>\+1 Yyav.




Scale functions for spectrally negative Lévy processes and their appearance in economic models

LHow to find explicit scale functions

Concrete example of the triple law: Il

m In this example we are able to handle the classical tempered stable process
(one sided CGMY)
P(0) = (0 + ) — ¢,
where § >0, ¢ > 0 and a € (1,2).
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Concrete example of the triple law: Il

m In this example we are able to handle the classical tempered stable process
(one sided CGMY)
P(0) = (6 +c)* — c*,
where § >0, ¢ > 0 and a € (1,2).
m The tempered stable process has no Gaussian component, is a process of
unbounded variation and its Lévy measure is given by
1 —CIT

€
T(dz) = e gve 4 2> 0
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Concrete example of the triple law: Il

m In this example we are able to handle the classical tempered stable process
(one sided CGMY)

P(0) = (0 + )" — c*,
where § >0, ¢ > 0 and a € (1,2).
m The tempered stable process has no Gaussian component, is a process of
unbounded variation and its Lévy measure is given by

1 e«

m$1+a
m Note that E(X;) = ¢/ (04+) =ac* 1 >0

II(dz) = dz, z > 0.
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Concrete example of the triple law: Il

m In this example we are able to handle the classical tempered stable process
(one sided CGMY)

P(0) = (0 + )" — c*,
where § >0, ¢ > 0 and a € (1,2).
m The tempered stable process has no Gaussian component, is a process of
unbounded variation and its Lévy measure is given by

I'(—a) z1te
m Note that E(X;) = ¢/ (04+) =ac* 1 >0
m This is a fortunate example where it is an easy exercise to show that

B(q) = (g+c)* - ¢

II(dz) = dz, z > 0.
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Concrete example of the triple law: Il

m In this example we are able to handle the classical tempered stable process
(one sided CGMY)
$(6) = (0 + o) — ¢,
where § >0, ¢ > 0 and a € (1,2).
m The tempered stable process has no Gaussian component, is a process of
unbounded variation and its Lévy measure is given by

1 e«

m Note that E(X;) = ¢/ (04+) =ac* 1 >0
m This is a fortunate example where it is an easy exercise to show that

B(q) = (g+c)* - ¢

m Then
W<Q)(x) _ efczxa—lga’a((q + ca)xa),
where

o0 ‘rn
s =2 antB)

is the two-parameter Mittag-Leffler function.



Scale functions for spectrally negative Lévy processes and their appearance in economic models

LHow to find explicit scale functions

ctd....

Finally we have the full triple law
Ex(e™ 7 —Xr €du, Xr— € dv, X <y)
_ 1 (e Ve ettty

I'(—a) (u + v)lte
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