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Abstract

A field-theoretical approach to the restricted primitive model of charged hard spheres is proposed. It uses a scalar field
¢, similar to that of the sine-Gordon theory of Coulomb gas, but allows taking into account the hard-core interactions.
We observe that near criticality the effective Landau-Ginzburg-Wilson Hamiltonian obtained has a negative ¢* coefficient.

A nartnrhativa RG onqlucuc of such a Hamiltonian shows that this may lead either to a first-order transition or to an
A non-perturcative &G ar namuioman 2y ransition or o ar

Ising-like critical behavior, the partition being formed by the tricritical surface. This may explain the theoretical wavering
encountered in the literature relative to the nature of the Coulombic criticality. © 1998 Published by Elsevier Science B.V.

PACS: 61.20.Qg; 05.40.+j; 05.70.Jk; 64.60.Fr

The Coulombic criticality is often studied theoreti-
cally in terms of the restricted primitive model (RPM:
equal number N and N_ of positive and negative hard
spheres of equal diameter, d, with charges, *ze, im-
mersed in a structureless solvent of dielectric permit-
tivity €; z2/€ = 1 in what follows). Although there is
general agreement on the existence of a liquid-gas-like
transition at low concentration and low temperature in
the RPM, it is still not evident what kind of critical
behavior the model actually has. Mean-field-like or
Ising-like critical behavior, crossover from mean-fieid
to Ising behavior, tricriticality or first-order transi-
tion: all these conclusions have been discussed [1,2].

In principle, a renormalization group (RG) treatment
could yield the actual critical behavior of the model
provided that an adequate Landau-Ginzburg—Wilson
(LGW) effective Hamiltonian is known [3]. With
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method (previously applied to one-component fluids)
[4,5] to obtain the LGW Hamiltonian for the RPM.
The scalar field ¢ arising in this approach is conju-
gate to the charge-density. It corresponds to the field
of the sine-Gordon (SG) theory of a Coulomb gas
[6], which was used to analyze the metal-insulator
transition (see, e.g., Ref. [7]), and RPM critical-
ity [8]. While the SG theory implies point particles,
the Hubbard—Schofield approach (also based on an
exact mapping of Hamiltonians) allows a complete
account of the hard-core contributions.

We found that near criticality the LGW Hamiltonian
of the RPM expressed in terms of ¢, with all the hard-
core contributions taken into account, is similar to that
of the Ising-like systems but with a negative ¢* coeffi-
cient us. RG analysis of the LGW Hamiltonians with
negative values of u4 has been performed perturba-
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for four dimensions [10]. In these studies was con-
ciuded thai no stable fixed point exists in this case,
i.e. that the Ising fixed point cannot be reached start-
ing with uy < 0. Thus the lack of “true” criticality
(with no divergency of the correlation length, as in a
first-order transition) was claimed [9,10].

We perform the non-perturbative RG analysis in
three dimensions (which merits per se a study for
us < 0) with the following questions in mind ! :

(1) Does the sine-Gordon-like theory of the RPM
possess a criticality?

(2) Can one refer to tricriticality within the RPM
{r,iiy1 2.

(3) Does the charge correlation length 1/TI" diverge
at the critical point {1,2]?

While the first question regards the adequacy of

the SG-like theories for studying the RPM criticality

(which nrpqnmahlv exists, see, e.g., Ref. [1]), the

third one is related to the nature of the field ¢. If the
correlation length 1/, does not diverge at the criti-
cal point, then the charge correlation length 1/7I" also
does not diverge?, in accordance with Stell’s sugges-
tion [12].

In the present Letter we report the results of our non-
perturbative RG analysis: an initial Hamiltonian with
uy < 0 (referred to RPM) may lead either to a first-
order transition or to an Ising-like critical behavior,
the partition being formed by the tri-critical surface.

Let us summarize the main lines of the calculation
of the effective Hamiltonian: the detaiis wiil be pub-
lished elsewhere [13] (see also Ref. [5]).

The Hamiltonian of the RPM (in units of k37) is a
sum of the ideal part Hjy, the hard-core part Hy., and
the Coulombic part:

H=Hy+He+ 3 v (prp-i—p). (D)
k

! The nature, here scalar, of the order parameter determines the
number and nature (stable/unstable) of the fixed points and the

{r‘)pnlnay of the RG flows, The field @ considered t‘}mcﬂﬂﬂ\l or

the field of the overall-density fluctuations used in footnote 5 are
both scalar.

2Accm‘;iﬁg to Ref. [8], the field §(r) = —ig(r) corresponds
to the electrostatic potential at point r. From the Poisson equation
K¥V@; = —4mpy, it follows that the correlation length 1/1 for
{prp—i) ~ k* (@ro_;) does not diverge if the correlation length
1/T, of {pre—4) has no divergency. The opposite is not generally
true.

The Coulombic part (denoted below as H.,) is written
in (erms of charge densiry fluctuation ampiitudes pk =
ng —nt w1thn =0 '/22 | exp(—ik-r%) and nt =

- 2_4} 3 cxp\—uc-r') being amplitudes of density
fluctuations of positive and negative ions respectively;
rj"‘b are the coordinates of the particles, p = 2N, /#2is
the density, £2 is the volume of the system, the prime
over the sum expresses that terms with k = O are
excluded, and » (k) = (4mre?/kpT) /K2

We write the free energy F of the RPM (in units

Le 20N

kgT), as a sum,

— log (e), 2)

of the ideal part, Fiq, the “direct” hard-core part, F.,
and the Coulombic part, with H_ depending on the am-
plitudes pg; (- - -Jnc denotes the average over the ref-
erence hard-sphere system. Following the Hubbard-
Schofield scheme [4], we perform the “Gaussian”
transformation from variables pj to variables ¢ and
after some aigebra we get the foliowing resuit?,
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where the real field ¢(r) is the Fourier transform of
@k, C is a field-independent constant (unimportant
in the subsequent RG analysis) and Hygw(¢) is an
effective LGW Hamiltonian

(Vo(r))2 +V(e(r) + fu + fi

ia -
JIia v s nc

(4)

with the corresponding free energy densities, fig =
Fia/ 42, foc = Fnc/ (2 and the “potential function”*

=

o b2n

1
V(qo):%—z; i (5)

where b2 = 47 (3)%/3 p*1/3 /T* (p* = pd® is the re-
duced density and T* = kpTd>/e? is the reduced tem-
perature). As in the case of the ordinary fiuid [4,5],

3 For convenience we rescale the length and the field to get a unit
ultraviolet cutoff for the wave vectors and 1/2 for the coefficient
ai ihe gradieni term. Coefficienis appearing at this rescaling as
well as coefficients from the transformation {¢y} — @(r) are
abdsorbed in constant C.

*In studies of Coulombic criticality (see, for example,
Ref. [3,14], the high-order derivatives of the field are usually
discarded from the LGW Hamiltonians.
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the coefficients u,, are expressed in terms of the cu-
mulant averages, (pk, . . . Pk, e, performed over the
reference system having only hard-core interactions.
Let us stress that the terms fiq and fy, do not depend
on the field ¢ and thus play the role of additive con-
stants .

It is straightforward to show that u; = 1 and that,
neglecting in (5) all terms with » > 2 (i.e. in the
approximation V(g) ~ ¢?), one obtains the usual
Debye-Hiickel result for the Coulombic part of the
free energy. To determine the coefficients uy, for
n 2 2, longer computations are required. First we cal-
culate these quantities for the lattice-gas model and
find that uy, = (—1)"*! which, together with fi4, yield
the usual sine-Gordon Hamiltonian for the Coulomb
gas®. To evaluate the off-lattice coefficients uy, we
use a symmetry of the RPM with respect to the hard-
core interactions and the definitions of the correlation
functions [15,16]. Finally, we express these coeffi-
cients in terms of the Fourier transforms (taken at zero
wave-vectors) of the “cluster” functions of the refer-
ence hard-sphere system. In obvious notations [16]
these read: 45(1,2) = 2(1,2) — 1, h3(1,2,3) =
8(1,2,3) — £2(1,2) — g(1,3) — £(2,3) + 2,
etc., where g,(1,...,n) are the n-particle correla-
tion functions. We thus conclude that the high-order
terms in (5) mirror cluster~cluster (i.e. ion—dipole,
dipole—dipole, etc.) interactions in the system. Using
the relation between the g, and g, [16],

3
xpzap"gn = Bp" (n &+ p/ dros1(gne1 — g,,)) ’
(6)

where y = p~'dp/dP is the compressibility, we it-
eratively express the Fourier transforms of 4, at zero
wave-vectors, i, (90), in terms of f,_1(0) and its den-
sity derivative, and ultimately in terms of 7(0) and
its density derivatives. Then we use the relation [ 16]
phy(0) = pkpTxy — 1 = zo, and obtain coefficients

S An attempt to derive an effective LGW Hamiltonian for the
RPM has been made by Fisher and Lee
citeeeee, who used the field ¢ corresponding to the overall-density
fluctuations; the coefficients at ¢" were taken from approximate
theories with partial account of ion-dipole interactions and with
dipole—dipole interactions neglected (see also Ref. [3]).

6 Some (unimportant) difference of our result from the stan-
dard [6] appears since the present calculations are performed for
the canonical ensemble.

Signs of RPM Hamiltonian coefficients
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Fig. 1. Dependence of the boundaries of the density interval where
the coefficients uz, of the effective Hamiltonian are negative as
a function of 1/n. Extrapolation suggests that all the coefficients
with n > 22 are positive. (Note that the density at which the
“negative” interval shrinks to zero, p = 0.0856, is very close to
the critical density from the Monte Carlo data [17].)

for the off-lattice effective Hamiltonian. In particular,
up=1,ug = —(1+3z), 46 = 1 + 15(z¢ + 2021 + 1)
... where z; = p(920/3p) , - .. To obtain zo one can
use the virial expansion for the hard-sphere pressure,
P/pksT = 1+, Bip* with the coefficients By, . .. Bs
known [15] (for small densities), or the Carnahan-
Starling equation of state [15,16]. Therefore, apply-
ing the above scheme, all the coefficients of the effec-
tive potential V(¢) may in principle be found [5].

We have studied the density dependence of uz, up
to 2n = 14 and observed that all the coefficients are
negative in the density interval ~ 0.07-0.09 where the
critical density of the RPM is expected tobe [ 17]. We
have then performed an empirical analysis and found
that the boundaries of the density interval, where the
coefficients u,, are negative depend fairly linearly on
1/n (see Fig. 1). Extrapolating this dependence we
have found that all the coefficients become positive for
n > 22 (see Fig. 1). This assures us that the effective
Hamiltonian is bounded from below, we can envisage
then a RG analysis.

Certainly, our LGW Hamiltonian of RPM contains
only a local potential part of its “exact” counterpart
(see footnote 4). Nevertheless, the local potential ap-
proximation for the RG equations preserves all the
general properties of the complete RG equations (na-
ture and number of fixed points, nature of the RG
flows) [18,19]. Using the same notations as in Ref.
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{19}, we write this approximate equation in three di-
mensions,
17

P

w1+ f
where y stands for the dimensionless field, f(y,!) =
V(y,1)/ay, f' = af/dy, f" = 3*f[ay*, | = af/dl
and / is the RG scale parameter (which relates two
different “momentum” scales of reference such that
Ar=e"Ag).

A detailed study of the approach to the Ising fixed
point based on Eq. (7) has been reported [19]. How-
ever, all the initial Hamiltonians in Ref. [19] were
taken with ug4 > 0. Let us analyze the solutions of
Eq. (7) with initial functions involving negative val-
ues of uy.

To be short, we consider the following simple func-
tions as initial conditions to Eq. (7) (a detailed study
of the case us < 0 will be published elsewhere [20]),

F(3,0) = uz(0)y + us(0)y* + ug(0)y°. (8)

f(y,0) corresponds to a point with coordinates
(u2(0),u4(0),u6(0),0,0,...) in a space S of
Hamiltonian coefficients (the dimension of S is infi-
nite). Since we want to set u4(0) < 0, at least one
positive higher-order term is required to have the
Hamiltonian bounded from below. We then choose
us(0) to be positive. Having chosen a (negative)
value for u4(0) and a (positive) value for ug(0), we
use the “shooting” method [ 19] to determine the crit-
ical value u5(0) of u2(0) which brings f(y,0) on the
critical subspace S; of S. The “shooting” method is
based on the fact that, for sufficiently large values of
I, the RG trajectories go away from S, in two opposite
directions according to the sign of u(0) — u5(0).

Let us summarize our results for the case uq(0) =
—6 as an example (see Fig. 2) (Eq. (7) does not
allow us to handle values of Hamiltonian coefficients
as large as those calculated above.)

(A) If ug(0) = 16, we find 0.3836174 > u(0) >
0.3836151. The associated RG trajectory goes away
from the Gaussian fixed point Pg and remains in the
sector us < 0 of S;. Hence it never reaches the Ising
fixed point that lies in the sector uy > 0. Instead the
trajectory is attracted to a stable submanifold of di-
mension one (an infra-red stable trajectory) that, ap-
parently, emerges from Pg. Let us denote that tra-
jectory by T, <0. The lack of any fixed point ending

—Iyvf +3f (7
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Fig. 2. Projection onto the plane {uy,u4} of various RG trajec-
tories (in the critical subspace Sc) obtained by solving Eq. (7).
Black circles represent the Gaussian (Pg) and Ising (IFP) fixed
points. The arrows indicate the directions of the RG flows on the
trajectories. The ideal trajectory (dot line)} which interpolates be-
tween these two fixed points represents an (attractive) infra-red
stable trajectory (IRST) corresponding to the so-called qo‘; renor-
malized field theory in three dimensions (usual IRST for ug4 > 0).
White circles represent the projections onto the plane of initial
critical Hamiltonians. For uy(0) > 0, the effective Hamiltonians
run toward the Ising fixed point asymptotically along the usual
IRST (simple fluid). Instead, for u4(0) < O and according to the
values of Hamiltonian coefficients of higher order (ug, ug, etc.),
the RG trajectories either (A) meet an endless IRST emerging
from Pg (dashed curve) and lying entirely in the sector u; < 0
or (B) meet the usual IRST to reach the Ising fixed point. The
frontier which separates these two very different cases (A and B)
corresponds to initial Hamiltonians lying on the tri-critical sub-
space (white square C). This is a source of RG trajectories flow-
ing asymptotically toward Pg along the tricritical IRST. Notice
that the coincidence of the initial point B with the RG trajectory
starting at point A is not real (it is accidental, due to projection
of trajectories from a space of infinite dimension onto a plane
shown).

T,<omeans that the correlation length 1/ I',, (and thus
1/T') remains finite at the assumed transition. This
situation would confirm the suggestion by Stell [12]
that the inverse correlation length I does not vanish
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at the critical point of the RPM.
(B) If us(0) = 20, we find 0.30131 > u5(0) >
0.30122. The associated RG trajectory goes toward

the Icino fixed noint and annraaches it alang the nenal
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renormalized trajectory associated with the continuum
limit of the scalar field theory in three dimensions
(usually called the ¢} field theory). This renormal-
ized trajectory {denoted by 7} in Ref. [19]) interpo-
lates between the Gaussian and the Ising fixed points.
Hence there exist initial Hamiltonians with uqs < 0

lﬂ(l[ nevermete» Dewng io me (}Ubl’l 0_] atiraction U}

the Ising-like fixed point. This demonstrates that the
SG-like theory of the RPM may possess criticality.
In that case I', vanishes (however, I" not necessarily
does (see footnote 2).

(C) Between the two preceding cases, we find a tra-
jectory (with ug(0) = 18.3125... and 0.3324573 >

uz(()) > (.3324549) that directly flows towards Fg
(it is neither attracted to T, <o nor to 71). That kind

~AF initial Iamiltanian nhtainad lhw adincting fwwn ~nc
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efficients (u2(0) and ug(0)) lies on the tri-critical
subspace S, of §. Any trajectory on S, approaches Pg
along a unique (attractive) trajectory that imposes the
required very slow (logarithmic) flow in the vicinity
of Pg.

Soit appears that for us (0) <0 very close Hamilto-
nians may lead to very different behavior. This occurs
due to the vicinity of the tricritical subspace. Hence,
for any SG-like theory of the RPM, which uses the
field ¢, conjugate to the charge density, as an order
parameter, it is justified to mention a possible vicinity
of a tricritical point. The possibility of an Ising behav-
ior with a long crossover from an almost classical be-
havior is not excluded. The very large negative values
that we have found for many coefficients of the effec-

tive I OW Hamiltanian could sugoest that the transi-
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tion studied with the use of ¢ as an order parameter
corresponds rather to the case A described above with
I' # 0 in agreement with Ref. [12].
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