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We study the diffusion of tracer&self-diffusion in a homogeneously cooling gas of dissipative
particles, using the Green—Kubo relation and the Chapman—Enskog approach. The dissipative par-
ticle collisions are described by the coefficient of restituttomhich for realistic material properties
depends on the impact velocity. First, we consider self-diffusion using a constant coefficient of
restitution,e =const, as frequently used to simplify the analysis. Second, self-diffusion is studied for

a simplified(stepwisé dependence of on the impact velocity. Finally, diffusion is considered for
gases of realistic viscoelastic particles. We find thatdsiconst both methods lead to the same
result for the self-diffusion coefficient. For the case of impact-velocity dependent coefficients of
restitution, the Green—Kubo method is, however, either restrictive or too complicated for practical
application, therefore we compute the diffusion coefficient using the Chapman—Enskog method. We
conclude that in application to granular gases, the Chapman—-Enskog approach is preferable for
deriving kinetic coefficients. @005 American Institute of PhysidDOI: 10.1063/1.1889266

The diffusion of tracer particles (self-diffusion) in a force-
free gas of dissipatively colliding particles, also called
granular gases, is studied. Main theoretical approaches
for the calculation of transport coefficients are the
Green—-Kubo and Chapman-Enskog methods. The
former is based on fluctuation—dissipation relations,
which express transport coefficients in terms of the time
correlation function of dynamical variables. The latter
approach is based on the Boltzmann equation, that de-
scribes the evolution of the distribution function of trac-
ers. The dissipative nature of the gas is characterized by
the coefficient of restitution, € which is the central quan-
tity in the theory of granular gases. This coefficient quan-
tifies the loss of kinetic energy due to a single particle
collision. We consider three different models for the coef-
ficient of restitution (i) e£=const, (ii) a stepwise depen-
dence ofe on the impact velocity, which mimics the basic
property of this coefficient, and (iii) a realistic model for
€ as a function of the impact velocity, derived from the
contact mechanics of viscoelastic bodies. For the simplest
model (i), both theoretical methods yield the same coeffi-
cient of diffusion. For the more realistic models (ii) and
(i), however, the Green—Kubo approach is either restric-
tive or too complicated for practical application. There-
fore we conclude that the Chapman—-Enskog method is
preferable for deriving kinetic coefficients of granular
gases.

I. INTRODUCTION

a granular gas is called tHeomogeneous cooling statat
later  stages, granular gases develop density
inhomogeneitie’s2 and pronounced spatial correlations of the
velocity field? Throughout this paper we consider granular
gases in the homogeneous cooling state.

Similar as ordinary molecular gases, granular gases in
the homogeneous cooling state are characterized by their
temperature and their velocity distribution function, which is
close to the Maxwell distribution. Like in molecular gases,
impurities (guest particles that is particles which differ
from the gas particles by mass, size or other parameters,
move irregularly due to random collisions with the surround-
ing gas particles. ThiBrownian motionof guest particles,
i.e., diffusion, leads to uniform spreading of an initially lo-
calized ensemble of impurities over the available volume. If
the guest particles are mechanically identical to the host par-
ticles, but may be somehow distinguishéslg., by colo),
the process is called self-diffusion and the guest particles are
called tracers.

The processes of diffusion and self-diffusion in granular
gases differ from those in molecular gases because of the
dissipative nature of particle collisions. A collisions of dissi-
patively colliding particles is characterized by the coefficient
of restitutione. This coefficient relates the post-collision ve-
locities v andu; of the colliding particles andj to their
precollision velocitiesy; and Jj. For particles of identical
mass the collision law reads

A homogeneously initialized force free granular gas, i.e.,
a rarefied systems of inelastically colliding macroscopic par-
ticles, stays homogeneous during the first stage of its evolu-

tion while its temperature, that is the average kinetic energy o =0 - l+e +8(,;_. .6)é
of particles, decays due to dissipative collisions. This stateof ' ' 2 7 '
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l+e . . large normal relative velocity occur with a constant coeffi-
T(Uii - )€, 1 cient of restitutions”, while collisions at smally are elastic,
i.e., the thresholdy” separates elastic from inelastic colli-
wherev;; =v;-v;. The unit vectoré=r;/r; with r;;=fi=f;  sions. The model parametets,andg’, are neither related to
describes the relative particle position at the instant of thehe material properties of particles nor derived from first
collision. For particles of different mass the correspondingprinciples of the collision dynamics.
relation has a similar forfi.The collision law(1) takes only The coefficient of restitution as a function of the impact
the normal component of the particles’ relative velocity intovelocity may be also derived analytically by integrating
account. Correspondingly, is also called theormal coef-  Newton’s equation of motion for a colliding pair, provided
ficient of restitution—the tangential component of the rela-the particle interaction force is known. The simplest physi-
tive velocity is not affected by a collisiofsee Ref. 4, Chap. cally realistic mechanical model of dissipative collisions as-
3.4 for a detailed discussion of this nontrivial approxima-sumes that particles interact by viscoelastic fordég:>* 22
tion). In what follows we consider the normal coefficient of inelasticity is small, the solution of the contact problem for
restitution. viscoelastic spheres yields the coefficient of restitition
Granular gases are never in thermodynamic equilibrium
becguse of.the permanent loss of energy due to d'|§3|pat|ve £,(g)=1- g5+ gyzgzm T (3)
particle collisions. Therefore, the basic law of equilibrium
statistical mechanics, the equipartition of kinetic energy, iswhere the coefficieny is a known function of the elastic and
not applicable for granular gases. Consequently, the temperdissipative constants, i.e., of the Young modulus and the
ture of the gas particles may differ from the temperature ofPoisson ratio of the particles material, and of the masses and
the guest particle¥® Hence, in granular gases the tempera-radii of the particlegsee Refs. 23 and 25 for details
ture is species dependent. The violation of equipartition leads We will show that for the case of impact-velocity depen-
to many interesting phenomena, like criticality of the Brown-dente there is no simple map of the dynamics of the dissi-
ian motiort**® and turns the analysis technically compli- pative system onto corresponding dynamics of a steady-state
cated. Here we restrict ourselves to the case of self-diffusiorgystem. This makes the application of the Green—Kubo
when the gas may be characterized by a single temperaturgethod problematic. Therefore, for the case of an impact-
that is, we discuss the diffusion of tracers. In spite of beingvelocity dependent coefficient of restitution the Chapman—
much simpler, self-diffusion demonstrates the most salienEnskog approach is used. We apply the latter method to cal-
properties of transport in granular gases. It allows to illus-culate the self-diffusion coefficient for the case of a
trate the application of the main theoretical approaches fosimplified impact-velocity dependent coefficient of restitu-
the computation of the transport coefficients, the Greention as well as for realistic gases of viscoelastic particles.
Kubo and Chapman—Enskog approaches, without much tech- The rest of the paper is organized as follows: In Sec. Il
nical complications. we discuss the microscopic interpretation of the macroscopic
We show that for the case of a constant coefficient ofdiffusion coefficient which suggests a route of its evaluation.
restitution, the Green—-Kubo approach, which has been iniThe generalization of the diffusion coefficient to nonequilib-
tially elaborated for equilibrium systems, may be efficientlyrium systems, such as granular gases is also discussed. In
exploited. For a direct and thus simple application of thisSec. Ill, the formalism of the pseudo-Liouville operator is
method, the dissipative gas dynamics can be mapped onggldressed, as used for hard-sphere systems, and Sec. IV il-
the corresponding dynamics of a system which remains in alustrates its application to granular gases in the homogeneous
effective steady state. We will show that in this case thecooling state. Three different collision models introduced
Green—Kubo and Chapman—Enskog methods yield the san@&bdove are there addressed. The Green—Kubo approach is dis-
result for the self-diffusion coefficient. For the cage cussed in Secs. V and VI, while the Chapman—-Enskog
=const such a simple map exists. method is described in Secs. VIl and VIII. In Secs. V=VII we
The assumption of a constant coefficient of restitutionexplain the general concept of these methods for the simple
simplifies the analysis drastically, however, it does not agre€asee=const. Then we consider the more general case of
with experimental observation&*® Moreover, the assump- impact-velocity dependent coefficient of restitution. We sum-
tion e =const contradicts the mechanics of matetfafSand  marize our findings in Sec. IX and in Appendixes A and B
even violates a dimension analyéfdnstead, experiments as some technical details are given.
well as theory show that the coefficient of restitution in-
creases with decreasing impact velocity. Thus,ges0 par-
ticles tend to collide elastically, that is— 1 if surface ef- 1. MACROSCOPIC AND MICROSCOPIC MEANING
fects are neglected. OF THE DIFFUSION COEFFICIENT
This basic property motivates a drastically simplified
collision modef*?’

>/
U:

jiTupt

Consider a uniform gas of hard spheres of masand
diametero whose particles collide due to the collision law
e for g>g, Eq. (1), specified by the coefficient of restitutien Let trac-
e(g) = (2)  ers particles be embedded in the gas andf(gfs,t) and
f{(vs,Fs,t) be, respectively, the one-patrticle distribution func-
whereg=uj; -€ is the normal component of the relative ve- tion of the gas particles and of the tracers. Then the local
locity Jij at the impact. Thus, it is assumed that impacts atlensities are defined by

1 for g=d¢,

Downloaded 16 Feb 2007 to 141.89.176.103. Redistribution subject to AIP license or copyright, see http://chaos.aip.org/chaos/copyright.jsp



026108-3 Self-diffusion in granular gases Chaos 15, 026108 (2005)

t t
nS(FS!t) :f dl;s fs(JS1 FSvt)- <[Fs(t)]2> = <f ﬁs(tl)dtl ' f Js(tz)dt2>- (13)
0 0
Using the symmetry of the velocity autocorrelation function,
n(r,t) :fde(ﬁ,F,t). (4) _ - - _
Ky (t,to) = (0sty) - v(tp)) = Ky(ta,ty), (14
If the concentration of the tracers is not uniform, a diffusionwe can recast Eq13) into the form
flux of these particles arises, which is directed opposite to the t
concentration gradient, (FOIBE 2f dtlf dt, K, (t,t7). (15)
0 t
S(F) B DVnS ©. ® If the system is in a steady state its properties are invariant
With the continuity equation under a shift of time, thus, the velocity autocorrelation func-
ond() tion depends only on the time lag=t,—t;, that is,
Ing(r) +V JS(") 0 (6) K,(t2,t1)=K,(7) and decays with a characteristic relaxation

time 7,. Transforming the variable,,t,) — (7, 7;) with 7,

we obtain the diffusion equation =t, the mean square displacement reads

t
40 _ oo, @ (oP=2 fo dr(i0) -Js<r>>(1—{). (16

The diffusion coefficienD in Eq. (5), thus, relates the mac- For large time as compared with the characteristic time, i.e.,

roscopic flux of particlesy() to the macroscopic concentra- [0F > 7,, We obtain

tion gradientVng(r). o . .
However, there is also a microscopic interpretation of (r1) =2t Odﬁvs(o) +ug(7)) = 6Dt

the diffusion coefficient. It defines the time dependence of

the mean square displacement of a tracer particle. Assume and consequently the diffusion coefficient

t=0 there is an ensemble of impurities located at the origin,

r.:O. Then the mean square displacement of the tracers at D= §f (040) - 4t))dt. (18)

time t reads 0

17

1 Equation (18) expresses the macroscopic transport coeffi-
([F0T? = N f diF() Png(F,1), (8)  cientD by the time integral of the microscopic velocity cor-
S relation function. This fluctuation—dissipation relation ex-
where Ng=[dF ny(r,t)=const is the total number of tracers. presses a dissipative quantigiffusion coefficient via a
Now we multiply both sides of Eq7) by r?/Ng and integrate  fluctuating quantity(particle velocity. Similar expressions

overdr, relate other transport coefficients such as viscosity, thermal
conductivity, etc., to the corresponding fluctuating
~ N drrng=D— f df r2ven,, (9)  quantities’” The method of calculation of the transport coef-

ficients via the microscopic time-correlation functions is
which turns by means of Eq8) and Green’s theorefhfor called Green—Kubo approach. Initially, the Green—Kubo
the right-hand side into theory has been developed for equilibrium systems of elastic
particles (e.g., Ref. 29 Later it has been generalized for
dissipative gase¥ > For the case of self-diffusion the ve-
locity correlation function in Eqs(13)—(18) for the tracer
ticles is equal to that of the surrounding gas particles.
The derivation given above applies to equilibrium sys-
tems or systems in a steady state. Granular gases are, how-
([F(t)]? = 6Dt. (11)  ever, never in a steady state due to persistent cooling. There-
. ] o o fore, the concept of the diffusion coefficient must be
This equation relates the diffusion coefficiddt i.e., a generalized to nonequilibrium systems and a time-dependent

macroscopic quantity, to a microscopic quantity, namely th%ffusmn coefficientD(t) (also called diffusivity must be
mean square displacement. Therefore, Bd) suggests a used®33*

method to compute the diffusion coefficient by evaluating

ﬂ 2 (+)72\ — i Zov2.2 -
Olt<[rs(t)] )-DNSJdrnSV r<=eD, (10

. , . _par
that is, we obtain a relation between the mean square d|£—
placement of the tracers and the coefficient of diffusion,

- 2 . . . . . _ t
Ei[(;;(t)] ). To find this quantity we apply the kinematic rela <[F(t)]2> :f D(t')dt’. (19)
I o B As we show below, in certain cases, the dynamics of granular
Fo(t) = Ovs(tl)dtl (Fs=0 att=0) (12)  gases may be mapped onto the dynamics of a steady-state
system. In this case the above Green—Kubo derivation of the
and write diffusion coefficient is still applicable.
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lll. DYNAMICS OF DISSIPATIVE HARD-SPHERE sion coefficient, it may not be easily used in this general
SYSTEMS: GENERAL APPROACH form. Instead, for practical application of the Green—Kubo

Because of the singular character of the hard-sphere if'€thod, in general, further approximations are required.
teraction (the interaction potential jumps to infinity at the
point of particles contagtt is not possible to apply directly IV. HOMOGENEOUS COOLING STATE
Hamilton’s equations to describe the dynamics of hard-A. General properties
sphere systems. Nevertheless, the dynamics is still com- . . .
pletely deterministic. Indeed, between collisions the particles We consider a granular gas in the homoggneogs cooling
move along straight lines at constant velocities, and the pos?—tate when the numbe_r density of the gasN/V'is un|f(_)rm
collision velocities are uniquely determined by the collision" the gas volu_m_ev, while the gas cools down due to inelas-
law Eg. (1). This allows to construct the pseudo-Liouville tic particle CO”'_S'OnS' .
operator L which governs the dynamics of the system. Let . The evol_ut|0n (_)f_t_he gas temperatur_e may be easily ob-
A(t) be an arbitrary function of particle coordinates and ve—t"’“m.':'d from its definition as the mean kinetic energy of the
locities, then the evolution equation for this quantity reads particles,

3 1 mv?
dEtA(F,J):LA(F,J), (20) EnT(t)=n<5mvz>t=f Tf(v,t)dv. (26)

where the pseudo-Liouville operator has the faery., Ref. From the definition of the Liouville operator, EgR1) and

35) (22) follows,
N N N 3dT _md, ,, m,
- 2 A =T = —(Lv7), 27
L:ZUi VI+EET” (21) 2 dt 2 dt vl)t 2< U1>t ( )
i=1 i=1 j>i
_ ) o where(: - -); denotes averaging using tieparticle distribu-
with the binary collision operator tion function p(t) at time t. With Egs. (21) and (22) and
- . R o . exploiting the identity of the particles we obtain
Tij =02fde(_ Ujj é’)|U|J -e\é(rij _O'é)(bﬁ_l) (22)
3dT _m Ay m/i~
| o | = = Tied) = (N- DT, (28)
HereN is the number of particles; andv; are, respectively, t i< t

the position and velocity of particlie f;; =F—fj,v;; =vi~v;,

andé=rj;/r;;. The factor|v;; -€ in the integrand of Eq(22)

gives the length of the collision cylinder, the Heaviside step

function ©(-vj;-€) selects approaching particles and the (E).é? - 1)02 =!)2-v? (29
. e . N . ij 1 1 1

function specifies the unit vect@ at the instant of the col-

lision. The operatoby; is defined by

Using the definition of the binary collision operator, E22),

Eq. (28) turns into

Ax L. I 3dT m . . - -
bﬁF(rilrjanij,---)=F(riarjyvi;Uja---), (23 Ea:E(N—l)fdrl---derdvl---vap(t)
whereF is some function of the positions and coordinates.
The post-collision velocities of the colliding pair; andz?j’, X g2f déO(-01,-8)|v1,- 8 8(F1p— o)
are given in terms of their precollision values according to
Eqg. (1). The pseudo-Liouville operator defined above de- X[(vi)z—vﬂ. (30)

scribes the evolution of dynamical variables, such as posi- o . _
tions of particles, their velocities, etc. It has been introduced!sing the definition of the two-particle correlation function
first to describe the evolution of a system elfastic hard ~ and the hypothesis of molecular chaos, for a uniform system

sphereg®®’ we may further write
The velocity time correlation function may be found by
performing the formal integration of E¢RO) for the variable N(N-1) f drg--- dFNf dus- -+ duy p(t)
A=y for t>t’,
5(t) = -5, (24) = fo(,12,01,02,1) = Ga(r1) f(v, D) f(v2,1), (31)
eldi where g,(r1,) is the pair correlation function. Substituting
yielding finally the latter expression into E¢BO0) yields
>N > - N2+ @l (t—t") 247 3dT m . . R
<wnm>fmmamne o(t)), (25) 55=5M®¥f®mwfwwwn@

where [dI" denotes integration over all degrees of freedom S s - n2_ 2
and p(t)=p(fy,...,fN, U1, ..., Un 1) iS the N-particle distribu- X |61z 81,02 0] (0D - vi]. (32)

tion function which depends on temperatiigparticle num-  Introducing the time-dependent thermal velocity, the reduced
ber densityn, etc. Although Eq.(25) provides the velocity velocities, and the scaled velocity distribution function de-
correlation functiorK,,, whose time integral yields the diffu- fined, respectively, by
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2T . v - n~ _ colliding particles,é, scalar products of the mentioned vec-
vr(t) = \/: G= . fo,n= U—f(c,t), (33 tors, and other variables. Further, the coefficient of restitution
T may enter the kernel Exfr--), eithere=const or as a func-
we write the last equation in a more traditional fofeng.,  tion of the impact velocitg=«(g) as discussed below.

Ref. 4, The methods for computing kinetic integrals are ex-
dT plained in detail in Refs. 4 and 41. Kinetic integrals may be
at =-(T, (34 represented by sums of standard-type integrals which allow

for a solution by means of computational symbolic algebra.
2 Many physical quantities of interest may be expressed in
{=5no*gy(o)vruz, (39 terms of kinetic integral%*! Let us consider in more detail

1 the collision models discussed in the Introduction.
Mzz_éfdéld@f de®(-Cy,- €
B. Granular gases with e=const

X [Cr- €l (CLDT(C DA + 6)), (36) As mentioned above, the coefficient of restitution is a
where the symmetry with respect to the exchange of particléunction of the impact velocity. Nevertheless, here we as-
indices 1— 2 has been exploited. The notation sumee=const to simplify the explanation of the basic ap-

, proaches. For this case the second Sonine coefficient
A =y =4 (37 readd“2 (see Appendix A, where the derivation af is

describes the change of a dynamical varialelue to a  outlined
collision, with ¢ being the after-collision value. The contact

2
value of the pair correlation function redls 4= 16(1 -&)(1 - 2¢9) ' (44)
L 2781 -1%+302(1-¢)
__~"27 : _1
O2(0) = 1= with 7= gmo®. (38)  Equation(44) gives the second Sonine coefficient in a linear

approximation with respect ta,, the next-order solution is
For a granular gas in the horpogeneous cooling state thgerived in Ref. 42. Note that fat=const the shape of the
reduced distribution functionf(G,t) is close to the scaled distribution functio and, hence, the Sonine coeffi-
Maxwellian®*****!1t may be written with good accuracy, cient do not depend on timeMD simulations of two-
keeping only the first two nonvanishing terms of the Soninedimensional granular gases show that the second Sonine co-

polynomial expansioh™®** efficient a, relaxes to the theoretical value within a few
e X collisions per particlé®** At later times, howevera, devi-
f(C,1) = ¢(C)[1 +ax(h)S,(c)], (39 ates from the theoretical result due to accumulating correla-
where tions between the particléd see Appendix A.
L ) The coefficientu, may be found by means of the com-
$(c) =7 “exp-c) (400 putation method elaborated for the kinetic integfals,
is the rescaled Maxwell distribution and ,2_( 2)( 5 )2 45
1 5 15 Mo =\ m(l-¢ 1+3_2a2 . 45
SZ(CZ) = §C4 - 502 + 8 (41)

_ ) ) ~ Substitutingu, into Eq.(35) yields the cooling coefficien.
is the second-order Sonine polynomial. The second Soningjnce 11, does not depend on temperature fsrconst, the
coefficienta, characterizes the shape of the velocity distri-¢cooling coefficient scales as T2, see Eqs(33) and (35).
bution function. It sensitively depends on the particular col-Hence, from Eqs(34) and (35) we obtain for the evolution

lision model, which we discuss separately below. of temperature,
According to Eq.(35), to find the cooling coefficient
we need to computg,, which may be written as an integral _ T(0) 1l M2 0 46)
of the general form (1+tr)? © " 3/gn© :
fdalf dézf déO(-¢;,-6) whereu, and 7, are given, respectively, by E@5) and Eq.
(54).
X|Cp2 - €l d(cy) p(C)EXpI- ), (42)
where C. Granular gases with stepwise impact-velocity

Lo ) X dependent coefficient of restitution
Expr=-3A(ci+ c)[1 +aS,(c)[1 +aSy(c)]. (43
s

For granular gases of particles which collide with the
We call integrals of the type Ed42) kinetic integral simplified stepwise impact-velocity dependent coefficient
The kernel Exp(---) may contain the pre-collision and post- due to Eq.(2), the velocity distribution function is close to a
collision velocities,Cy/,,C}/,, the Sonine polynomial§ of  Maxwell distribution with good accura@ﬁ. Therefore, a,
these velocities, the Sonine coefficieatsthe unit vectorg, ~ 0 for these gases, and the coefficigntreads(see Appen-
the relative velocityC,,, the center of mass velocity of the dix B)
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— . mg? ( mg*? dt todt
=v2m(1- 2(1+—> ——). 47 =— =
U =V2m(1l—¢g"%) a7 /& AT (47) dr 0’ (t) ) (53

Substituting(47) into Eq. (35) yields the cooling coefficient ith (to be precisey, differs slightly from the actual mean

{ for this collision model. According to Eq$47) and(35), {  collision time due to deviations of the velocity distribution
decays exponentially fast as a function of temperatdre, from the Maxwell distributiof)

«exp(—const/T), that is, the cooling of the gas slows down

exponentially as the gas evolves. Asymptotically, ffef «, o — T(t)
this leads to a logarithmically slow decay of the 7. (t)=4Vmgy(0)on Iy (54
temperaturé®

, The dynamics of the system is stationary when replacing the
g To : . [7Ty true (laboratory time by the rescaled time. Neglecting
T = 2 log at’ a=2y(1 =& "*)g(0)om om’ particle—particle correlationsee Ref. #the dynamics of the
49) system equals the dynamics of an equilibrium system. Thus,
by rescaling time, the dynamics of the dissipative gas is
wheregy=g*/v(0). mapped onto the stationary dynamics of a gas of elastically
colliding particles‘f'ﬂ"wln this state the collision frequency
and temperature are constant and the only difference from an
equilibrium molecular gas is that the collisions still follow
For gases of viscoelastic particles the shape of the velodhe rules of the dissipative impact, EG), with the coeffi-
ity distribution function and, thus, the Sonine coefficientscient of restitutione. The velocity time-correlation function
depend on time. The time scale of diffusion processes—th&ay be then written in the form
hydrodynamic time scale—is much larger than the mean col-
lision time. In this case one obtains approximate (U1(t") -v1(t)) =vr(t)v(t)(Co(t') - C1(1)), (55
expressiors

D. Granular gases of viscoelastic particles

i.e., we need to find the time-correlation function for the
reduced velocityc(t). In the new time scale the collision
frequency and temperature are constant and the system is in
where a,;~-0.388 (the numerical values of the constants a stationary steady state. Consequently, the time correlation
ay1,820,Cy, wg, w5, and g are known analyticalf*>*9 and  function(¢,(7') -¢,(7)) does not depend on the time'sand
a,,~2.752 are pure numbers ai is the time-dependent separately, but only on their differen¢g — 1.

dissipation coefficient, Adopting the molecular chaos hypothesis, the velocities
of two colliding particles are not correlated. Hence, the col-
lision process for a particle is stationary and Markovian. If
we additionally assume that the process is Gaussian, we de-
duce from Doob’s theorefil an exponential velocity corre-
lation function,

ay = 3215’ + 3225/2 + o (49)

8(t)= Cll[va]l’s (50)

with C;=1.1534.
Similarly, solving the kinetic integral, the coefficiept

is obtained for gases of viscoelastic particles, , =7 3 _
(€y(7) - Em) = <c1>exp(' —) - EEX'J<‘ —)

po= w8 — w8+ o (5D To

where wy=6.485 andw,~ 9.888. (56)

By means of Eqs(35), (50), and(51) we obtain in lead- with 7, being the velocity relaxation time, measured in units
ing order,~ T35 and find"?3 of the mean collision timer,(t). Obviously, 7, is constant
since the system is in a stationary state.

To compute the time derivative of the correlation func-

T 1 _16 v (To
tion at timet’ =t, we use the relations

1/10
:(:LTTO)E’B’ T =g oc, m) (07, (52

where ,=0.173. Hence different collision models predict dor 1- 1

different evolution of temperature, which asymptotics ranges ~ —5~ = o= vr(t) =~ EZ(UUT(U, (57)
from the power law,T—1t™* with a=2 for e=const anda

=5/3 for viscoelastic particles, to the logarithmic decay,

— (logt)™! for the stepwise impact-velocity dependent 202(1) = (WD) (58)
which follow from the definitions ob+ andT, and introduce
V. VELOCITY CORRELATION FUNCTION FOR the laboratory-time-dependent velocity relaxation time
g=const
7,(t) = 7, 7(t), (59)

Again we consider a granular gas in the homogeneous
cooling state and assunee=const. Let time be measured in which corresponds to the reduced relaxation timeEven-
units of the mean collision time.(t), tually, we obtain
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T <v§(t)><%m) * 751“))' 60  A)=3 f dr, eXp<_ — Tl)
dr

0 Ty

d . R
d (U1(t) - v4(1))

quantity

Ty

On the other hand, using ER5), we obtain for the same R r R
=37, 1-exg—-— || =37, (65)

which reads in unscaled variables

d 1] ! 3 d n.> —t7) >
d—t<v1(t)-v1(t)> t,:t:d—tf dr p(t")o, - -5,

t'=t

. d r2 d ra V() 7(1)
= _>. o = —_ _). o —Azt :—O—AAZ :—03 :—T c
@1+ L= (N= {3y Ti), GtArO) = 2 AR () = 3n, =5 T,
(61) o
The last equality in Eq(61) follows from the properties of = 6?% =6D(1), (66)

the Liouville operator, Eq921) and(22) and from the iden- A
tity of the particles. Comparing Eq&0) and(61) we obtain ~ Where we take into account that=r,/7. and v5=2T/m.

the velocity relaxation time,(t), Hence,D=7,T/m and, therefore,
RV <Jl':r12l;1>t_1 _ 1L Dt:I< -1 t—} t>_1 67
7 =-(N-1) @, S U0 = 7 adt) = 4. O="\7adl) =540 (67)

(62 To find 7, ,g we evaluate(i; - T1,07), using the relation

Physically, the first term on the right-hand side describes the

relaxation(i.e., the decayof the velocity correlation func- (01 Tiaby) = §<512-?1251>, (68)
tion due to collisions which randomize the directions and
amplitudes of the particle velocities. It has the same nature a¥"'C'!
for molecular gases where particles collide elastically. Theollision operator, Eq(2
second terms describe the decay of the velocity correlation -

function due to the decrease of the thermal velocity of the  ©v,- (bﬁ - 1)171= U1p- 01— 0) = - 3(1+£)(01p- 62,
cooling gas. For almost elastic particle collisioass 1, each (69)
particle suffers a large number of collisions before the tem-

perature decays noticeably. Thus, the velocity relaxation timavhich in its turn follows from the definition of the operator
is dominated by the first term and the decrease of the therméﬁ, Eq.(23). Using Eq.(68) and substituting Eq69) into the
velocity on the time scale of the velocity relaxatienmay  definition of 7, .4 in Eq. (62), we obtain the velocity relax-
be neglected, yielding thediabatic approximation of the ation time in adiabatic approximation,

velocity relaxation timer, = 7, 44

hich follows from the symmetry properties of the binary
2). We also use

Hence, Eqs(55), (56), (59), and(62) define the velocity 1 .
correlation function of granular gases wherconst is as- 7yadt) == (D) (N - 1)§<512'T1261>t
sumed. Note that in spite of the molecular chaos assumption,
in the laboratory time the velocity correlation function does _ }<3T_(t)>"1 N-1
not decay exponentially as it does for gases of elastic par- T4\ m (N-1)
ticles.

Xj dFl"'dFNf dl;l"‘dlep(t)O'z
VI. GREEN-KUBO DIFFUSION COEFFICIENT FOR &
=const » > .
dee®(_U12'é)|v12'e|
To find the diffusion coefficient it is convenient to use
the reduced time, measured in collision units and the corre- X 8(F,— 0€)(1 +¢). (70

sponding reduced length _ . .
This equation may be evaluated in the same way as the cool-

r= ro?, ro= v(t)7(t). 63) ing coefficient in Eqgs.(30)—(34). The result reads

Then the reduced mean square displacement may be ex- 1 o . R
pressed as the time integral of the reduced velocity correla-  To.adt) = EUT(t)gz(U)Oznf dc, d(‘ef deéO(-Ci2- )
tion function[see Eq.(15)], B B
r — X|Crp- Ef(ELDF(CL (L +6)(C1- €)2, (71)
~ To— T
((AV(T))Z):ZJ dTJ d7'2§ em(—%). (64)  which again is a kinetic integral of the form given in Eq.
0 n ! (42). Using Eq.(39) for the distribution functiorf(c,t), we

Consider now the time derivative of the reduced mean squarean evaluate this kinetic integral by the scheme explained in
displacement at time> 7, Refs. 4 and 41 and find
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_ (1+g) 3a,\% _ > . - op o o
74t = e E 3—22 A1), (72) J(F0) = | doofdF,5,1), 77

which together with Eqg(34) and(45) for the cooling coef- and then, knowing the concentration gradient, the diffusion
ficient £ leads to the final expression for the self-diffusion coefficient from the macroscopic equatis).

coefficient, Solving the linear Boltzmann—Lorentz equati6rp) is
by far not trivial, therefore, the Chapman—Enskog approach
4D (1) has been developed to solve this equation approximatively.
D(t) = 21232 (73 This approach is based on two simplifying assumptidis,
(1+e)2(1+3a,)

f4(,v,t) depends on space and time only through the mac-

whereDy(t) is the Enskog self-diffusion coefficient, roscopic fields andii) f(r,v,t) can be expanded in terms of
the field gradients. In the gradient expansion
DXt = 20292(0)“ \ /%_ (74) f(F,0,0) = fOF, 0,0 + MUF D1 + N2 (F 5,1+ (78)

a formal parametein is introduced, which indicates the
power of the field gradient. At the end of the computation we

seta=1.
VII. CHAPMAN-ENSKOG APPROACH FOR THE The first term on the right-hand sidé(go)(F,J,t), is the
DIFFUSION COEFFICIENT FOR &=const distribution function of the uniform system. Since the tagged

particles are mechanically identical to the rest of the par-
ticles, féo)(F,J,t) is just proportional to the distribution func-
tion of the embedding gas,

We start from the Boltzmann equation for the distribu-
tion function of tracerd (v, ,t),*48

J . = . - _ - ngr,t) .
(2459 )00 =00 [ 05, [ deo- 70 00 =""Crg 0. 79
X[v1, € Substituting Eq.(78) into the Boltzmann—Lorentz equation

1 (75) and collecting terms of the same order)ofthat is of

X (—Zfs(ﬁ’l’,t)f(z?g,t) - fS(Jl,t)f(Jz,t)> the same order in the gradientse obtain successive equa-

e tions for fO(F,5,1),f7(F,i,1), etc. The zeroth-order equa-

= g,(o)I(f,fy), (75  tion in the gradients yieldﬁgo)(F,J,t) for the homogeneous
cooling state in accordance with EG9). The first-order

wherel(f,f,) abbreviates the collision integrdlv,t) is the equation reads

velocity distribution function of the gas particles, and the
index s refers to the tracer particles. In E(5), v] andv) JOFL O
+ —_—

denote the velocities of particles after an inverse collision, p P 0 VI = gy(o)I(1,1), (80)
L. l+e ) where ¢¥f/ 4t indicates that only terms ofth order with
U1=0U17 2 (V12 €)€, respect to the field gradients are taken into account when the

time derivative of some functiohis computed. For the case
of interest the macroscopic fields arg(r,t) and T(r,t),
. 1+e . . which satisfy in the homogeneous cooling state the equations
Uy =0+ —— (01, ©)€. (76)
2¢ (0) (1) (2)
s _(d J ,d S
o . . — = —+A—+\—+---|ng=\°DV?n,,
The corresponding direct collision according to E, thus, at at at at

turns the initial velocitiesv’,v%) into (vy,v,). (See Ref. 49.
The factors in the integrand on the right-hand side of Eq. 47 /40 40 Pl
(75) have their conventional meaning,,-€ is the length of e (E + rn + )\ZE +- -)T =—T. (81)
the collision cylinder,®(-v,,-€) selects only approaching
particles (since particles departing from each other do notComparing the terms ik® we find
collide), and g,(o) accounts for the increased collision fre- 0 0
quency due to the finite diameter of the particles and the 7" Ms_ g ﬂ:_ﬂ 82)
corresponding excluded volume. Since the concentration of ot oot ’
tracers IS .sm.all,.one can assume that they .do not affect_ thv?hic:h yields for the first term on the left-hand side of Eq.
velocity distribution function of the gas particles, which is (80)
given by the solution, Eq:39), for the homogeneous cooling '

state. JOfY  5On ofd ) gfy _ofM

i i F o i =- : 83
~ Solving the Boltzmann equation foky(F,v,t), which p A oon. T ot aT {r oT (83)
with a given functionf(v,t) is also called Boltzmann-—
Lorentz equation, one finds the diffusion flux Similarly, taking into account
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dVng JVT

0, ——=0, 84 710 dp =
p p (84) fvfs dv=0 (90)

according to EQ.(81), we obtain the second term on the due to the isotropy of(so)(|ﬁ|)_ From Eq.(89) follows
left-hand side of Eq(80),

JVFO 4D 9@ ST 9fO
S — Sl + S = . (85) . L
at at dng It IT and summing over=j yields
Using Eq.(79) with constantn andf, we write the last term D= 1 i G 92
on the left-hand side of Eq80), TTg v (92)
. fO 1 R We substitutef™ from Eqg. (88) into Eq.(87) discarding the
G5-ViO="=3.vn==(s.Vn)f (86) 2 : O .
s . ST h s/ factor Vns. Then we multiply it by;v and integrate oves to
X obtain
and obtain finally the equation fdé ),
J1 i & g2(0) . (f *)
(0 L {T(ﬂ_s vov-G(v)+ 3 vo-If,G
J -
T25 4 gyl (1,19) = = (5 - Tt (87) ,
JT n 2 R
=— | do—F(v). (93)
We search for the solution of E¢87) in the form 3nm 2
N The first term on the left-hand side equalsT<oD/JT, while
' =G@) - Vn(f,0), (88)  the right-hand side equalb/m, according to Eq(26). The
which implies with Eq.(77) the diffusion flux structure of Eq(87) suggests the Ansatz
G(v) « vf(v) = bof(v), (94
Js:fﬁ(G(ﬁ) -Vns)dJ:—DVnS, (890 where the constarl is to be determined from the above
equation. With this Ansatz the second term on the left-hand
where we take into account side of EQ.(93) may be written as

N P L L
2| ool (1,6) = 70 | doyd, | 0=+ @i+ HED1E) X (5152 - (3~ 5

bT R e~ A
=——nzozgz(o)vadol dczfde(@(— C12-O)[C1z- EF(EDF(C)(L +8)(Cyp- €)2

6m
bTn _
== ? v,lad' (95)

To evaluate the last expression we use the main property gfistribution function(¢,) andf(¢,) and the definition of the
the collision integraf, adiabatic relaxation time, .4 Eq. (71). Taking finally into
account that

fdJl Mﬁl)l(fyf):gfdﬁldﬁzfdé®(_612é))

b bTn
512 @LDF@ D=-2 [ dvv-vflv)=-——, 98
X|u1- €l (1.0 (02.1) 3 f vo-ufe) == (98)
XA[(vy) + Pv)], (96)  according to Eqs(26), (92), and(94), we recast Eq(93) into
the relation the form
- - - 1+e | R oD ~ T
U270z =~ (01700 = 5" 0 88, ©n _HE+DTvid=n_1' (99)

which follows from the collision law Eq(1) and the sym- Simple arguments show that the diffusion coefficient scales
metry of the expression with respect to the exchange of thas D« \T: According to Egs.(34) and (71) the quantities
particle indices 2. In Eq. (95 we also use the scaled 7, ,qand({T scale as
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Tvladoc vy \T, adiabatic approximation is adoptéd:he adiabatic approxi-
' mation assumes that the relaxation rate of temperature, pro-
9 - portional to(t), Eq. (34), is negligibly small as compared to
HE o focproe\T. (100  the relaxation rate of the velocity distribution function,
7,()7L. Under this approximation one can still assume expo-
At the same time, the right-hand side of H§9) scales as nential form of the velocity correlation function, since on the

T, which implies thatD o \T. Therefore time scale of the velocity correlation, the system is almost in
a steady stat&"
9D = D (102) From the above Eq$35), (44), and(45) for £ and Egs.
aT 2 (62) and(72) for 7, follows for the cases=const(t) ~ (1

-&2) 7 ()™t and 7,(t) "1~ 7.(t) "%, which yields the condition
of the validity of the adiabatic approximation,

T 1. \1
D(t) = ;\(r;,laa(t) - Ei(t)) : (102 (1-e’)<1. (103

The same condition may be obtained for the case of impact-
velocity dependent coefficient of restitution. If this condition
is not justified it is preferable to use the Chapman—Enskog
approach to compute the diffusion coefficient.

and we obtain the solution of E¢Q9),

which coincides with Eq(67). Substitutingr, ,qand{ given
by Egs.(34) and (72) into Eq. (102 we obtain again the
diffusion coefficient, Eq(73). Hence the Chapman-Enskog
approach yields for the cage=const the same result for the

diffusion coefficient as the Green—Kubo approach.
B. Diffusion coefficient for the stepwise impact-

VIII. DIFFUSION COEFFICIENT FOR velocity dependent coefficient of restitution
IMPACT-VELOCITY DEPENDENT COEFFICIENT OF Since the shape of the velocity distribution function does
RESTITUTION not depend on time for this collision mod&the derivation

A. Dynamics of a granular gas with impact-velocity of the diffusion coefficient by means of the Chapman—
dependent coefficient of restitution Enskog method is identical to the caseconst, presented in

. . . the preceding section. It leads thus, to the same(®).for
In the preceding sections it was assumed that the CoeffFhe diffusion coefficient. The cooling coefficient is given by

_C|ent of restltut|on,_wh|ch deter_mlne_s the collision dyna_m'CSEqs.(BS) and (47) for this model, Whiler'lad may be found

in granular gases, is constant, i.e., independent of the impact _ G-

velocity. Now we consider collision models, where this de-"o™ the general relation, Eq71). Using f(C)=(cy) and

pendence is taken into account. f(C2)=¢(cy) in Eq. (71) and I%(lq.(Z) for the coefficient of
For both models addressed above, the stepwise modggstitution, we again expresg .4 as a kinetic integral. Its

due to Eq.(2) and the realistic dependence for viscoelasticsolution yields(see Appendix B

spheres, Eq(3), there exist a characteristic velocity, namely . 2 %2

* . _ _ 2 -1 mg mg

g’ for the former case angi® for the latter. The existence of iD= S+ 1+——|exp - — ||,

this additional characteristic velocity, which is not related to 3 3 4T 41

the thermal velocity, leads to serious consequences for the (104

granular gas dynamics. Rescaling time according to(&8).

does not lead to an effective steady state of the system. In- - . . .

deed, although the average kinetic energy of particles an ient, the first-order no_nhomogeneous dlffer_entlal equation

their collision frequency is kept constant under this transfor- 9) must be sol\{ed, which may _be always wntt_en in quadra-

mation, the value of the characteristic velodig) or y) in tures. T_he resulting expression is ra£r21er compllcategzand not

the new units increases with time. This follows from the factOf p:ja_;:ftlcgl use. :c? k.)Ot? I|m||t§>_m?h /4 andT<mg li

that in the homogeneous cooling state the collision frequencg_Pe : usrllon coe |?#enThscafes n f sarpe_waé/ igz or

steadily decreases in the laboratory time. Hence the time‘,conSt’ that IsD\T. There ore in these limits q )_

measured in the new units, slows dofsee Eq(53)] and the stays valid. We extrapolate this dependence for the full inter-

characteristic velocityfixed in the laboratory time respec- V@ Of temperature, that is, we use the approximation

I¥yith rgl(t) given by Eq.(54). To find the diffusion coeffi-

tively, grows. Therefore, a steady state may not be achieved T 1 -1

under this transformation, since the characteristic velocity, ~—D(t) = a(i,laa(t) - 55“('0) : (105
which determines the collision dynamics, is not a constant in

the new time units. with ¢ and 7, 54 given, respectively, by Eq€35), (47), and

Consequently, in contrast to the caseconst, it is not  (104).
possible to map the dynamics of a granular gas with impact- The interesting feature of this model is the relatively
velocity dependent coefficient of restitution onto a steadysharp dependence of the diffusion coefficient on the granular
state dynamics of a system whose time slows down. As theemperature. Fof =~mg?/4 the diffusion coefficients varies
result we cannot use Doob’s theor@rand deduce the expo- exponentially fast with temperature. 4t =0.6 it changes by
nential correlation function under the assumption of a Mar-about 50% in a narrow interval of temperature, Fig. 1. Note
kovian collision process. This makes application of thethat the approximatioil05 agrees fairly well with the re-
Green—Kubo approach much more complicated, unless th&ult obtained by the numerical solution of E§9), Fig. 1.
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DD,

0.1 1 10

FIG. 1. Reduced self-diffusion coefficielt/D,, whereD, is the Enskog
self-diffusion coefficient given by Eq74), as a function of temperature for
the stepwise impact-velocity dependent coefficient of restitution, (Bq.
Full line, numerical solution of Eq(99); dashed line, approximation given
by Eq.(102). The parameters am@=1,0=1,g"=1.

C. Diffusion coefficient for gases of viscoelastic
particles

The application of the Chapman—-Enskog method for lelad:g gl(t)(1+—a2—
granular gases of viscoelastic particles is similar to the case 3

e=const. For gases of viscoelastic particles, however, so
complications arise which are related to the additional de
pendence of the velocity distribution function on time. Here
the shape of the velocity distribution function is not invari-
ant, but depends on time via the time-dependent coefficient

of the Sonine polynomial expansic“)ﬁ‘.5 If we keep only two

Chaos 15, 026108 (2005)

N dé 32 f [N
= | dov-—=="b | dvv-of 2
3 v da 3 v v -ufyS(cd)

= %azbonv$ f dé ¢(c)c?Sy(c?) =0,
(109

where we use

f dé p(c)c’Sy(c?) =0, (110
which follows directly from the definition of the second So-
nine polynomial, Eq(39). Hence we arrive again at E(9)
for the diffusion coefficient as for the case const.

dD _
_{Ta_T+DT”ad: n_’l (111

Evaluating the kinetic integral, E471), for viscoelastic par-

; ; -1 4,41
ticles yieldsT, 54

3
‘”Lé’(t)), (112
16 4277

Mihere 7 (t) is given by Eq.(54), while ay(t) and &'(t) by

Egs.(49) and(50). Hence we note, that botﬁ;d as well as
£ with Egs.(35) and(51) may be written as an expansion in
terms of the small parameteér.

S To solve Eq.(11]) for the diffusion coefficient we write
D(t) as an expansion too,

first nonvanishing terms of the Sonine polynomial expansion

for the distribution function, we need to account for the time

dependence of the second Sonine coefficeftt). Then Eq.
(83) adopts the more general form

&(O)fs(l) ~ &(O)ns afs(l) . a(O)T afs(l) . ﬁ(o)az (9fs(1)

at at ang gt IT Gt day
ofd gt D
=- +a . 106
§T oT 2 Ja, ( )

If we again choosé(sl)(ﬁ) as given by Eq(88) and perform
the same steps of analysis which lead from Bf) to Eq.
(93), we arrive at

o1 .. - . 1. .. G
§T8T3fdvv-G(17) 3a2Jdvv-{9a2
gz(U)f . - 2 f .mv?
= | dov-I\f,G)=— | do—F(v).
T3 UU()Bnm v, )
(107)
We substituté(ﬁ) by means of Eq(94) with
f(v,1) = fu(V)[1 +a()Sy(cA)], (108

wherefM(v):(n/u$)¢(c) is the unscaled Maxwell distribu-
tion.

D(t)=Dy(1+ 8Dy + 82Dy +--) (113

and substitute this expression into E411) together with
equivalent expansions fof(t) and T;;O(t). The resulting
equation can be solved perturbatively for each orded’of
Here we give the final result of these straightforward
calculations!*®

%_[“@wo 2867 777 w5

= —5 +
Do 320127 ( 20 480 0007

_iﬂ&)gz+...1

— (119

where Dy is the Enskog coefficient of self-diffusion at the
initial temperaturery,

4 8 m
Do1 = gozgz(ﬂ)n \/ T

IX. CONCLUSION

(119

We studied diffusion of tracer particléself-diffusion in
a gas of dissipatively colliding particles. Two main theoreti-
cal approaches for the calculation of transport coefficients
have been considered, the Green-Kubo and Chapman-
Enskog approaches. The Green—Kubo approach is based on
the computation of the time integral of the time-correlation

All terms in Eq.(107), except for the second term on the functions of dynamical variables, while Chapman—Enskog
left-hand side, have been already evaluated. The remainingethod is based on the Boltzmann equation. The dissipative

term reads

collisions of the particles are described by the coefficient of
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restitution. We addressed three different models for this co-  The solution for the scaled distribution functiarmay
efficient,(i) the model of a constant coefficient of restitution, be found as an expansion around the Maxwell distribution in
(ii) the model of a Slmpllflec(stepWISQ dependence of the terms of orthogona| Sonine po|ynomie%(x),39'40’46
coefficient of restitution on the impact velocity, afid) the
realistic model for the coefficient of restitution which fol- ~ - 5
lows from the contact mechanics of viscoelastic particles. fle)=¢(c){ 1+ Zlap(t)sp(c )| (A3)

For the caséi), e=const, the dynamics of the dissipative -
system may be mapped onto the steady-state dynamics vhere §(x)=1,5(x)=3/2-x, and Sy(x) is given by Eq.
another gas. This allows for the application of the standard41l).
methods of statistical physics, elaborated for molecular gases Multiplying both sides of Eq.(Al) by cf, integrating
in thermodynamic equilibrium. In particular the velocity over ¢y, and using the orthogonality relation for the Sonine
time-correlation function may be straightforwardly evaluatedpolynomials, we obtain an infinite set of equations for the
and the diffusion coefficient is correspondingly found. ThemomentS/va,‘lo‘42
obtained Green—Kubo diffusion coefficient coincides with 34 = p(cP —o4 Al
that derived using the Chapman-Enskog approach. In con- Hp= u2P(CT), P=2,4,..... (A4)
trast, for the case of impact-velocity dependent coefficientgyere (cP)= [d&cPf(c) are the moments of the velocity dis-
of restitution, modelgii) and (iii), there is no simple trans- ihution function,
formation to map the dynamics of the system onto an effec-
tive steady-state dynamics. This turns the application of the —_ | g
Green—Kubo method either restrictiye.g., by assuming an P chde
adiabatic steady stgteor very complicated and inefficient.
Therefore, for gases of particles which interact by an impact- - 1 f dé, dézf d&O(-Cypp-6)|Cry- 6
velocity dependent coefficient of restitution, we use the 2
Chapman—Enskog approach to compute the diffusion coeffi- ~ o~
cient. X f(cy)f(cr)A(ch + ), (A5)

Although the Green—Kubo approach is more general, itand we use the main property of the collision integral, Eq.
principle, since it does not assume any form of the time(gg). Since(c”) and w, are expressed in terms of the Sonine
correlation function, while the Chapman—Enskog approackgefficients, the set of equation&4) may be used to deter-
exploits the assumption of molecular chaos, the Chapmanmine these coefficients, i.e., to find the velocity distribution
Enskog method appears to be preferable for the applicatiofnction. Assuming a cutoff of the series E@3), i.e., as-
to granular gases. While the latter one is applicable to angyming that the Sonine coefficierdg with k> k, are negli-
collision model, the former one becomes either restrictive ogiple, the infinite set of equation@4) turns into a closed
very complicated if the coefficient of restitution depends onfinjte set of equations for the coefficierds
the impact velocity. The first Sonine coefficiera, =0, according to the defi-

nition of temperaturé®*? Since(c?)=3/2, thefirst equation
in Eq. (A4) for p=2 is an identity. Assume thas,a,, ...

APPENDIX A: SECOND SONINE COEFFICIENT may be neglected. Then usitgf)=(15/4)(1+a,) which fol-

To find the velocity distribution function in the homoge- lows from the definition of the second Sonine polynomial,

neous cooling state we writiv) in the rescaled form, Eq. E9: (41)2: and the approxim_ation f(c,)=¢(c)[1
(33), and substitute it into the Boltzmann equati@®) (with ~ +22(S:(c9)], we write Eq.(A4) for p=4,

the terms -V omitted and withf substituted byf). Then this S5un(1+a,) — uy=0. (A6)
equation may be reduced to two equations, ([84) for tem-

perature and another one for the scaled distribution functior] "€ Coefficientsu, and u, are functions ok, and have the

form of kinetic integrals, Eq(42) and may be straightfor-

T2 o 4,46
f(c.0, wardly evaluated by the scheme introduced in Refs. 4 and
41. For the case:consg, the coefficient, is given by Eg.
J \~ O~ s : 40,4
%(3 + cl£>f(6,t) +B7 Fen =T(T1), (A1) (49 while u, reads
' 114 = M2m(T, + a,T,) (A7)
where )
with
B=B(t) = vr(t)gx(0)0’n (A2) T,=31-e9)(2+49),
andI(f,) is the dimensionless collision integral, that is, the
(w0 J T,=155(1 -9 (69 + 102 + 3(1 +¢). (A8)

collision integral Eq(75) written in terms of the scaled dis-
tribution functions and scaled velocities. The analysis showSypstituting Eqgs(45) and (A7) into Eq. (A6) we obtain an
that on the time scale of the diffusion process—the hydrodyequation for the second Sonine coefficiet Its linear so-
namic time scale—the terr8 %(9/4t)f in Eq. (A1) can be lution is given by Eq.44), while the next-order solution is
omitted®® presented in Refs. 4 and 42.
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026108-13  Self-diffusion in granular gases

The velocity distribution function for a gas of viscoelas-

tic particles may be found just in the same way. We evaluatée — D4 f _ Chaplcrp)der, f

uo and u, Which have the form of kinetic integrals, substi-
tute them into Eq(A6) and solve the resulting equation for
the second Sonine coefficieaj. The final result is given in
Eq. (49). Details of the derivation can be found in Refs.
and 46.

The derivation of the Sonine coefficients, outlined

4

Chaos 15, 026108 (2005)

) 27
sin 6c3, cos’ 0d0f de,

g 0 0

(BS)

with 0055*/012. In Eq. (B5) we take into account that the
integral vanishes if the normal-component of the impact ve-

locity |¢,,-€|=|c,, cosé| is smaller tharg®. Simple calcula-

above, is based on the hypothesis of molecular chaos whiciPns then yield for the second term in H&2),

is the main precondition of the Boltzmann equation. In the
coarse of the evolution of the granular gas, correlations be-
tween the particles which have been neglected in this ap-

2

mg
4T

mg?
4T

V’%(s* - 1)(1 + )exp(— ) (B6)

proach, may become important. In particular, it was found inppa first term of the kinetic integral in EqB2) may be

MD simulation$* that accumulating correlations lead to de-
viations ofa,, from the theoretical predictions, e.g., Ref. 40.

APPENDIX B: KINETIC INTEGRALS FOR STEPWISE
IMPACT-VELOCITY DEPENDENT COEFFICIENT
OF RESTITUTION

obtained from the second term, takigg=0 and omitting the
factor (¢"-1). Summing up these two terms and multiplying
the result by(1/6)v1g,(c)a?n, according to the definition
Eq. (71), we arrive at Eq(104) for 7, 5(1).

The cooling coefficienf may be evaluated in a similar
way. From the definition of the collision model, E@), and
the general collision law, Eq1), follows

The scheme elaborated in Refs. 4 and 41 for the compu-

tation of kinetic integrals may not be directly applied for the

evaluation of the cooling coefficiegtand the relaxation time

7,.ad IN Case of the stepwise impact-velocity dependent coef-

ficient of restitution defined in Eq2). Therefore, here we
outline their evaluation.
By means of molecular dynamics simulations it has bee

given by Eq.(2), the second Sonine coefficient is negligible,
that is,a,~0, provideds” < 1.2° Then with
(1+e)=2+(z"~1)0[~g - (E1-§)], (B1)

whereg’ =g’ /vy, we write the factor in7, 5 {t), which has
the form of the kinetic integral as

2 f 46, 06, f 480(~ Grp- 8|61 ST (CT(E) (Ero - 67
s - 1) f 46, d f 460(- G1r- 8|61 ST CLTT(E)
X (Cpp- é)2®[‘ 5* —(C12- ©)].

Changing variables, (61,62)—>(é,612), where C= (G
+C,)/2 andc,,=C,—C,, we can write

(B2)

T(EDT(E) = p(c1) H(C) (B3)
with
— —-d/2 1 2
¢(C12) = (277) eXF<_ 5012> )
d/2
#(C) = (;) exp(— 2C?). (B4)

Substituting Eq(B3) with Eq. (B4) into Eq.(B2) and taking
into account thaf ¢(C)dC=1, we obtain for the second term
in Eq. (B2),

A(Cf+¢5) =— (1 -?)(Cyp- 6)

—(1-£7)(Cp-8%0[-g - (E12-)]. (BT)

Substituting the latter expression into E&6) for w,, we
arrive at the same kinetic integral as fgr, {t), which even-

. . - o Iy | he final It, EG47).
shown that in a granular gas with coefficient of rest|tut|onrELJa y leads to the final result, E¢47)
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