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We study the diffusion of tracerssself-diffusiond in a homogeneously cooling gas of dissipative
particles, using the Green–Kubo relation and the Chapman–Enskog approach. The dissipative par-
ticle collisions are described by the coefficient of restitution« which for realistic material properties
depends on the impact velocity. First, we consider self-diffusion using a constant coefficient of
restitution,«=const, as frequently used to simplify the analysis. Second, self-diffusion is studied for
a simplifiedsstepwised dependence of« on the impact velocity. Finally, diffusion is considered for
gases of realistic viscoelastic particles. We find that for«=const both methods lead to the same
result for the self-diffusion coefficient. For the case of impact-velocity dependent coefficients of
restitution, the Green–Kubo method is, however, either restrictive or too complicated for practical
application, therefore we compute the diffusion coefficient using the Chapman–Enskog method. We
conclude that in application to granular gases, the Chapman–Enskog approach is preferable for
deriving kinetic coefficients. ©2005 American Institute of Physics. fDOI: 10.1063/1.1889266g

The diffusion of tracer particles (self-diffusion) in a force-
free gas of dissipatively colliding particles, also called
granular gases, is studied. Main theoretical approaches
for the calculation of transport coefficients are the
Green–Kubo and Chapman–Enskog methods. The
former is based on fluctuation–dissipation relations,
which express transport coefficients in terms of the time
correlation function of dynamical variables. The latter
approach is based on the Boltzmann equation, that de-
scribes the evolution of the distribution function of trac-
ers. The dissipative nature of the gas is characterized by
the coefficient of restitution, « which is the central quan-
tity in the theory of granular gases. This coefficient quan-
tifies the loss of kinetic energy due to a single particle
collision. We consider three different models for the coef-
ficient of restitution (i) «=const, (ii) a stepwise depen-
dence of« on the impact velocity, which mimics the basic
property of this coefficient, and (iii) a realistic model for
« as a function of the impact velocity, derived from the
contact mechanics of viscoelastic bodies. For the simplest
model (i), both theoretical methods yield the same coeffi-
cient of diffusion. For the more realistic models (ii) and
(iii), however, the Green–Kubo approach is either restric-
tive or too complicated for practical application. There-
fore we conclude that the Chapman–Enskog method is
preferable for deriving kinetic coefficients of granular
gases.

I. INTRODUCTION

A homogeneously initialized force free granular gas, i.e.,
a rarefied systems of inelastically colliding macroscopic par-
ticles, stays homogeneous during the first stage of its evolu-
tion while its temperature, that is the average kinetic energy
of particles, decays due to dissipative collisions. This state of

a granular gas is called thehomogeneous cooling state. At
later stages, granular gases develop density
inhomogeneities1,2 and pronounced spatial correlations of the
velocity field.3 Throughout this paper we consider granular
gases in the homogeneous cooling state.

Similar as ordinary molecular gases, granular gases in
the homogeneous cooling state are characterized by their
temperature and their velocity distribution function, which is
close to the Maxwell distribution. Like in molecular gases,
impurities sguest particlesd, that is particles which differ
from the gas particles by mass, size or other parameters,
move irregularly due to random collisions with the surround-
ing gas particles. ThisBrownian motionof guest particles,
i.e., diffusion, leads to uniform spreading of an initially lo-
calized ensemble of impurities over the available volume. If
the guest particles are mechanically identical to the host par-
ticles, but may be somehow distinguishedse.g., by colord,
the process is called self-diffusion and the guest particles are
called tracers.

The processes of diffusion and self-diffusion in granular
gases differ from those in molecular gases because of the
dissipative nature of particle collisions. A collisions of dissi-
patively colliding particles is characterized by the coefficient
of restitution«. This coefficient relates the post-collision ve-
locities vW i8 and vW j8 of the colliding particlesi and j to their
precollision velocitiesvW i and vW j. For particles of identical
mass the collision law reads

vW i8 = vW i −
1 + «

2
svW i j ·eWdeW ,
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vW j8 = vW j +
1 + «

2
svW i j ·eWdeW , s1d

wherevW i j ;vW i −vW j. The unit vectoreW ; rWi j / r ij with rWi j ; rWi −rW j

describes the relative particle position at the instant of the
collision. For particles of different mass the corresponding
relation has a similar form.4 The collision laws1d takes only
the normal component of the particles’ relative velocity into
account. Correspondingly,«, is also called thenormal coef-
ficient of restitution—the tangential component of the rela-
tive velocity is not affected by a collisionssee Ref. 4, Chap.
3.4 for a detailed discussion of this nontrivial approxima-
tiond. In what follows we consider the normal coefficient of
restitution.

Granular gases are never in thermodynamic equilibrium
because of the permanent loss of energy due to dissipative
particle collisions. Therefore, the basic law of equilibrium
statistical mechanics, the equipartition of kinetic energy, is
not applicable for granular gases. Consequently, the tempera-
ture of the gas particles may differ from the temperature of
the guest particles.5–15 Hence, in granular gases the tempera-
ture is species dependent. The violation of equipartition leads
to many interesting phenomena, like criticality of the Brown-
ian motion14,15 and turns the analysis technically compli-
cated. Here we restrict ourselves to the case of self-diffusion,
when the gas may be characterized by a single temperature,
that is, we discuss the diffusion of tracers. In spite of being
much simpler, self-diffusion demonstrates the most salient
properties of transport in granular gases. It allows to illus-
trate the application of the main theoretical approaches for
the computation of the transport coefficients, the Green–
Kubo and Chapman–Enskog approaches, without much tech-
nical complications.

We show that for the case of a constant coefficient of
restitution, the Green–Kubo approach, which has been ini-
tially elaborated for equilibrium systems, may be efficiently
exploited. For a direct and thus simple application of this
method, the dissipative gas dynamics can be mapped onto
the corresponding dynamics of a system which remains in an
effective steady state. We will show that in this case the
Green–Kubo and Chapman–Enskog methods yield the same
result for the self-diffusion coefficient. For the case«
=const such a simple map exists.

The assumption of a constant coefficient of restitution
simplifies the analysis drastically, however, it does not agree
with experimental observations.16–18 Moreover, the assump-
tion «=const contradicts the mechanics of materials19–24and
even violates a dimension analysis.25 Instead, experiments as
well as theory show that the coefficient of restitution in-
creases with decreasing impact velocity. Thus, forg→0 par-
ticles tend to collide elastically, that is«→1 if surface ef-
fects are neglected.

This basic property motivates a drastically simplified
collision model,26,27

«sgd = H«* for g . g* ,

1 for g ø g* ,
J s2d

whereg;vW i j ·eW is the normal component of the relative ve-
locity vW i j at the impact. Thus, it is assumed that impacts at

large normal relative velocity occur with a constant coeffi-
cient of restitution«* , while collisions at smallg are elastic,
i.e., the thresholdg* separates elastic from inelastic colli-
sions. The model parameters,«* andg* , are neither related to
the material properties of particles nor derived from first
principles of the collision dynamics.

The coefficient of restitution as a function of the impact
velocity may be also derived analytically by integrating
Newton’s equation of motion for a colliding pair, provided
the particle interaction force is known. The simplest physi-
cally realistic mechanical model of dissipative collisions as-
sumes that particles interact by viscoelastic forces.17,22,24,25If
inelasticity is small, the solution of the contact problem for
viscoelastic spheres yields the coefficient of restitution23,25

«vsgd = 1 −gg1/5 + 3
5g2g2/5 7 ¯ , s3d

where the coefficientg is a known function of the elastic and
dissipative constants, i.e., of the Young modulus and the
Poisson ratio of the particles material, and of the masses and
radii of the particlesssee Refs. 23 and 25 for detailsd.

We will show that for the case of impact-velocity depen-
dent« there is no simple map of the dynamics of the dissi-
pative system onto corresponding dynamics of a steady-state
system. This makes the application of the Green–Kubo
method problematic. Therefore, for the case of an impact-
velocity dependent coefficient of restitution the Chapman–
Enskog approach is used. We apply the latter method to cal-
culate the self-diffusion coefficient for the case of a
simplified impact-velocity dependent coefficient of restitu-
tion as well as for realistic gases of viscoelastic particles.

The rest of the paper is organized as follows: In Sec. II
we discuss the microscopic interpretation of the macroscopic
diffusion coefficient which suggests a route of its evaluation.
The generalization of the diffusion coefficient to nonequilib-
rium systems, such as granular gases is also discussed. In
Sec. III, the formalism of the pseudo-Liouville operator is
addressed, as used for hard-sphere systems, and Sec. IV il-
lustrates its application to granular gases in the homogeneous
cooling state. Three different collision models introduced
above are there addressed. The Green–Kubo approach is dis-
cussed in Secs. V and VI, while the Chapman–Enskog
method is described in Secs. VII and VIII. In Secs. V–VII we
explain the general concept of these methods for the simple
case«=const. Then we consider the more general case of
impact-velocity dependent coefficient of restitution. We sum-
marize our findings in Sec. IX and in Appendixes A and B
some technical details are given.

II. MACROSCOPIC AND MICROSCOPIC MEANING
OF THE DIFFUSION COEFFICIENT

Consider a uniform gas of hard spheres of massm and
diameters whose particles collide due to the collision law
Eq. s1d, specified by the coefficient of restitution«. Let trac-
ers particles be embedded in the gas and letfsrW ,vW ,td and
fssvWs,rWs,td be, respectively, the one-particle distribution func-
tion of the gas particles and of the tracers. Then the local
densities are defined by
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nssrWs,td =E dvWs fssvWs,rWs,td,

nsrW,td =E dvW fsvW,rW,td. s4d

If the concentration of the tracers is not uniform, a diffusion
flux of these particles arises, which is directed opposite to the
concentration gradient,

JWssrWd = − D¹W nssrWd. s5d

With the continuity equation

]nssrWd
]t

+ ¹W JWssrWd = 0 s6d

we obtain the diffusion equation

]nssrWd
]t

= D¹W 2nssrWd. s7d

The diffusion coefficientD in Eq. s5d, thus, relates the mac-

roscopic flux of particlesJWssrWd to the macroscopic concentra-

tion gradient¹W nssrWd.
However, there is also a microscopic interpretation of

the diffusion coefficient. It defines the time dependence of
the mean square displacement of a tracer particle. Assume at
t=0 there is an ensemble of impurities located at the origin,
rW=0. Then the mean square displacement of the tracers at
time t reads

kfrWsstdg2l ;
1

Ns
E drWfrWstdg2nssrW,td, s8d

whereNs=edrW nssrW ,td=const is the total number of tracers.
Now we multiply both sides of Eq.s7d by rW2/Ns and integrate
over drW,

]

]t

1

Ns
E drW r2ns = D

1

Ns
E drW r2¹W 2ns, s9d

which turns by means of Eq.s8d and Green’s theorem28 for
the right-hand side into

d

dt
kfrWsstdg2l = D

1

Ns
E drW ns¹W

2r2 = 6D, s10d

that is, we obtain a relation between the mean square dis-
placement of the tracers and the coefficient of diffusion,

kfrWsstdg2l = 6Dt. s11d

This equation relates the diffusion coefficientD, i.e., a
macroscopic quantity, to a microscopic quantity, namely the
mean square displacement. Therefore, Eq.s11d suggests a
method to compute the diffusion coefficient by evaluating
kfrWsstdg2l. To find this quantity we apply the kinematic rela-
tion

rWsstd =E
0

t

vWsst1ddt1 srWs = 0 at t = 0d s12d

and write

kfrWsstdg2l =KE
0

t

vWsst1ddt1 ·E
0

t

vWsst2ddt2L . s13d

Using the symmetry of the velocity autocorrelation function,

Kvst1,t2d ; kvWsst1d ·vWsst2dl = Kvst2,t1d, s14d

we can recast Eq.s13d into the form

kfrWsstdg2l = 2E
0

t

dt1E
t1

t

dt2 Kvst2,t1d. s15d

If the system is in a steady state its properties are invariant
under a shift of time, thus, the velocity autocorrelation func-
tion depends only on the time lagt; t2− t1, that is,
Kvst2,t1d=Kvstd and decays with a characteristic relaxation
time tv. Transforming the variablesst1,t2d→ st ,t1d with t1

= t1 the mean square displacement reads

kfrWsstdg2l = 2tE
0

t

dtkvWss0d ·vWsstdlS1 −
t

t
D . s16d

For large time as compared with the characteristic time, i.e.,
for t@tv, we obtain

kfrWsstdg2l = 2tE
0

t

dtkvWss0d ·vWsstdl = 6Dt s17d

and consequently the diffusion coefficient

D =
1

3
E

0

`

kvWss0d ·vWsstdldt. s18d

Equation s18d expresses the macroscopic transport coeffi-
cient D by the time integral of the microscopic velocity cor-
relation function. This fluctuation–dissipation relation ex-
presses a dissipative quantitysdiffusion coefficientd via a
fluctuating quantitysparticle velocityd. Similar expressions
relate other transport coefficients such as viscosity, thermal
conductivity, etc., to the corresponding fluctuating
quantities.29 The method of calculation of the transport coef-
ficients via the microscopic time-correlation functions is
called Green–Kubo approach. Initially, the Green–Kubo
theory has been developed for equilibrium systems of elastic
particles se.g., Ref. 29d. Later it has been generalized for
dissipative gases.30–32 For the case of self-diffusion the ve-
locity correlation function in Eqs.s13d–s18d for the tracer
particles is equal to that of the surrounding gas particles.

The derivation given above applies to equilibrium sys-
tems or systems in a steady state. Granular gases are, how-
ever, never in a steady state due to persistent cooling. There-
fore, the concept of the diffusion coefficient must be
generalized to nonequilibrium systems and a time-dependent
diffusion coefficientDstd salso called diffusivityd must be
used,33,34

kfrWstdg2l =Et

Dst8ddt8. s19d

As we show below, in certain cases, the dynamics of granular
gases may be mapped onto the dynamics of a steady-state
system. In this case the above Green–Kubo derivation of the
diffusion coefficient is still applicable.

026108-3 Self-diffusion in granular gases Chaos 15, 026108 ~2005!

Downloaded 16 Feb 2007 to 141.89.176.103. Redistribution subject to AIP license or copyright, see http://chaos.aip.org/chaos/copyright.jsp



III. DYNAMICS OF DISSIPATIVE HARD-SPHERE
SYSTEMS: GENERAL APPROACH

Because of the singular character of the hard-sphere in-
teraction sthe interaction potential jumps to infinity at the
point of particles contactd it is not possible to apply directly
Hamilton’s equations to describe the dynamics of hard-
sphere systems. Nevertheless, the dynamics is still com-
pletely deterministic. Indeed, between collisions the particles
move along straight lines at constant velocities, and the post-
collision velocities are uniquely determined by the collision
law Eq. s1d. This allows to construct the pseudo-Liouville
operator L which governs the dynamics of the system. Let
Astd be an arbitrary function of particle coordinates and ve-
locities, then the evolution equation for this quantity reads

d

dt
AsrW,vWd = LAsrW,vWd, s20d

where the pseudo-Liouville operator has the formse.g., Ref.
35d

L = o
i=1

N

vW i ·¹W i + o
i=1

N

o
j.i

N

T̂ij s21d

with the binary collision operator

T̂ij = s2E deW Qs− vW i j ·eWduvW i j ·eWudsrWi j − seWdsb̂ij
eW − 1d . s22d

HereN is the number of particles,rWi andvW i are, respectively,
the position and velocity of particlei ,rWi j ; rWi −rW j ,vW i j ;vW i −vW j,
andeW ; rWi j / r ij . The factoruvW i j ·eWu in the integrand of Eq.s22d
gives the length of the collision cylinder, the Heaviside step
function Qs−vW i j ·eWd selects approaching particles and thed
function specifies the unit vectoreW at the instant of the col-

lision. The operatorb̂ij
eW is defined by

b̂ij
eW FsrWi,rW j,vW i,vW j,…d = FsrWi,rW j,vW i8,vW j8,…d, s23d

whereF is some function of the positions and coordinates.
The post-collision velocities of the colliding pair,vW i8 andvW j8,
are given in terms of their precollision values according to
Eq. s1d. The pseudo-Liouville operator defined above de-
scribes the evolution of dynamical variables, such as posi-
tions of particles, their velocities, etc. It has been introduced
first to describe the evolution of a system ofelastic hard
spheres.36,37

The velocity time correlation function may be found by
performing the formal integration of Eq.s20d for the variable
A=vW for t. t8,

vWstd = eLst−t8dvWst8d, s24d

yielding

kvWst8dvWstdl =E dG rst8dvWst8deLst−t8dvWst8d, s25d

whereedG denotes integration over all degrees of freedom
andrstd=rsrW1,… ,rWN,vW1,… ,vWN,td is theN-particle distribu-
tion function which depends on temperatureT, particle num-
ber densityn, etc. Although Eq.s25d provides the velocity
correlation functionKv, whose time integral yields the diffu-

sion coefficient, it may not be easily used in this general
form. Instead, for practical application of the Green–Kubo
method, in general, further approximations are required.

IV. HOMOGENEOUS COOLING STATE

A. General properties

We consider a granular gas in the homogeneous cooling
state when the number density of the gasn=N/V is uniform
in the gas volumeV, while the gas cools down due to inelas-
tic particle collisions.

The evolution of the gas temperature may be easily ob-
tained from its definition as the mean kinetic energy of the
particles,

3

2
nTstd = nK1

2
mv2L

t
=E mv2

2
fsvW,tddvW . s26d

From the definition of the Liouville operator, Eqs.s21d and
s22d follows,

3

2

dT

dt
=

m

2

d

dt
kv1

2lt =
m

2
kLv1

2lt, s27d

wherek¯lt denotes averaging using theN-particle distribu-
tion function rstd at time t. With Eqs. s21d and s22d and
exploiting the identity of the particles we obtain

3

2

dT

dt
=

m

2Ko
i, j

T̂i jv1
2L

t

= sN − 1d
m

2
kT̂12v1

2lt. s28d

Using the definition of the binary collision operator, Eq.s22d,
and

sb̂ij
eW − 1dv1

2 = sv18d
2 − v1

2, s29d

Eq. s28d turns into

3

2

dT

dt
=

m

2
sN − 1d E drW1 ¯ drWNE dvW1 ¯ dvWNrstd

3 s2E deW Qs− vW12 ·eWduvW12 ·eWudsrW12 − seWd

3fsv18d
2 − v1

2g . s30d

Using the definition of the two-particle correlation function29

and the hypothesis of molecular chaos, for a uniform system
we may further write

NsN − 1d E drW3 ¯ drWNE dvW3 ¯ dvWN rstd

; f2srW1,rW2,vW1,vW2,td = g2sr12dfsvW1,tdfsvW2,td, s31d

where g2sr12d is the pair correlation function. Substituting
finally the latter expression into Eq.s30d yields

3

2

dT

dt
=

m

2n
g2ssds2E dvW1 dvW2E deW Qs− vW12 ·eWd

3 uvW12 ·eWufsvW1,tdfsvW2,tdfsv18d
2 − v1

2g . s32d

Introducing the time-dependent thermal velocity, the reduced
velocities, and the scaled velocity distribution function de-
fined, respectively, by
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vTstd ;Î2T

m
, cW i ;

vW i

vT
, fsvW,td =

n

vT
3 f̃scW,td, s33d

we write the last equation in a more traditional formse.g.,
Ref. 4d,

dT

dt
= − zT, s34d

z = 2
3ns2g2ssdvTm2, s35d

m2 = −
1

2
E dcW1 dcW2E deW Qs− cW12 ·eWd

3 ucW12 ·eWu f̃scW1,td f̃scW2,tdDsc1
2 + c2

2d, s36d

where the symmetry with respect to the exchange of particle
indices 1↔2 has been exploited. The notation

Dscd ; c8 − c s37d

describes the change of a dynamical variablec due to a
collision, with c8 being the after-collision value. The contact
value of the pair correlation function reads38

g2ssd =
1 − 1

2h

s1 − hd3, with h = 1
6pns3. s38d

For a granular gas in the homogeneous cooling state the

reduced distribution function f̃scW ,td is close to the
Maxwellian.4,33,39–41It may be written with good accuracy,
keeping only the first two nonvanishing terms of the Sonine
polynomial expansion4,39–41

f̃scW,td = fscdf1 + a2stdS2sc2dg, s39d

where

fscd = p−3/2 exps− c2d s40d

is the rescaled Maxwell distribution and

S2sc2d = 1
2c4 − 5

2c2 + 15
8 s41d

is the second-order Sonine polynomial. The second Sonine
coefficienta2 characterizes the shape of the velocity distri-
bution function. It sensitively depends on the particular col-
lision model, which we discuss separately below.

According to Eq.s35d, to find the cooling coefficientz
we need to computem2, which may be written as an integral
of the general form

E dcW1E dcW2E deW Qs− cW12 ·eWd

3ucW12 ·eWufsc1dfsc2dExprs¯d, s42d

where

Expr = − 1
2Dsc1

2 + c2
2df1 + a2S2sc1

2dgf1 + a2S2sc2
2dg. s43d

We call integrals of the type Eq.s42d kinetic integrals.4,41

The kernel Exprs¯d may contain the pre-collision and post-
collision velocities,cW1/2,cW1/28 , the Sonine polynomialsSi of
these velocities, the Sonine coefficientsai, the unit vectoreW,
the relative velocitycW12, the center of mass velocity of the

colliding particles,CW , scalar products of the mentioned vec-
tors, and other variables. Further, the coefficient of restitution
may enter the kernel Exprs¯d, either«=const or as a func-
tion of the impact velocity«=«sgd as discussed below.

The methods for computing kinetic integrals are ex-
plained in detail in Refs. 4 and 41. Kinetic integrals may be
represented by sums of standard-type integrals which allow
for a solution by means of computational symbolic algebra.
Many physical quantities of interest may be expressed in
terms of kinetic integrals.4,41 Let us consider in more detail
the collision models discussed in the Introduction.

B. Granular gases with «=const

As mentioned above, the coefficient of restitution is a
function of the impact velocity. Nevertheless, here we as-
sume«=const to simplify the explanation of the basic ap-
proaches. For this case the second Sonine coefficient
reads40,42 ssee Appendix A, where the derivation ofa2 is
outlinedd

a2 =
16s1 − «ds1 − 2«2d

81 − 17« + 30«2s1 − «d
. s44d

Equations44d gives the second Sonine coefficient in a linear
approximation with respect toa2, the next-order solution is
derived in Ref. 42. Note that for«=const the shape of the

scaled distribution functionf̃ and, hence, the Sonine coeffi-
cient do not depend on time.sMD simulations of two-
dimensional granular gases show that the second Sonine co-
efficient a2 relaxes to the theoretical value within a few
collisions per particle.43,44 At later times, however,a2 devi-
ates from the theoretical result due to accumulating correla-
tions between the particles,44 see Appendix A.d

The coefficientm2 may be found by means of the com-
putation method elaborated for the kinetic integrals,42

m2 = Î2ps1 − «2ds1 + 3
32a2d2. s45d

Substitutingm2 into Eq.s35d yields the cooling coefficientz.
Sincem2 does not depend on temperature for«=const, the
cooling coefficient scales asz~T1/2, see Eqs.s33d and s35d.
Hence, from Eqs.s34d and s35d we obtain for the evolution
of temperature,

T =
Ts0d

s1 + t/t0d2, t0
−1 =

m2

3Î8p
tcs0d−1, s46d

wherem2 andtc are given, respectively, by Eq.s45d and Eq.
s54d.

C. Granular gases with stepwise impact-velocity
dependent coefficient of restitution

For granular gases of particles which collide with the
simplified stepwise impact-velocity dependent coefficient
due to Eq.s2d, the velocity distribution function is close to a
Maxwell distribution with good accuracy.26 Therefore,a2

<0 for these gases, and the coefficientm2 readsssee Appen-
dix Bd
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m2 = Î2ps1 − «*2dS1 +
mg*2

4T
DexpS−

mg*2

4T
D . s47d

Substitutings47d into Eq. s35d yields the cooling coefficient
z for this collision model. According to Eqs.s47d ands35d, z
decays exponentially fast as a function of temperature,z
~exps−const/Td, that is, the cooling of the gas slows down
exponentially as the gas evolves. Asymptotically, fort→`,
this leads to a logarithmically slow decay of the
temperature,26

Tstd =
g0

2

2

T0

log at
, a = 2g0s1 − «*2dg2ss2dsnÎpT0

2m
.

s48d

whereg0=g* /yTs0d.

D. Granular gases of viscoelastic particles

For gases of viscoelastic particles the shape of the veloc-
ity distribution function and, thus, the Sonine coefficients
depend on time. The time scale of diffusion processes—the
hydrodynamic time scale—is much larger than the mean col-
lision time. In this case one obtains approximate
expressions45

a2 = a21d8 + a22d82 + ¯ , s49d

where a21<−0.388 sthe numerical values of the constants
a21,a22,C1,v0,v2, andq0 are known analytically4,45,46d and
a22<2.752 are pure numbers andd8 is the time-dependent
dissipation coefficient,

d8std =
g

C1
fvTstdg1/5 s50d

with C1<1.1534.
Similarly, solving the kinetic integral, the coefficientm2

is obtained for gases of viscoelastic particles,

m2 = v0d8 − v2d82 + ¯ , s51d

wherev0<6.485 andv2<9.888.
By means of Eqs.s35d, s50d, ands51d we obtain in lead-

ing order,z,T3/5 and find4,23

T =
Ts0d

s1 + t/t0d5/3, t0
−1 =

16

5
q0

g

C1
ST0

m
D1/10

tcs0d−1, s52d

where q0.0.173. Hence different collision models predict
different evolution of temperature, which asymptotics ranges
from the power law,T→ t−a with a=2 for «=const anda
=5/3 for viscoelastic particles, to the logarithmic decay,T
→ slog td−1 for the stepwise impact-velocity dependent«.

V. VELOCITY CORRELATION FUNCTION FOR
«=const

Again we consider a granular gas in the homogeneous
cooling state and assume«=const. Let time be measured in
units of the mean collision timetcstd,

dt =
dt

tcstd
, tstd =E

0

t dt8

tcst8d
s53d

with sto be precise,tc differs slightly from the actual mean
collision time due to deviations of the velocity distribution
from the Maxwell distribution4d

tc
−1std = 4Îpg2ssds2nÎTstd

m
. s54d

The dynamics of the system is stationary when replacing the
true slaboratoryd time by the rescaled timet. Neglecting
particle–particle correlationsssee Ref. 4d the dynamics of the
system equals the dynamics of an equilibrium system. Thus,
by rescaling time, the dynamics of the dissipative gas is
mapped onto the stationary dynamics of a gas of elastically
colliding particles.4,31,47 In this state the collision frequency
and temperature are constant and the only difference from an
equilibrium molecular gas is that the collisions still follow
the rules of the dissipative impact, Eq.s1d, with the coeffi-
cient of restitution«. The velocity time-correlation function
may be then written in the form

kvW1st8d ·vW1stdl = vTst8dvTstdkcW1st8d ·cW1stdl, s55d

i.e., we need to find the time-correlation function for the
reduced velocitycWstd. In the new time scale the collision
frequency and temperature are constant and the system is in
a stationary steady state. Consequently, the time correlation
functionkcW1st8d ·cW1stdl does not depend on the timest8 andt
separately, but only on their differenceut8−tu.

Adopting the molecular chaos hypothesis, the velocities
of two colliding particles are not correlated. Hence, the col-
lision process for a particle is stationary and Markovian. If
we additionally assume that the process is Gaussian, we de-
duce from Doob’s theorem29 an exponential velocity corre-
lation function,

kcW1st8d ·cW1stdl = kc1
2lexpS−

ut − t8u
t̂v

D =
3

2
expS−

ut − t8u
t̂v

D ,

s56d

with t̂v being the velocity relaxation time, measured in units
of the mean collision timetcstd. Obviously, t̂v is constant
since the system is in a stationary state.

To compute the time derivative of the correlation func-
tion at timet8= t, we use the relations

dvT

dt
=

1

2T
ṪvTstd = −

1

2
zstdvTstd, s57d

3
2vT

2std = kv1
2stdlt s58d

which follow from the definitions ofvT andT, and introduce
the laboratory-time-dependent velocity relaxation time

tvstd = t̂vtcstd, s59d

which corresponds to the reduced relaxation timet̂v. Even-
tually, we obtain
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d

dt
ukvW1st8d ·vW1stdlut8=t = − kv1

2stdlS1

2
zstd + tv

−1stdD . s60d

On the other hand, using Eq.s25d, we obtain for the same
quantity

d

dt
ukvW1st8d ·vW1stdlut8=t =

d

dt
E udG rst8dvW1 ·eLst−t8dvW1ut8=t

= kvW1 · LvW1lt = sN − 1dkvW1 · T̂12vW1lt.

s61d

The last equality in Eq.s61d follows from the properties of
the Liouville operator, Eqs.s21d ands22d and from the iden-
tity of the particles. Comparing Eqs.s60d ands61d we obtain
the velocity relaxation timetvstd,

tv
−1std = − sN − 1d

kvW1 · T̂12vW1lt

kvW1
2lt

−
1

2
zstd = tv,ad

−1 std −
1

2
zstd.

s62d

Physically, the first term on the right-hand side describes the
relaxationsi.e., the decayd of the velocity correlation func-
tion due to collisions which randomize the directions and
amplitudes of the particle velocities. It has the same nature as
for molecular gases where particles collide elastically. The
second terms describe the decay of the velocity correlation
function due to the decrease of the thermal velocity of the
cooling gas. For almost elastic particle collisions,«&1, each
particle suffers a large number of collisions before the tem-
perature decays noticeably. Thus, the velocity relaxation time
is dominated by the first term and the decrease of the thermal
velocity on the time scale of the velocity relaxationtv may
be neglected, yielding theadiabatic approximation of the
velocity relaxation time, tv<tv,ad.

Hence, Eqs.s55d, s56d, s59d, ands62d define the velocity
correlation function of granular gases when«=const is as-
sumed. Note that in spite of the molecular chaos assumption,
in the laboratory time the velocity correlation function does
not decay exponentially as it does for gases of elastic par-
ticles.

VI. GREEN–KUBO DIFFUSION COEFFICIENT FOR «
=const

To find the diffusion coefficient it is convenient to use
the reduced time, measured in collision units and the corre-
sponding reduced length

rW = r0rŴ, r0 ; vTstdtcstd. s63d

Then the reduced mean square displacement may be ex-
pressed as the time integral of the reduced velocity correla-
tion function fsee Eq.s15dg,

ksDr̂stdd2l = 2E
0

t

dt1E
t1

t

dt2
3

2
expS−

t2 − t1

t̂v
D . s64d

Consider now the time derivative of the reduced mean square
displacement at timet@t̂v,

d

dt
kDr̂2l = 3E

0

t

dt1 expS−
t − t1

t̂v
D

= 3t̂vF1 − expS−
t

t̂v
DG . 3t̂v, s65d

which reads in unscaled variables

d

dt
kDr2stdl =

r0
2

tc

d

dt
kDr̂2stdl =

r0
2

tc
23tv =

vT
2stdtc

2std
tc

2std
3tv

= 6
Tstd
m

tv = 6Dstd, s66d

where we take into account thatt̂v=tv /tc and vT
2=2T/m.

Hence,D=tvT/m and, therefore,

Dstd =
T

m
Stv,ad

−1 std −
1

2
zstdD−1

. s67d

To find tv,ad we evaluatekvW1·T̂12vW1lt using the relation

kvW1 · T̂12vW1l = 1
2kvW12 · T̂12vW1l, s68d

which follows from the symmetry properties of the binary
collision operator, Eq.s22d. We also use

vW12 · sb̂ij
eW − 1dvW1 = vW12 · svW18 − vW1d = − 1

2s1 + «dsvW12 ·eWd2,

s69d

which in its turn follows from the definition of the operator

b̂ij
eW , Eq.s23d. Using Eq.s68d and substituting Eq.s69d into the

definition of tv,ad in Eq. s62d, we obtain the velocity relax-
ation time in adiabatic approximation,

tv,ad
−1 std = − skv1

2ld−1sN − 1d
1

2
kvW12 · T̂12vW1lt

=
1

4
S3Tstd

m
D−1

sN − 1d

3E drW1 ¯ drWNE dvW1 ¯ dvWN rstds2

3E deW Qs− vW12 ·eWduvW12 ·eWu

3dsrW12 − seWds1 + «d. s70d

This equation may be evaluated in the same way as the cool-
ing coefficientz in Eqs.s30d–s34d. The result reads

tv,ad
−1 std =

1

6
vTstdg2ssds2nE dcW1 dcW2E deW Qs− cW12 ·eWd

3ucW12 ·eWu f̃scW1,td f̃scW2,tds1 + «dscW12 ·eWd2, s71d

which again is a kinetic integral of the form given in Eq.

s42d. Using Eq.s39d for the distribution functionf̃sc,td, we
can evaluate this kinetic integral by the scheme explained in
Refs. 4 and 41 and find
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tv,ad
−1 std =

s1 + «d
3

S1 +
3a2

32
D2

tc
−1std, s72d

which together with Eqs.s34d ands45d for the cooling coef-
ficient z leads to the final expression for the self-diffusion
coefficient,

Dstd =
4D0std

s1 + «d2s1 + 3
32a2d2 , s73d

whereD0std is the Enskog self-diffusion coefficient,

D0
−1std =

8

3
s2g2ssdnÎpm

Tstd
. s74d

VII. CHAPMAN–ENSKOG APPROACH FOR THE
DIFFUSION COEFFICIENT FOR «=const

We start from the Boltzmann equation for the distribu-
tion function of tracersfssvW ,rW ,td,4,48

S ]

]t
+ vW ·¹W D fssvW1,td = g2ssds2E dvW2E deW Qs− vW12 ·eWd

3uvW12 ·eWu

3 S 1

«2 fssvW19,tdfsvW29,td − fssvW1,tdfsvW2,tdD
; g2ssdIsf, fsd, s75d

whereIsf , fsd abbreviates the collision integral,fsvW ,td is the
velocity distribution function of the gas particles, and the
index s refers to the tracer particles. In Eq.s75d, vW19 and vW29
denote the velocities of particles after an inverse collision,

vW19 = vW1 −
1 + «

2«
svW12 ·eWdeW ,

vW29 = vW2 +
1 + «

2«
svW12 ·eWdeW . s76d

The corresponding direct collision according to Eq.s1d, thus,
turns the initial velocitiessvW19 ,vW29d into svW1,vW2d. sSee Ref. 49.d

The factors in the integrand on the right-hand side of Eq.
s75d have their conventional meaning,uvW12·eWu is the length of
the collision cylinder,Qs−vW12·eWd selects only approaching
particles ssince particles departing from each other do not
collided, andg2ssd accounts for the increased collision fre-
quency due to the finite diameter of the particles and the
corresponding excluded volume. Since the concentration of
tracers is small, one can assume that they do not affect the
velocity distribution function of the gas particles, which is
given by the solution, Eq.s39d, for the homogeneous cooling
state.

Solving the Boltzmann equation forfssrW ,vW ,td, which
with a given function fsvW ,td is also called Boltzmann–
Lorentz equation, one finds the diffusion flux

JWssrW,td =E dvW vW fssrW,vW,td, s77d

and then, knowing the concentration gradient, the diffusion
coefficient from the macroscopic equations5d.

Solving the linear Boltzmann–Lorentz equations75d is
by far not trivial, therefore, the Chapman–Enskog approach
has been developed to solve this equation approximatively.
This approach is based on two simplifying assumptions,sid
fssrW ,vW ,td depends on space and time only through the mac-
roscopic fields andsii d fssrW ,vW ,td can be expanded in terms of
the field gradients. In the gradient expansion

fssrW,vW,td = fs
s0dsrW,vW,td + lfs

s1dsrW,vW,td + l2fs
s2dsrW,vW,td¯ s78d

a formal parameterl is introduced, which indicates the
power of the field gradient. At the end of the computation we
setl=1.

The first term on the right-hand side,fs
s0dsrW ,vW ,td, is the

distribution function of the uniform system. Since the tagged
particles are mechanically identical to the rest of the par-
ticles, fs

s0dsrW ,vW ,td is just proportional to the distribution func-
tion of the embedding gas,

fs
s0dsrW,td =

nssrW,td
n

fsvW,td. s79d

Substituting Eq.s78d into the Boltzmann–Lorentz equation
s75d and collecting terms of the same order ofl sthat is of
the same order in the gradientsd we obtain successive equa-
tions for fs

s0dsrW ,vW ,td , fs
s1dsrW ,vW ,td, etc. The zeroth-order equa-

tion in the gradients yieldsfs
s0dsrW ,vW ,td for the homogeneous

cooling state in accordance with Eq.s79d. The first-order
equation reads

]s0dfs
s1d

]t
+

]s1dfs
s0d

]t
+ vW ·¹W fs

s0d = g2ssdIsf, fs
s1dd, s80d

where ]skdf /]t indicates that only terms ofkth order with
respect to the field gradients are taken into account when the
time derivative of some functionf is computed. For the case
of interest the macroscopic fields arenssrW ,td and TsrW ,td,
which satisfy in the homogeneous cooling state the equations

]ns

]t
= S ]s0d

]t
+ l

]s1d

]t
+ l2]s2d

]t
+ ¯Dns = l2D¹2ns,

]T

]t
= S ]s0d

]t
+ l

]s1d

]t
+ l2]s2d

]t
+ ¯DT = − zT. s81d

Comparing the terms inl0 we find

]s0dns

]t
= 0,

]s0dT

]t
= − zT, s82d

which yields for the first term on the left-hand side of Eq.
s80d,

]s0dfs
s1d

]t
=

]s0dns

]t

] fs
s1d

]ns
+

]s0dT

]t

] fs
s1d

]T
= − zT

] fs
s1d

]T
. s83d

Similarly, taking into account
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]s1dns

]t
= 0,

]s1dT

]t
= 0, s84d

according to Eq.s81d, we obtain the second term on the
left-hand side of Eq.s80d,

]s1dfs
s0d

]t
=

]s1dns

]t

] fs
s0d

]ns
+

]s1dT

]t

] fs
s0d

]T
= 0. s85d

Using Eq.s79d with constantn and f, we write the last term
on the left-hand side of Eq.s80d,

vW ·¹W fs
s0d =

fs
s0d

ns
vW ·¹W ns =

1

n
svW ·¹W nsd f , s86d

and obtain finally the equation forfs
s1d,

zT
] fs

s1d

]T
+ g2ssdIsf, fs

s1dd =
1

n
svW ·¹W nsd f . s87d

We search for the solution of Eq.s87d in the form

fs
s1d = GW svWd ·¹W nssrW,td, s88d

which implies with Eq.s77d the diffusion flux

JWs =E vWsGW svWd ·¹W nsddvW = − D¹W ns, s89d

where we take into account

E vW fs
s0d dvW = 0 s90d

due to the isotropy offs
s0dsuvW ud. From Eq.s89d follows

E viGj dvW = − di jD s91d

and summing overi = j yields

D = −
1

3
E dvW vW ·GW . s92d

We substitutefs
s1d from Eq. s88d into Eq. s87d discarding the

factor¹W ns. Then we multiply it by1
3vW and integrate overvW to

obtain

zT
]

]T

1

3
E dvW vW ·GW svWd +

g2ssd
3

E dvW vW · Is f,GW d

=
2

3nm
E dvW

mv2

2
fsvd. s93d

The first term on the left-hand side equals −zT]D /]T, while
the right-hand side equalsT/m, according to Eq.s26d. The
structure of Eq.s87d suggests the Ansatz

GW svWd ~ vW fsvd = bvW fsvd, s94d

where the constantb is to be determined from the above
equation. With this Ansatz the second term on the left-hand
side of Eq.s93d may be written as

g2ssd
3

E dvW1 vW1Is f,GW d =
g2ssd

3

b

2
E dvW1 dvW2E deW Qs− vW12 ·eWduvW12 ·eWufsvW1dfsvW2d 3 svW1 − vW2d · svW18 − vW1d

= −
bT

6m
n2s2g2ssdvTE dcW1 dcW2E deW Qs− cW12 ·eWducW12 ·eWu f̃scW1d f̃scW2ds1 + «dscW12 ·eWd2

= −
bTn

m
tv,ad

−1 . s95d

To evaluate the last expression we use the main property of
the collision integral,4

E dvW1 csvW1dIsf, fd =
s2

2
E dvW1 dvW2E deW Qs− vW12 ·eWd

3uvW12 ·eWufsvW1,tdfsvW2,td

3DfcsvW1d + csvW2dg, s96d

the relation

vW28 − vW2 = − svW18 − vW1d =
1 + «

2
svW12 ·eWdeW , s97d

which follows from the collision law Eq.s1d and the sym-
metry of the expression with respect to the exchange of the
particle indices 1↔2. In Eq. s95d we also use the scaled

distribution functionsf̃scW1d and f̃scW2d and the definition of the
adiabatic relaxation timetv,ad, Eq. s71d. Taking finally into
account that

D = −
b

3
E dvW vW ·vW fsvd = −

bTn

m
, s98d

according to Eqs.s26d, s92d, ands94d, we recast Eq.s93d into
the form

− zT
]D

]T
+ Dtv,ad

−1 =
T

m
. s99d

Simple arguments show that the diffusion coefficient scales
as D~ÎT: According to Eqs.s34d and s71d the quantities
tv,ad andzT scale as
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tv,ad
−1 ~ vT ~ ÎT,

zT
]

]t
~ z ~ vT ~ ÎT. s100d

At the same time, the right-hand side of Eq.s99d scales as
~T, which implies thatD~ÎT. Therefore

T
]D

]T
=

D

2
s101d

and we obtain the solution of Eq.s99d,

Dstd =
T

m
Stv,ad

−1 std −
1

2
zstdD−1

, s102d

which coincides with Eq.s67d. Substitutingtv,ad andz given
by Eqs. s34d and s72d into Eq. s102d we obtain again the
diffusion coefficient, Eq.s73d. Hence the Chapman–Enskog
approach yields for the case«=const the same result for the
diffusion coefficient as the Green–Kubo approach.

VIII. DIFFUSION COEFFICIENT FOR
IMPACT-VELOCITY DEPENDENT COEFFICIENT OF
RESTITUTION

A. Dynamics of a granular gas with impact-velocity
dependent coefficient of restitution

In the preceding sections it was assumed that the coeffi-
cient of restitution, which determines the collision dynamics
in granular gases, is constant, i.e., independent of the impact
velocity. Now we consider collision models, where this de-
pendence is taken into account.

For both models addressed above, the stepwise model
due to Eq.s2d and the realistic dependence for viscoelastic
spheres, Eq.s3d, there exist a characteristic velocity, namely
g* for the former case andg−5 for the latter. The existence of
this additional characteristic velocity, which is not related to
the thermal velocity, leads to serious consequences for the
granular gas dynamics. Rescaling time according to Eq.s53d
does not lead to an effective steady state of the system. In-
deed, although the average kinetic energy of particles and
their collision frequency is kept constant under this transfor-
mation, the value of the characteristic velocitysg* or g−5d in
the new units increases with time. This follows from the fact
that in the homogeneous cooling state the collision frequency
steadily decreases in the laboratory time. Hence the time,
measured in the new units, slows downfsee Eq.s53dg and the
characteristic velocitysfixed in the laboratory timed, respec-
tively, grows. Therefore, a steady state may not be achieved
under this transformation, since the characteristic velocity,
which determines the collision dynamics, is not a constant in
the new time units.

Consequently, in contrast to the case«=const, it is not
possible to map the dynamics of a granular gas with impact-
velocity dependent coefficient of restitution onto a steady
state dynamics of a system whose time slows down. As the
result we cannot use Doob’s theorem29 and deduce the expo-
nential correlation function under the assumption of a Mar-
kovian collision process. This makes application of the
Green–Kubo approach much more complicated, unless the

adiabatic approximation is adopted.4 The adiabatic approxi-
mation assumes that the relaxation rate of temperature, pro-
portional tozstd, Eq. s34d, is negligibly small as compared to
the relaxation rate of the velocity distribution function,
tvstd−1. Under this approximation one can still assume expo-
nential form of the velocity correlation function, since on the
time scale of the velocity correlation, the system is almost in
a steady state.34

From the above Eqs.s35d, s44d, ands45d for z and Eqs.
s62d and s72d for tv follows for the case«=const:zstd,s1
−«2dtcstd−1 and tvstd−1,tcstd−1, which yields the condition
of the validity of the adiabatic approximation,

s1 − «2d ! 1. s103d

The same condition may be obtained for the case of impact-
velocity dependent coefficient of restitution. If this condition
is not justified it is preferable to use the Chapman–Enskog
approach to compute the diffusion coefficient.

B. Diffusion coefficient for the stepwise impact-
velocity dependent coefficient of restitution

Since the shape of the velocity distribution function does
not depend on time for this collision model26 the derivation
of the diffusion coefficient by means of the Chapman–
Enskog method is identical to the case«=const, presented in
the preceding section. It leads thus, to the same Eq.s99d for
the diffusion coefficient. The cooling coefficient is given by
Eqs.s35d and s47d for this model, whiletv,ad

−1 may be found

from the general relation, Eq.s71d. Using f̃scW1d=fsc1d and

f̃scW2d=fsc2d in Eq. s71d and Eq.s2d for the coefficient of
restitution, we again expresstv,ad

−1 as a kinetic integral. Its
solution yieldsssee Appendix Bd

tv,ad
−1 std = tc

−1stdF2

3
+

«* − 1

3
S1 +

mg*2

4T
DexpS−

mg*2

4T
DG ,

s104d

with tc
−1std given by Eq.s54d. To find the diffusion coeffi-

cient, the first-order nonhomogeneous differential equation
s99d must be solved, which may be always written in quadra-
tures. The resulting expression is rather complicated and not
of practical use. In both limitsT@mg*2 /4 andT!mg*2 /4
the diffusion coefficient scales in the same way as for«

=const, that is,D~ÎT. Therefore in these limits Eq.s102d
stays valid. We extrapolate this dependence for the full inter-
val of temperature, that is, we use the approximation

Dstd <
T

m
Stv,ad

−1 std −
1

2
zstdD−1

, s105d

with z and tv,ad given, respectively, by Eqs.s35d, s47d, and
s104d.

The interesting feature of this model is the relatively
sharp dependence of the diffusion coefficient on the granular
temperature. ForT<mg*2 /4 the diffusion coefficients varies
exponentially fast with temperature. If«* =0.6 it changes by
about 50% in a narrow interval of temperature, Fig. 1. Note
that the approximations105d agrees fairly well with the re-
sult obtained by the numerical solution of Eq.s99d, Fig. 1.
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C. Diffusion coefficient for gases of viscoelastic
particles

The application of the Chapman–Enskog method for
granular gases of viscoelastic particles is similar to the case
«=const. For gases of viscoelastic particles, however, some
complications arise which are related to the additional de-
pendence of the velocity distribution function on time. Here
the shape of the velocity distribution function is not invari-
ant, but depends on time via the time-dependent coefficients
of the Sonine polynomial expansion.4,46 If we keep only two
first nonvanishing terms of the Sonine polynomial expansion
for the distribution function, we need to account for the time
dependence of the second Sonine coefficienta2std. Then Eq.
s83d adopts the more general form

]s0dfs
s1d

]t
=

]s0dns

]t

] fs
s1d

]ns
+

]s0dT

]t

] fs
s1d

]T
+

]s0da2

]t

] fs
s1d

]a2

= − zT
] fs

s1d

]T
+ ȧ2

] fs
s1d

]a2
. s106d

If we again choosefs
s1dsvWd as given by Eq.s88d and perform

the same steps of analysis which lead from Eq.s80d to Eq.
s93d, we arrive at

zT
]

]T

1

3
E dvW vW ·GW svWd −

1

3
ȧ2E dvW vW ·

]GW

]a2

+
g2ssd

3
E dvW vW · Is f,GW d =

2

3nm
E dvW

mv2

2
fsvd.

s107d

We substituteGW svWd by means of Eq.s94d with

fsv,td = fMsvdf1 + a2stdS2sc2dg, s108d

where fMsvd=sn/vT
3dfscd is the unscaled Maxwell distribu-

tion.
All terms in Eq.s107d, except for the second term on the

left-hand side, have been already evaluated. The remaining
term reads

ȧ2

3
E dvW vW ·

dGW

da2
=

ȧ2

3
bE dvW vW ·vW fMS2sc2d

=
1

3
ȧ2b0nvT

2E dcW fscdc2S2sc2d = 0,

s109d

where we use

E dcW fscdc2S2sc2d = 0, s110d

which follows directly from the definition of the second So-
nine polynomial, Eq.s39d. Hence we arrive again at Eq.s99d
for the diffusion coefficient as for the case«=const.

− zT
]D

]T
+ Dtv,ad

−1 =
T

m
. s111d

Evaluating the kinetic integral, Eq.s71d, for viscoelastic par-
ticles yieldstv,ad

−1 ,4,41

tv,ad
−1 =

2

3
tc

−1stdS1 +
3

16
a2 −

v0

4Î2p
d8stdD , s112d

wheretc
−1std is given by Eq.s54d, while a2std and d8std by

Eqs.s49d ands50d. Hence we note, that bothtv,ad
−1 as well as

z with Eqs.s35d ands51d may be written as an expansion in
terms of the small parameterd8.

To solve Eq.s111d for the diffusion coefficient we write
Dstd as an expansion too,

Dstd = D0s1 + d8D̃1 + d82D̃2 + ¯d s113d

and substitute this expression into Eq.s111d together with
equivalent expansions forzstd and tv,ad

−1 std. The resulting
equation can be solved perturbatively for each order ofd8.
Here we give the final result of these straightforward
calculations,4,45

Dstd
D0

= F1 +
169

320

v0

Î2p
d8 + S 2 867 777

20 480 000

v0
2

p

−
3611

7040

v1

Î2p
Dd82 + ¯G , s114d

where D0 is the Enskog coefficient of self-diffusion at the
initial temperatureT0,

D0
−1 =

8

3
s2g2ssdnÎpm

T0
. s115d

IX. CONCLUSION

We studied diffusion of tracer particlessself-diffusiond in
a gas of dissipatively colliding particles. Two main theoreti-
cal approaches for the calculation of transport coefficients
have been considered, the Green–Kubo and Chapman–
Enskog approaches. The Green–Kubo approach is based on
the computation of the time integral of the time-correlation
functions of dynamical variables, while Chapman–Enskog
method is based on the Boltzmann equation. The dissipative
collisions of the particles are described by the coefficient of

FIG. 1. Reduced self-diffusion coefficientD /D0, whereD0 is the Enskog
self-diffusion coefficient given by Eq.s74d, as a function of temperature for
the stepwise impact-velocity dependent coefficient of restitution, Eq.s2d.
Full line, numerical solution of Eq.s99d; dashed line, approximation given
by Eq. s102d. The parameters arem=1,s=1,g* =1.
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restitution. We addressed three different models for this co-
efficient,sid the model of a constant coefficient of restitution,
sii d the model of a simplifiedsstepwised dependence of the
coefficient of restitution on the impact velocity, andsiii d the
realistic model for the coefficient of restitution which fol-
lows from the contact mechanics of viscoelastic particles.

For the casesid, «=const, the dynamics of the dissipative
system may be mapped onto the steady-state dynamics of
another gas. This allows for the application of the standard
methods of statistical physics, elaborated for molecular gases
in thermodynamic equilibrium. In particular the velocity
time-correlation function may be straightforwardly evaluated
and the diffusion coefficient is correspondingly found. The
obtained Green–Kubo diffusion coefficient coincides with
that derived using the Chapman–Enskog approach. In con-
trast, for the case of impact-velocity dependent coefficients
of restitution, modelssii d and siii d, there is no simple trans-
formation to map the dynamics of the system onto an effec-
tive steady-state dynamics. This turns the application of the
Green–Kubo method either restrictivese.g., by assuming an
adiabatic steady stated, or very complicated and inefficient.
Therefore, for gases of particles which interact by an impact-
velocity dependent coefficient of restitution, we use the
Chapman–Enskog approach to compute the diffusion coeffi-
cient.

Although the Green–Kubo approach is more general, in
principle, since it does not assume any form of the time
correlation function, while the Chapman–Enskog approach
exploits the assumption of molecular chaos, the Chapman–
Enskog method appears to be preferable for the application
to granular gases. While the latter one is applicable to any
collision model, the former one becomes either restrictive or
very complicated if the coefficient of restitution depends on
the impact velocity.

APPENDIX A: SECOND SONINE COEFFICIENT

To find the velocity distribution function in the homoge-
neous cooling state we writefsvd in the rescaled form, Eq.
s33d, and substitute it into the Boltzmann equations75d swith

the termvW ·¹W omitted and withfs substituted byfd. Then this
equation may be reduced to two equations, Eq.s34d for tem-
perature and another one for the scaled distribution function

f̃scW ,td,4,46

m2

3
S3 + c1

]

]c1
D f̃scW,td + B−1 ]

]t
f̃scW,td = Ĩs f̃, f̃d , sA1d

where

B = Bstd ; vTstdg2ssds2n sA2d

and Ĩs f̃ , f̃d is the dimensionless collision integral, that is, the
collision integral Eq.s75d written in terms of the scaled dis-
tribution functions and scaled velocities. The analysis shows
that on the time scale of the diffusion process—the hydrody-

namic time scale—the termB−1s] /]td f̃ in Eq. sA1d can be
omitted.45

The solution for the scaled distribution functionf̃ may
be found as an expansion around the Maxwell distribution in
terms of orthogonal Sonine polynomialsSpsxd,39,40,46

f̃scd = fscdS1 + o
p=1

`

apstdSpsc2dD , sA3d

where S0sxd=1,S1sxd=3/2−x, and S2sxd is given by Eq.
s41d.

Multiplying both sides of Eq.sA1d by c1
p, integrating

over cW1, and using the orthogonality relation for the Sonine
polynomials, we obtain an infinite set of equations for the
momentsmp,

40,42

3mp = m2pkcpl, p = 2,4,… . sA4d

Here kcpl;edcW cpf̃scd are the moments of the velocity dis-
tribution function,

mp = −E cpĨ dcW

= −
1

2
E dcW1 dcW2E deW Qs− cW12 ·eWducW12 ·eWu

3 f̃sc1d f̃sc2dDsc1
p + c2

pd, sA5d

and we use the main property of the collision integral, Eq.
s96d. Sincekcpl andmp are expressed in terms of the Sonine
coefficients, the set of equationssA4d may be used to deter-
mine these coefficients, i.e., to find the velocity distribution
function. Assuming a cutoff of the series Eq.sA3d, i.e., as-
suming that the Sonine coefficientsak with k.k0 are negli-
gible, the infinite set of equationssA4d turns into a closed
finite set of equations for the coefficientsak.

The first Sonine coefficienta1=0, according to the defi-
nition of temperature.40,42 Sincekc2l=3/2, thefirst equation
in Eq. sA4d for p=2 is an identity. Assume thata3,a4,…
may be neglected. Then usingkc4l=s15/4ds1+a2d which fol-
lows from the definition of the second Sonine polynomial,

Eq. s41d, and the approximation f̃sc,td=fscdf1
+a2stdS2sc2dg, we write Eq.sA4d for p=4,

5m2s1 + a2d − m4 = 0. sA6d

The coefficientsm2 andm4 are functions ofa2 and have the
form of kinetic integrals, Eq.s42d and may be straightfor-
wardly evaluated by the scheme introduced in Refs. 4 and
41. For the case«=const, the coefficientm2 is given by Eq.
s45d, while m4 reads4,40,42

m4 = 4Î2psT1 + a2T2d sA7d

with

T1 = 1
4s1 − «2ds 9

2 + «2d ,

T2 = 3
128s1 − «2ds69 + 10«2d + 1

2s1 + «d. sA8d

Substituting Eqs.s45d and sA7d into Eq. sA6d we obtain an
equation for the second Sonine coefficienta2. Its linear so-
lution is given by Eq.s44d, while the next-order solution is
presented in Refs. 4 and 42.
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The velocity distribution function for a gas of viscoelas-
tic particles may be found just in the same way. We evaluate
m2 and m4 which have the form of kinetic integrals, substi-
tute them into Eq.sA6d and solve the resulting equation for
the second Sonine coefficienta2. The final result is given in
Eq. s49d. Details of the derivation can be found in Refs. 4
and 46.

The derivation of the Sonine coefficients, outlined
above, is based on the hypothesis of molecular chaos which
is the main precondition of the Boltzmann equation. In the
coarse of the evolution of the granular gas, correlations be-
tween the particles which have been neglected in this ap-
proach, may become important. In particular, it was found in
MD simulations44 that accumulating correlations lead to de-
viations ofa2, from the theoretical predictions, e.g., Ref. 40.

APPENDIX B: KINETIC INTEGRALS FOR STEPWISE
IMPACT-VELOCITY DEPENDENT COEFFICIENT
OF RESTITUTION

The scheme elaborated in Refs. 4 and 41 for the compu-
tation of kinetic integrals may not be directly applied for the
evaluation of the cooling coefficientz and the relaxation time
tv,ad in case of the stepwise impact-velocity dependent coef-
ficient of restitution defined in Eq.s2d. Therefore, here we
outline their evaluation.

By means of molecular dynamics simulations it has been
shown that in a granular gas with coefficient of restitution
given by Eq.s2d, the second Sonine coefficient is negligible,
that is,a2<0, provided«* &1.26 Then with

s1 + «d = 2 + s«* − 1dQf− g*̃ − scW12 ·eWdg, sB1d

whereg*̃ ;g* /vT, we write the factor intv,ad
−1 std, which has

the form of the kinetic integral as

2E dcW1 dcW2E deW Qs− cW12 ·eWducW12 ·eWu f̃scW1d f̃scW2dscW12 ·eWd2

+ s«* − 1d E dcW1 dcW2E deW Qs− cW12 ·eWducW12 ·eWu f̃scW1d f̃scW2d

3scW12 ·eWd2Qf− g*̃ − scW12 ·eWdg. sB2d

Changing variables, scW1,cW2d→ sCW ,cW12d, where CW ;scW1

+cW2d /2 andcW12;cW1−cW2, we can write

f̃scW1d f̃scW2d = fsc12dfsCd sB3d

with

fsc12d = s2pd−d/2 expS−
1

2
c12

2 D ,

fsCd = S 2

p
Dd/2

exps− 2C2d. sB4d

Substituting Eq.sB3d with Eq. sB4d into Eq.sB2d and taking

into account thatefsCddCW =1, we obtain for the second term
in Eq. sB2d,

s«* − 1d4pE
g*̃

`

c12
2 fsc12ddc12E

0

u0

sinuc12
3 cos3 u duE

0

2p

dw,

sB5d

with u0;g*̃ /c12. In Eq. sB5d we take into account that the
integral vanishes if the normal-component of the impact ve-

locity ucW12·eWu= uc12 cosuu is smaller thang*̃ . Simple calcula-
tions then yield for the second term in Eq.sB2d,

Î2ps«* − 1dS1 +
mg*2

4T
DexpS−

mg*2

4T
D . sB6d

The first term of the kinetic integral in Eq.sB2d may be
obtained from the second term, takingg* =0 and omitting the
factor s«* −1d. Summing up these two terms and multiplying
the result bys1/6dvTg2ssds2n, according to the definition
Eq. s71d, we arrive at Eq.s104d for tv,ad

−1 std.
The cooling coefficientz may be evaluated in a similar

way. From the definition of the collision model, Eq.s2d, and
the general collision law, Eq.s1d, follows

Dsc1
2 + c2

2d = − s1 − «2dscW12 ·eWd2

= − s1 − «*2dscW12 ·eWd2Qf− g*̃ − scW12 ·eWdg. sB7d

Substituting the latter expression into Eq.s36d for m2, we
arrive at the same kinetic integral as fortv,ad

−1 std, which even-
tually leads to the final result, Eq.s47d.
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