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Chapter 1

Introduction

⋆

- holomorphic line bundles and sheaf theory from the point of view of differential
geometry...

- introduction to techniques of algebraic geometry of Riemann surfaces getting
more and more important in surface theory

- treatment of classical complex theory as a background for new quaternionic
theory (maybe the main motivation) ⋆

(“Globale Bemerkungen: Compact 2–dimensional = RS, Wann =, wann
∼=, Voraussetzungen immer in den Satz, oder globale “Kapitelvoraussetzun-
gen”?, Testleser? Sprachliche Feinheiten..,”)

7
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Chapter 2

Complex manifolds

⋆

nach der neuesten
Diskussionslage
soll das komplett
neu gestaltet wer-
den: insbesondere
konforme Klassen
einführen,
J ↔ [g] Existenz
isothermer
Koordinaten, etc.

The reader is assumed to be familiar with the basic notions on real and complex
manifold theory: We only review briefly the basic definitions without going into
details, for further references see for example [KN], [Wa], [FK], [We] and [Mi].

2.1 Almost complex structures and conformal

structures

Recall

Definition 2.1. Let V be a real vector space. J ∈ EndIR(V ) is called a complex
structure if J2 = −Id.

Clearly, each vector space which admits a complex structure is even dimen-
sional and can be interpreted as complex vector space by defining the multipli-
cation with a complex number z = a + ib via z · v := av + bJv, v ∈ V . This

way we identify IR2 together with the complex structure J =

(
0 −1
1 0

)
with the

complex vector space (C, i). Given two complex vector space (V, JV ) and (W,JW )
a map A ∈ HomIR(V,W ) is complex linear if AJV = JWA (antilinear if AJV =
−JWA). We denote the space of complex linear (antilinear) homomorphims with
Hom+(V,W ) (resp. Hom+(V,W )). Notice that there is a direct sum decomposi-
tion Hom(V,W ) = Hom+(V,W ) ⊕ Hom−(V,W ), where A ∈ Hom(V,W ) can be
uniquely written as A = A+ + A− where A± = 1

2
(A∓ JWAJV ) ∈ Hom±(V,W ).

Consider smooth maps f : U
open
⊂ C → V where (V, J) is a complex vector

space. We have df = ∂f
∂x
dx+ ∂f

∂y
where x, y : U → IR are the coordinate functions.

Introducing the complex coordinate z = x + iy : U → C this reads as df =
∂f
∂z
dz + ∂f

∂z̄
, where ∂f

∂z
:= fz := 1

2
(∂f
∂x
− J ∂f

∂y
) and ∂f

∂z
:= fz̄ := 1

2
(∂f
∂x

+ J ∂f
∂y

). On the

other hand we can decompose the real linear map dpf ∈ Hom(C, V ) in its complex
linear and its complex antilinear part. Using dz(J) = idz resp. dz̄(J) = −idz̄
one finds (df)+ = fzdz and (df)− = fz̄dz̄.

9
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Thus, f : U ⊂ C → V is holomorphic, i.e. dpf ∈ Hom(C, V ) is complex
linear, if and only if df = (df)+, i.e. fz̄ = 0.

In particular, if f : U ⊂ C → C, f(x, y) = u(x, y) + iv(x, y) ≡

(
u(x, y)
v(x, y)

)
,

then f is holomorphic if and only if

fz̄ = 0 ⇐⇒
∂f

∂x
+ J

∂f

∂y
= 0

⇐⇒

(
ux
vx

)
= −J

(
uy
vy

)
=

(
vy
−uy

)

⇐⇒ ux = vy, vx = −uy (these are the Cauchy–Riemann equations).

Definition 2.2. A 2m–dimensional (real) manifolds M which is equipped with
an almost complex structure J , i.e.:

J ∈ Γ(End(TM)) with J2 = −I.

is called an almost complex manifold. Furthermore, a map f : N → M between
almost complex manifolds (N, JN) and (M,JM) is called almost complex if df ◦
JN = JM ◦ df .

Example 2.3. 1. As simplest example we clearly have Cm with the almost
complex structure J which is given by the multiplication with i, i.e.

JpX := iX =





i 0 . . . 0

0
. . .

...
...

. . .

0 . . . i



X, X ∈ TpC
m ∼= Cm.

Now, an almost complex linear map f : U ⊂ Cm → Cm satisfies idf = dfi,
whence is a holomorphic map.

2. Let (M, g) be a 2–dimensional oriented Riemannian manifold. Let X ∈
TpM and define JX ∈ TpM by

g(X, JX) = 0, |X| = |JX|, X, JX are positive oriented if X 6= 0.

This defines an almost complex structure on M .

Notice that if we have a conformal change of metric then we obtain the
same complex structure.

Definition 2.4. A conformal structure on M is an equivalence class of confor-
mally equivalent Riemannian metrics, where

g
conf
∼ g̃ ⇐⇒ there exists u ∈ C∞(M) : g̃ = e2ug.
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Theorem 2.5.

1. Let (M,J) be an almost complex manifold. Then there exists a Riemannian
metric g on M , such that J is compatible with g, i.e. for all X ∈ TpM :

g(JX, JX) = g(X,X). (2.1)

Moreover, if (2.1) then

g(JX, JY ) = g(X, Y ), g(JX, Y ) = −g(X, JY )

and g(JX,X) = 0 for all X, Y ∈ TpM.

2. If dimM = 2, then all such metrics are conformally equivalent.

Proof.

1. Choose any Riemannian metric h on M (compare Lemma 3.20). Define g
by g(X, Y ) := h(X, Y ) + h(JX, JY ). Check the details!

2. Sei X ∈ TpM , X 6= 0. Then X, JX is a basis of TpM and g(X,X) =
ρg̃(X,X). Thus g(JX, JX) = ρg̃(JX, JX) and g = ρg̃.

Thus, we have a 1:1 correspondence:

{
almost complex structures on M2

}
↔

{
conformal structures

and orientation
on M2

}

2.2 Conformal maps

Definition 2.6. Let M andN be manifolds with conformal structures. A smooth
map f : M → N is called conformal if for all p ∈M and X, Y ∈ TpM \ {0}:

|dpf(X)|

|X|
=
|dpf(Y )|

|Y |

where |.| is defined by any metric of the conformal class.

Remark 2.7. 1. One can easily check that this is well–defined, that means
independent of the chosen metric in the conformal class.

2. A smooth map f : M → N is conformal if and only if for all X, Y ∈
TpM \ {0} with gM(X, Y ) = 0 and |X| = |Y |: |dpf(X)| = |dpf(Y )| and
gN(dpf(X), dpf(Y )) = 0.

In particular, for f : M
open
⊂ IR2 ∼= C→ C this reads as

|fx| = |fy|, 〈fx, fy〉 = 0.
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3. A smooth map f : M ⊂ C → C is conformal if and only if for all p ∈ M
either fz(p) = 0 or fz̄(p) = 0 since

4 fz fz̄ = (fx − Jfy)(fx − Jfy) = |fx|
2 − |fy|

2 − J(fxfy + fyfx)

= |fx|
2 − |fy|

2 − 2J Re (fxfy) = |fx|
2 − |fy|

2 − 2J〈fx, fy〉.

Definition 2.8. A map f : M ⊂ C→ C is called antiholomorphic, if fz = 0.

Lemma 2.9. Any conformal map f : M → IR2 on M ⊂ IR2 open and connected
is holomorphic or antiholomorphic.

Proof. First, recall that fzz̄ = fz̄z = 4∆f . Thus on each of the open sets

M+ = { p ∈ M | dpf 6= 0, fz̄(p) = 0 }

M− = { p ∈ M | dpf 6= 0, fz(p) = 0 }

M0 = { p ∈ M | dqf = 0, for all q in a neighborhood of p }

the map fzz̄ is zero. But f is smooth and M ⊂ M+ ∪M0 ∪M− which gives
fzz̄ ≡ 0. So fz is holomorphic (fz̄ is antiholomorphic) and we can choose a
holormophic function g with gz = fz (a antiholomorphic function h with hz̄ = fz̄).
Thus f = g + h (modulo constant). If M+ 6= ∅. then fz̄ = hz̄ = 0 on M+ but
then h is constant on M+ and since h is antiholomorphic also constant on M .
Hence f = g + const, i.e. f is holomorphic. Similarly, f is antiholomorphic if
M− 6= ∅.

Remark 2.10. We have shown that any conformal map is harmonic. Moreover,
any harmonic map can be written as sum of a holomorphic and an antiholomor-
phic function.

2.3 Complex manifolds

In general, an almost complex manifold can not be made into a complex manifold.
Recall,

Definition 2.11. A manifold M is a complex manifold if there exists an almost
complex structure J on M and an atlas with charts (U, ϕ), ϕ : U → IR2m = Cm

which are almost complex i.e. they satisfy

dϕ ◦ J = J0 ◦ dϕ.

where the almost complex structures on Cm are identified by some fixed J0.
If (M,J) is a complex manifold we call J the complex structure of M . A map

f : N →M between complex manifolds is called holomorphic if df(JM) = JNdf .
A (complex) one dimensional complex manifold is called a Riemann surface.
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Remark 2.12. One can check that a manifold is complex if and only if the tran-
sition maps ϕ ◦ ψ−1 are holomorphic on Cm (where ϕ, ψ are chart maps).

Example 2.13. We will describe only as an example for a complex manifold the
complex projective space CP 1, further and more advanced examples of Riemann
surfaces can be found for example in [FK].

Let M = CP 1, i.e. for v =

(
v1

v2

)
∈ C2\{0} we define the equivalence class

[v] =

[
v1

v2

]
∈ CP 1 by

v ∼ ṽ ⇐⇒ ∃λ ∈ C∗ = C\{0} : v = ṽλ.

Furthermore, we call

[
1
0

]
= “∞”,

[
0
1

]
= “0”. We have CP 1 = U0∪U∞ where

U0 := CP 1\{∞}, U∞ := CP 1\{0}

In any equivalence class [v] ∈ U0 there is a unique representant of the form

v =

(
v1

1

)
∈ C2 (and similarly for U∞). Thus we can define affine charts of CP 1

by

ϕ0 : U0 → C,

[
z
1

]
→ z, ϕ∞ : U∞ → C,

[
1
w

]
→ w

We have ϕ0(U0 ∩U∞) = ϕ∞(U0 ∩U∞) = C∗. Hence M is a complex manifold
since the transition map ϕ∞ ◦ ϕ

−1
0 : C∗ → C∗, z → 1

z
is biholomorphic.

Notice that on M = CP 1 there are no distinguished points. In particular, the
points 0 and∞ arise from our construction of CP 1 but are not canonically given
on CP 1.

Reversing the construction choose arbitrary points p and q in CP 1. Define
U1 = CP 1\{p}, U2 = CP 1\{q} and local coordinates z : U1 → C and w : U2 → C
centered at p resp. q i.e. z(p) = 0 and w(q) = 0. ⋆

anständig zu
Ende führen!As mentioned above there is a condition on the almost complex structure in

order to turn the almost complex manifold in a complex manifold. For manifolds
of arbitrary dimension it is given by the well known

Theorem 2.14 ([NN]). An almost complex manifold (M,J) is complex if and
only if the Nijenhuis tensor

N(X, Y ) := 2([JX, JY ]− [X, Y ]− J [X, JY ]− J [JX, Y ]) (2.2)

vanishes.
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Proof. A proof of this theorem can be found in Appendix 8 of part II of [KN]
in the case that the almost complex structure is real analytic. Kohn’s proof,
[Ko], in the C∞–case uses an analogue of the Hodge–Kodeira–decomposition
theorem.

In fact, we will see later in the case of a Riemann surface that the vanishing
of the Nijenhuis tensor is exactly the condition that a certain operator gives
a holomorphic structure on TM , cf. Examples 4.15. This way we will prove
latter using elliptic operator theory, cf. , that in the special case of a two–⋆

zitat anbringen dimensional manifold any almost complex structure is complex, without using
the Newlander–Nirenberg theorem.

Theorem 2.15. If dimIRM = 2 then

(M,J) is almost complex if and only if (M,J) is complex.

Proof. Using Theorem 2.14 the statement follows directly since

N(X, JX) = 2([JX, J2X]− [X, JX]− J [X, J2X]− J [JX, JX])

= 2(−[JX,X]− [X, JX]︸ ︷︷ ︸
=0

+J([X,X]− [JX, JX])) = 0.

Another way to prove the theorem above is to use Chern’s [Ch] elementary
proof of the existence of isothermic coordinates for 2–dimensional real manifolds.
But this is equivalent to the existence of a complex structure:

Theorem 2.16. Let M2 be an oriented manifold. Then the following statements
are equivalent

1. Any almost complex structure is complex.

2. Any Riemannian metric g on M is locally flat i.e. for all p ∈ M there
exists a neighborhood U and a map u : U → IR such that g̃ = e2ug is flat
on U .

3. For any Riemannian metric g and p ∈ M there exists a neighborhood U of
p and a conformal diffeomorphism ϕ : U → V ⊂ IR2.

4. For any Riemannian metric g and p ∈M there exists a neighborhood U of p,
an open set V ⊂ IR2 and a conformal diffeomorphism ϕ : V → U satisfying
|fx|

2 = |fy|
2, 〈fx, fy〉 = 0. ϕ is called an isothermic parametrization of M

in p.
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Proof. (1) =⇒ (3): The Riemannian metric g induces by (1) a complex structure
i.e. locally a biholomorphic map ϕ. But either ϕ or ϕ̄ is conformal.

(3) ⇐⇒ (4): If ϕ is a conformal diffeomorphism then ϕ−1 is also conformal.
(3) =⇒ (2): Use the by ϕ on U induced metric, which is conformally flat, and

observe that the induced complex structures coincide which implies the conformal
equivalence of the metrics.

(2) =⇒ (1): Use the locally given flat metric to define an isometry which
can be chosen (change ϕ to ϕ̄ if necessary) to be holomorphic.
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Chapter 3

Vector bundles

3.1 Vector bundles and transition functions

For a differentiable vector bundle (E,M, π) we will frequently use the short–hand
notation E →M . Recall:

Definition 3.1. 1. A complex vector bundle of rank r is given by E → M
where the fibers Ep = π−1(p) are r–dimensional C–vector spaces and the
trivialization maps are C–linear on the fibers.

2. We denote the trivial bundle by Cr := M × Cr.

3. If U ⊂M is an open set, then we define the set of sections on U by

Γ(EU) := {s : U → E, s smooth, π ◦ s = idU}.

In particular, we use the short–hand notation Γ(E) = Γ(EM) for the set of
global sections of E.

4. A line bundle is a rank–1–bundle.

Remark 3.2. Clearly, the definition of vector bundles, and the following state-
ments can also be given more generally, for example for an arbitrary field IK or
for vector bundles over the quaternions.

Sometimes it is more convenient to define a vector bundle by prescribing its
transition functions. We give an outline of this construction.

Recall that a vector bundle morphism from the vector bundles (E1, π1) to
(E2, π2) over M is a smooth map ϕ : E1 → E2 which takes the fiber over p to the
fiber over p and restricts on each fiber to a linear map ϕp : (E1)p → (E2)p.

Definition 3.3. Let {Ui}i∈I be a trivializing open cover of a complex vector
bundle E → M , i.e. there are bundle isomorphisms Φi : EUi

→ Ui × Cr. The
transition functions gij : Ui ∩ Uj → GLr(C) are defined by

gij(p)(v) := pr2(Φi,p ◦ Φ−1
j,p(p, v)), p ∈ Ui ∩ Uj , v ∈ Cr,

17
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where pr2 denotes the projection of Ui × Cr onto the second factor Cr. We will
most of the timee identify gij = ΦiΦ

−1
j .

Corollary 3.4. The transition functions of a complex vector bundle satisfy the
cocycle condition

gij · gjk = gik on Ui ∩ Uj ∩ Uk. (3.1)

In particular,

gii = id, gji = g−1
ij .

More generally, we give the

Definition 3.5. Let {Ui} be an open cover of M and

gij : Ui ∩ Uj → GLr(C) smooth functions.

If {gij} satisfy the cocycle condition (3.1) then we call {gij} a 1–cocycle.

Remark 3.6. We will later see the link to Čech cohomology theory, cf. Chapter
B, Example B.7.

We may ask if a bundle is given uniquely by its transition functions.
Let Φ̃ be another trivialization with respect to the same open cover of M , i.e.

Φ̃i : EUi
→ Ui×Cr. Φ and Φ̃ induce a 0–cocycle {bi}, i.e maps bi : Ui → GLr(C),

by

bi(p) := Φ̃i,p ◦ Φ−1
i,p

Then the transition functions transform with

g̃ij = bigijb
−1
j . (3.2)

This motivates to define the following equivalence relation: Two 1–cocycles
{gij} and {g̃ij} are equivalent if there exists a 0–cocycle {bi}, bi : Ui → GLr(C)
with (3.2).

Theorem 3.7 (Uniqueness). Let E, Ẽ →M be complex vector bundles, and {Ui}
an open trivializing cover of E and Ẽ. Then

E ∼= Ẽ ⇐⇒ {gij} ∼ {g̃ij}.

Proof. The correspondence between the isomorphism ϕ : E → Ẽ and the required
0–cocycle {bi} is given by

bi(p) = Φ̃i,p ◦ ϕp ◦ Φ−1
i,p ,

where Φ, Φ̃ are the trivialization maps with respect to the cover {Ui}.
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Theorem 3.8 (Existence). Let M be a manifold, {Ui} an open cover and {gij}
a 1–cocycle with values in GLr(C). Then there exists a complex vector bundle of
rank r with local trivialization maps such that the transition functions are exactly
the gij’s.

Proof. Define E :=
(⋃

i∈I {i} × (Ui × Cr)
)
/ ∼, where the equivalence relation is

given by
(i, p, ξ) ∼ (j, q, η) ⇐⇒ p = q ∈ Ui ∩ Uj , ξ = gij(p)η.

Define the projection map π : E → M by π([i, p, ξ]) := p and a bijection ψi :
π−1(Ui) → Ui × IRm, ψi([i, p, ξ]) := (p, ξ). There is a unique manifold structure
on E which makes each ψi into a diffeomorphism. This turns π into a smooth
submersion.

Remark 3.9. We introduce some useful notations:

1. Given an open cover {Ui} of M a section s ∈ Γ(E) is in local coordinates
given by

sUi
= pr2 ◦Φi ◦ s|Ui

: Ui → Cr.

The behavior under change of coordinates is

sUj
(p) = gji(p)sUi

(p) for p ∈ Ui ∩ Uj ,

where the gij’s are again the transition functions.

This can be used to define global sections: Assume L to be a line bundle
and {si} fixed local sections which trivialize the line bundle over Ui. We
write a global section s on M by

s = {(Ui, fi)} where fi : Ui → C and fi = pr2 ◦Φi ◦ si

(sometimes even dropping the explicit specification of the trivialization in
mind). Since s should be a global section observe that the fi have to satisfy
the compatibility condition

fj = gjifi.

Conversely, given {(Ui, fi)} where fi : Ui → C we like to define a line bundle
via the transition functions {gij}, where fj = gjifi. Clearly this is possible
if the {gij}’s satisfy the cocycle condition.

2. Let E be a complex vector bundle over M . Given a local frame s =
(s1, . . . , sr), i.e. s1, . . . , sr : U → E linearly independent sections in Γ(EU),
then an isomorphism Φ : EU → U ×Cr is given by

Φ−1(p, ξ) =

r∑

i=1

si(p)ξi =: s(p)ξ, p ∈ U, ξ ∈ Cr.
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3.2 Connections on vector bundles

LetM be a complex manifold of dimension m and let E → M be a complex vector
bundle of rank r. We denote by C∞(M) the set of smooth maps f : M → C and
by Ωk(E) the set of smooth k–forms with values in E.

Definition 3.10. 1. A linear map ∇ : Γ(E) → Ω1(E) is a connection if it
satisfies the Leibniz rule

∇(ψf) = (∇ψ)f + ψdf, f ∈ C∞(M), ψ ∈ Γ(E).

2. A connection which satisfies

∇J = 0

is called a complex connection (where (∇J)ψ = ∇(Jψ) − J(∇ψ) for ψ ∈
Γ(E)).

The absolute exterior differential d∇ : Ωk(E) −→ Ωk+1(E) with respect to ∇
is defined by

(d∇ω)(X0, . . . , Xk) :=
∑

i

(−1)i∇Xi
(ω(X0, . . . , X̂i, . . . , Xk))+

+
∑

i<j

(−1)i+jω([Xi, Xj], X0, . . . , X̂i, . . . , X̂j, . . . , Xk). (3.3)

For ψ ∈ Ω0(E) = Γ(E) we have d∇Xψ = ∇Xψ, and for ω ∈ Ω1(E) = Γ(T ∗M ⊗E)
the usual formula,

d∇ω(X, Y ) = ∇X(ω(Y ))−∇Y (ω(X))− ω([X, Y ]) (3.4)

holds. The curvature tensor R∇ ∈ Ω2(End(E)) is defined by R∇ := d∇ ◦d∇ |Γ(E).
Thus

R∇(X, Y )ψ = ∇X∇Y ψ −∇Y∇Xψ −∇[X,Y ]ψ.

⋆

brauchen wir ir-
gendwo Bianchi?

Examples 3.11. The usual constructions to create new vector spaces apply
also on vector bundles: Let E and Ẽ be complex vector bundles over M , {Ui}
an open cover, {gij} resp. {g̃ij} the transition functions, JE resp. JẼ almost
complex structures and ∇E resp. ∇Ẽ connections of E resp. Ẽ. Then

1. E⊕Ẽ has transition functions

(
gij 0
0 g̃ij

)
, almost complex structure JE⊕Ẽ =

JE ⊕ JẼ and connection ∇E⊕Ẽ = ∇E ⊕∇Ẽ .
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2. E ⊗ Ẽ has transition functions gij ⊗ g̃ij and almost complex structure
JE⊗Ẽ(ψ ⊗ ϕ) = (JEψ) ⊗ ϕ = ψ ⊗ (JẼϕ) (the latter identity is given by
the usual construction of the tensor product over C). Requiring a product
rule, the connection ∇E⊗Ẽ on E ⊗ Ẽ is canonically given by

∇E⊗Ẽψ ⊗ ϕ = (∇Eψ)⊗ ϕ+ ψ ⊗ (∇Ẽϕ), ψ ⊗ ϕ ∈ Γ(E ⊗ Ẽ).

3. Denote the non–degenerate pairing between the dual bundle E∗ and E by
<,>, i.e.

< α, ψ >:= α(ψ), α ∈ E∗, ψ ∈ E.

The dual bundle E∗ has transition functions (g∗ij)
−1 and almost complex

structure JE∗ = J∗
E where the dual map is defined by the pairing <,>. The

canonically induced connection ∇E∗ on E∗ is given by

(∇E∗α)(ψ) = d(αψ)− α∇Eψ

or, using the pairing,

d < α, ψ >=< ∇E∗α, ψ > + < α,∇Eψ >

for any α ∈ Γ(E∗), ψ ∈ Γ(E).

Notice, that for a line bundle L the bundle L∗⊗L is isomorphic to C. The
identification is given by

L∗ ⊗ L ∼= Hom(L,L) = End(L), α⊗ ψ 7→ (ϕ 7→< α, ψ > ϕ)

and
End(L) ∼= C, Id 7→ 1.

In particular, the constructions in (2) and (3) coincide for line bundles. ⋆

stimmt das jetzt
endlich?!4. Using (2) and (3) Hom(E, Ẽ) = E∗⊗ Ẽ is a complex vector bundle with al-

most complex structure (JHom(E,Ẽ)T )ψ = T (JEψ) = JẼTψ and connection

(∇Hom(E,Ẽ)T )ψ = ∇Ẽ(Tψ)−T (∇Eψ) where T ∈ Γ(Hom(E, Ẽ)), ψ ∈ Γ(E).

5. Λk(E) has transition functions ∧kgij. Its complex structure is obtained by
JΛk(E)(ψ1∧ . . .∧ψk) = (JEψ1)∧ψ2∧ . . .∧ψk where ψi ∈ E. The connection
∇Λk(E) on Λk(E) is again given by the product rule ∇Λk(E)(ψ1 ∧ . . .∧ψk) =∑

i∇Λk(E)(ψ1 ∧ . . . ∧ (∇Eψi) ∧ . . . ∧ ψk) for ψi ∈ Γ(E).

In particular, if E is a rank r vector bundle then Λr(E) has the transi-
tion function det gij. Notice, that Λr(E) is a line bundle, it is called the
determinant bundle of E.

If E = TM∗ then we obtain the vector bundle of differentiable k–forms:
Λk(TM∗). The set of sections in this bundle is Ωk(M) = Γ(Λk(TM∗)).
Moreover, Ωk(E) = Γ(Λk(TM∗)⊗E).
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3.3 Example: the tautological bundle over CP n

Now, we define a complex line bundle over M by giving the transition functions

g∞0 : U0 ∩ U∞ → GL1(C) = C∗, g∞0(

[
z
1

]
) = z,

g0∞ : U0 ∩ U∞ → C∗, g0∞(

[
1
w

]
) = w.

They satisfy the cocycle condition since

(g0∞g∞0)(

[
z
1

]
) = g0∞(

[
z
1

]
)g∞0(

[
z
1

]
)

= g0∞(

[
1
z−1

]
)g∞0(

[
z
1

]
) = z−1z = 1

and give hence a complex line bundle, the so–called tautological bundle.
On the other hand we can also give a line bundle over M by

Σ[v] := ([v],C · v) ⊂ CP 1 × C2, v ∈ C2\{0}.

This gives also the tautological bundle (and so explains the name): Consider
the local sections

s0 : U0 → ΣU0 , s0(

[
z
1

]
) = (

[
z
1

]
,

(
z
1

)
) (3.5)

s∞ : U∞ → ΣU∞, s∞(

[
1
w

]
) = (

[
1
w

]
,

(
1
w

)
) (3.6)

which define, as we have seen before, isomorphism Φ0 : ΣU0 → U0 × C and Φ∞ :
ΣU∞ → U∞ ×C. Hence Σ is a complex line bundle. But, the transition function
g∞0 = Φ∞Φ−1

0 : U0 ∩ U∞ → GL1(C) = C∗ is given by (without identifications)

g∞0(

[
z
1

]
)a = pr2(Φ∞Φ−1

0 (

[
z
1

]
, a)) = pr2(Φ∞(

[
z
1

]
,

(
za
a

)
))

= pr2(Φ∞(

[
1
z−1

]
,

(
1
z−1

)
za)) = pr2((

[
1
z−1

]
, za))

= za, a ∈ C

i.e.

g∞0(

[
z
1

]
) = z,

which is the transition function of the tautological bundle.⋆

geht holomorph!
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Remark 3.12. As we will see later, compare Remark 5.19, any line bundle over
CP 1 is isomorphic to a line bundle whose transition functions are given by

g∞0 : U0 ∩ U∞ → GL1(C), g∞0(

[
z
1

]
) =

1

zk
, k ∈ Z.

In fact, we will see that all of these line bundles are holomorphic line bundles.

As an application of the tautological bundle we can identify tangent vectors
of CP 1 with certain homomorphisms:

Lemma 3.13. The map

ˆ : TpCP
1 → HomC(Σp,C

2/Σp), v 7→ v̂,

is a well–defined IR–linear isomorphism, where v̂ is defined by

v̂(ψ) := πpdpψ̃(v), for ψ ∈ Σp.

Here ψ̃ is any local extension of ψ to a local section of Σ, and πp the projection
of C2 onto C2/Σp.

Proof. 1. Let ψ̃ ∈ Γ(Σ
∣∣
U
) be a local section with ψ̃(p) = 0 and ϕ ∈ Σ

∣∣
U

a local

frame, i.e. ϕ(q) 6= 0 for all q ∈ U . Let α ∈ Γ(Σ∗
∣∣
U
) such that < α, ϕ >= 1.

Then ψ̃ = ϕλ where λ :=< α, ψ̃ >∈ C∞(U,C), λ(p) = 0. Now compute

πp(dpψ̃(v)) = πpdp(ϕλ)(v) = πp(dpϕ(v)λ(p)︸︷︷︸
=0

+ϕ(p)dpλ(v))

= (πp(ϕ(p))︸ ︷︷ ︸
=0

dpλ(v) = 0. (3.7)

In particular, this shows that v̂(ψ) is defined independently of the local
extension of ψ: let ψ̃1, ψ̃2 be two such extensions then πp(dpψ̃1(v)) =
πp(dpψ̃2(v)) if and only if πp(dp(ψ̃1 − ψ̃2)(v)) = 0. But by assumption
ψ̃ := ψ̃1 − ψ̃2 has a zero at p, which gives the claim with (3.7). Further-
more, v̂ is clearly a C linear map from Σp to C2/Σp, i.e. ˆ is a well–defined
map from TpCP

1 to HomC(Σp,C
2/Σp).

2. The map ˆ is IR–linear, and also injective: Let p ∈ CP 1 and let z : U → C

be an affine chart, i.e. z−1(w) =

[
w
1

]
. We choose the affine chart so that z

is centered at p, i.e. p ∈ U and z−1(0) = p.
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Assume that v ∈ TpCP
1 with v̂ = 0. Let ξ = dpz(v) ∈ C and ψ ∈ Γ(Σ

∣∣
U
)

be the section ψ(

[
w
1

]
) =

(
w
1

)
. Then

0 = v̂(ψp) = πpdpψ(v) = πpd0(ψ ◦ z
−1)(ξ) = πp

(
d0 idC(ξ)

0

)
= πp

(
ξ
0

)
.

This implies ξ = 0 since ker πp = C

(
0
1

)
, hence v = 0. By a dimension

argument we are done.

Corollary 3.14. The map ˆ : TCP 1 → HomC(Σ,C2/Σ), v 7→ v̂ is a smooth
IR–linear bundle isomorphism.

Proof. We already know that the above map is a IR–linear isomorphism fiberwise.
Let U be a trivializing open set in CP 1 for TCP 1 as well as for Σ and C2/Σ, i.e.
all the bundles can be trivialized over U . Let X1, X2 be a frame for TCP 1

∣∣
U
, ψ

and ψ̃ frames of Σ
∣∣
U

resp. C2/Σ
∣∣
U
. Then

X̂i(p)(ψ(p)) = ψ̃(p)ηi(p) for some map ηi : U → C.

Let α ∈ Γ((C2/Σ)∗
∣∣
U
) with < α, ψ̃ >= 1 then

ηi(p) =< αp, ψ̃(p)ηi(p) >=< αp, X̂i(p)(ψ(p)) >=< αp, πpdpψ(Xi(p)) > .

Thus ηi : U → C is smooth since all maps on the right hand side depend smoothly
on p.

We only explained in detail CP 1 and how to construct the tautological bundle
Σ over CP 1 but it is clear that the same construction can be done for arbitrary
dimension n, i.e. we have Σ→ CP n given by Σ[p] = ([p], spanC p) ⊂ {[p]}×Cn+1

where p ∈ Cn+1 and [p] ∈ CP n is its equivalence class. By similar arguments as
before, the tangential space of CP n is given by HomC(Σ,Cn+1/Σ).

Now, if one is interested in smooth maps f from a Riemann surface M to
CP n, then there is a canonical associated line bundle given by L := f ∗Σ ⊂ Cn+1,
i.e. Lp = (p,Σf(p)) ⊂ {p} × Cn+1. Conversely, any line bundle L ⊂ Cn+1 over a
Riemann surface M determines a smooth map f : M → CP n by p 7→ f(p) :=
pr2 Lp. We sum up:

Proposition 3.15. Let M be a Riemann surface. There is a one–to–one corre-
spondence between

maps f : M → CP n and line bundles L ⊂ Cn+1.
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Remark 3.16. Again this generalizes to: a map from a Riemann surface into a
Grassmannian corresponds to a vector subbundle in a trivial bundle.

Definition 3.17. Let L ⊂ Cn+1 be a line subbundle over M . We define the
derivative δ of L in Cn+1

δp(v)(ψp) := πp(dpψ(v)), p ∈M, v ∈ TpM, ψ ∈ Γ(L),

where πp : Cn+1 → Cn+1/Lp.

As for the map v 7→ v̂ one can show that δ ∈ Γ(HomIR(TM,HomC(L,Cn+1/L))).
In this sense, δ measures the movement of the bundle L in Cn+1. One easily ver-
ifies

Lemma 3.18. Let f : M → CP n and let L = f ∗Σ. Then

1. f ∗TCP n ∼= f ∗HomC(Σ,CP n × Cn+1/Σ) = HomC(L,Cn+1/L)

(where Cn+1 is the trivial bundle over M !)

2. df ∈ Γ(HomIR(TM, f ∗(TCP n))) = Γ(HomIR(TM,HomC(L,Cn+1/L)))

3. Under the map ̂ the differential df corresponds to δ, i.e.

d̂pf(v) = δp(v).

Proof. (1) and (2) are clear. Let ψ ∈ Γ(L) then ψ = ϕ ◦ f for some ϕ ∈ Σ and

d̂pf(v)ψ(p) = d̂pf(v)ϕ(f(p)) = πf(p)df(p)ϕ(dpf(v))

= πf(p)dp(ϕ ◦ f)(v) = δp(v)(ψ)(p).

3.4 Further tools: Partition of unity and transver-

sality

For further statements on vector bundles we do need results on the existence of
global non–vanishing sections and on the zeros of “generic” sections. An impor-
tant ingredient to prove the existence of non–trivial sections in a vector bundle
and similar problems as the existence of connections, hermitian metrics, is the
following standard tool of topology:

Lemma and Definition 3.19. Let M be manifold and {Ui}i∈I an open cover of
M . Then there exists a partition of unity subordinated to this cover i.e. maps
gi : M → IR, gi ≥ 0, such that
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1. supp gi = {p ∈M | gi(p) 6= 0} ⊂ Ui,

2. for all p ∈M there exists a neighborhood Wp ⊂M so that

#{i ∈ I | supp gi ∩Wp 6= ∅} <∞

and

3.
∑

i∈I gi(p) = 1 for all p ∈M .

Note that this implies
⋃
i∈I supp gi = M .

It is clear that this tool enables us to glue local data, which is obtained by
the local trivialization of the vector bundle, together to global ones:

Lemma 3.20. 1. On every complex vector bundle E →M there exists a non–
trivial section ψ ∈ Γ(E).

2. On every complex vector bundle E → M there exists a (complex) connec-
tion.

3. On every complex vector bundle E → M there exists an almost complex
structure.

4. On every complex vector bundle E → M there exists a hermitian metric,
i.e. a smooth bilinear bundle map <,>: E×E → C which satisfies on each
fiber

(a) < ψλ, ϕµ >p= λ̄ < ψ, ϕ >p µ, for all p ∈ M, ψ, ϕ ∈ Ep and λ, µ ∈
C.

(b) < ψ, ϕ >p= < ϕ, ψ >p, for all p ∈M, ψ, ϕ ∈ Ep.

(c) < ψ, ψ >p≥ 0 and < ψ, ψ >p= 0 ⇐⇒ ψ = 0, for all p ∈ M, ψ ∈
Ep.

Strategy of proof. Use a trivialization of E to pull back the desired objects from
U × Cr to E

∣∣
U
. The so obtained local objects can be glued together with a

subordinated partition of unity. The details of the proof are left as excercise.

Moreover, if we prescribe local data of the vector bundle, in order to have
global data, we need certain compatibility conditions. Clearly, given local sections
on the open sets of an open cover there exists a global section extending those if
the given sections coincide on the overlaps (use the partition of unity). Now, we
ask if we can give local sections on the overlaps:
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Lemma 3.21. Let {Ui}i∈I be an open cover of M and E →M a complex vector
bundle over M . Assume that there are given local section ψij : Ui ∩ Uj → E. If
the ψij’s satisfy the cocycle condition

ψij + ψjk + ψki = 0 on Ui ∩ Uj ∩ Uk (3.8)

then there exist sections ϕi ∈ Γ(Ui, E) such that

ψij = ϕi − ϕj on Ui ∩ Uj.

Remark 3.22. In our spirit of avoiding sheaf theory we have to formulate and prove
statements directly which experts of sheaf cohomology clearly identify as special
cases of their theory. For example this lemma is a special case of the statement
that every fine sheaf has vanishing first cohomology, compare Appendix B.22.

Proof. Again, details are left as excercise: define ϕi by glueing ψik together with a
subordinated partition of unity, i.e. ϕi =

∑
gkψik, and use the cocycle condition.

Furthermore, we are interested in the zeros of sections in a vector bundle.
Differential topology provides us with results on the zeros of “generic” sections.
For details on transversality compare for example [GP] and [Hi].

Definition 3.23. Let f : M → Ñ differentiable and N ⊂ Ñ a submanifold.
Then

1. f intersects N transversally if

dpf(TpM) + Tf(p)N = Tf(p)Ñ for all p ∈ f−1(N).

2. If one considers the inclusion map incl : M → Ñ , one obtains as special
case:

Two submanifolds M,N ⊂ Ñ are transverse if

TpM + TpN = TpÑ for all p ∈M ∩N.

3. Again this specializes to: Two sections ψ, ψ̃ ∈ Γ(E) in a vector bundle
E →M are transverse, if for all z = ψ(p) = ψ̃(p), p ∈M :

dpψ(TpM) + dpψ̃(TpM) = TzE.

(In particular: if two sections don’t intersect at all then they are transverse!)

Theorem 3.24 (Special case of the transversality theorem). Given a section
ψ ∈ Γ(E), where E is a vector bundle over M , then any section ϕ ∈ Γ(E) can be
disturbed such that ψ and ϕ are transverse.
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Corollary 3.25. Let M be a 2–dimensional compact manifold, L→M a complex
line bundle. If ψ ∈ Γ(L) intersects the zero–section 0 ∈ Γ(L) transversally then
the zero–set ψ−1(0) = {p ∈M | ψ(p) = 0} is finite.

Proof. It suffices to show that the zero–set is discrete then it is finite by com-
pactness of M .

Let p0 ∈M with ψ(p0) = 0 and Φ : E
∣∣
U
→ U×C a local trivialization around

p0. This defines a map f : M → C with f(p0) = 0 by Φ ◦ ψ(p) =: (p, f(p)). By
transversality

dp0ψ(Tp0M) + dp00(Tp0M) = T0p0
L.

Thus the map df is surjective hence f is a local diffeomorphism around p0. In
particular, f(q) 6= 0 in a neighborhood of p0 since f(p0) = 0.

Corollary 3.26. If E → M is a vector bundle over a 2–dimensional manifold
M of r = rankE ≥ 2 then there exists a nowhere vanishing section.

Proof. By the transversality theorem we can assume that there exists a section
ψ ∈ Γ(E) which is transverse to the zero–section 0 ∈ Γ(E). Since dim dψp(TpM) =
dim d0p(TpM) = 2 and dimTpE = 2 + 2r > 4 it is impossible that 0 and ψ inter-
sect.

Corollary 3.27. If E →M is a complex vector bundle of rankE ≥ 2 then there
exists a line bundle L such that

E ∼=C∞ Cr−1 ⊕ L.

Proof. Let ψ be a nowhere vanishing section of E. Define a line bundle L̃ :=
spanψ which is isomorphic to C. Choose a hermitian form on E and define Ẽ
as the orthogonal complement of L̃ with respect to this hermitian form. Thus
E = L̃ ⊕ Ẽ ∼= C ⊕ Ẽ where Ẽ is a complex vector bundle of rank = r − 1. This
can be done inductively as long as rank Ẽ ≥ 2. Splitting the last factor we obtain
a line bundle L.

Corollary 3.28. Let M be a 2–dimensional compact manifold and E → M a
complex vector bundle over M of rankE = r. If E = Cr−1 ⊕ L then L ∼= ΛrE.

Proof. Let ψ1, . . . , ψr−1 globally linearly independent sections framing Cr−1. De-
fine L → ΛrE by v ∈ Lp 7→ ψ1(p) ∧ . . . ∧ ψr−1(p) ∧ v ∈ (ΛrE)p. This defines a
bundle isomorphism.



Chapter 4

Holomorphic vector bundles and
holomorphic structures

We will consider holomorphic vector bundles, in particular we are interested in
line bundles over Riemann surfaces. Hereby, we prefer to understand a holo-
morphic vector bundle as a vector bundle equipped with a certain operator, the
∂̄–operator. In this chapter we explain how to construct this operator from holo-
morphic charts and vice versa.

4.1 Holomorphic vector bundles

We want to consider vector bundles which carry the structure of a complex man-
ifold. We define

Definition 4.1. 1. A holomorphic vector bundle is a triple (E,M, π) with

(a) E,M are complex manifolds.

(b) π : E → M is a submersion such that the fiber Ep = π−1(p) is a
C–vector space.

(c) For all p0 ∈ M there exist an open neighborhood U ⊂ M and a local
trivialization map, i.e. a holomorphic diffeomorphism

Φ : E|U −→ U ×Cr

π

ց
pr1

ւ

U

such that Φp : Ep → {p} × Cr is C–linear.

2. If U ⊂M is an open set, then we define the set of holomorphic sections on
U by

H0(EU) := {s : U → E, s holomorphic, π ◦ s = idU}.

29
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Again we use the short–hand notation H0(E) = H0(EM) for the global
holomorphic sections of E.

We construct vector bundles out of transition functions. We need a condition
on the transition functions to see when this bundle is holomorphic:

Theorem 4.2. Let E → M be a C–vector bundle over a complex manifold M
and {Ui} an open cover. Then:

E →M is a holomorphic vector bundle if and only if the transition functions
gij : Ui ∩ Uj → GLr(C) are holomorphic.

Remark 4.3. 1. Assume L to be a holomorphic line bundle and {si} fixed local
holomorphic sections which trivialize the line bundle over Ui. Recall that
if s is a global section on M we have, Remark 3.9, s = {(Ui, fi)} where fi :
Ui → C and fi = pr2 ◦Φi ◦ si.

Thus s is holomorphic if and only if the fi’s are holomorphic.

Conversely, given {(Ui, fi)} where fi : Ui → C are holomorphic we obtain
a line bundle via {gij}, where fj = gjifi, if the {gij}’s satisfy the cocycle
condition.

2. Let E be a holomorphic vector bundle over M . Given a local frame s =
(s1, . . . , sr) then an isomorphism Φ : EU → U ×Cr is given by

Φ−1(p, ξ) =
r∑

i=1

si(p)ξi =: s(p)ξ, p ∈ U, ξ ∈ Cr.

The frame s is holomorphic if and only Φ is holomorphic.

Example 4.4 (The complex projective line). Clearly, the tautological bundle Σ
is a holomorphic line bundle over CP 1: its transition functions are given by, cf.
3.3,

g∞0 : U0 ∩ U∞ → GL1(C) = C∗, g∞0(

[
z
1

]
) = z,

g0∞ : U0 ∩ U∞ → C∗, g0∞(

[
1
w

]
) = w.

which are holomorphic maps. Similarly, the tautological bundle over CP n is a
holomorphic bundle.
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4.2 The canonical bundle

Let M be a n–dimensional complex manifold with complex structure J and π :
E →M be a complex vector bundle over M . We define for a 1–form ω ∈ Ω1(E):

∗ ω(X) := ω(JX). (4.1)

Definition 4.5. The bundles Λ(p,q)(M) are defined by:

1. For (p, q) = (1, 0) resp. (p, q) = (0, 1) the fibers of Λ(p,q)(M) are given by

Λ
(1,0)
p̃ (M) = {ω : Tp̃M → C IR–linear, ∗ω = iω} (4.2)

Λ
(0,1)
p̃ (M) = {η : Tp̃M → C IR–linear, ∗η = −iη},

where p̃ ∈M . We call

ω ∈ Γ(Λ(1,0)(M)) =: Ω(1,0)(M) a (1, 0)–form

η ∈ Γ(Λ(0,1)(M)) =: Ω(0,1)(M) a (0, 1)–form.

2. The (p, q)–forms are defined by:

ω ∈ Ω(p,q)(M) if and only if locally ω =
∑

j

αj ∧ βj

where αj ∈ Λp(Ω(1,0)(M)), βj ∈ Λq(Ω(0,1)(M)).

3. The canonical bundle resp. anti–canonical bundle are given by

K := Λ(n,0)(M) resp. K̄ := Λ(0,n)(M).

For the rest of this chapter we assume M to be a Riemann surface
with complex structure J.

Remark 4.6. We restrict our considerations to Riemann surfaces only for conve-
nience; notice, that most of the statements can be made similarly for complex
manifolds with arbitrary dimension — in particular, a ∂̄–operator can be defined,
also.
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The ∗–operator defined by (4.1) over a Riemann surface is then the negative of
the usual Hodge star operator (which we will denote by ⋆), compare Definition
6.8.

Remark that now

Kp = {ω : TpM → C linear, ∗ω = iω}, K̄p = {η : TpM → C linear, ∗η = −iη}.

In particular, any (1, 0)–form can be written locally as ω = fdz (resp. a (0, 1)–
form as η = fdz̄) for some C∞ function f which implies that Λ(2,0) = Λ(0,2) = {0}
(compare “Type argument”, cf. Corollary 4.7).

Now, we define the complex bundles KE and K̄E by the fibers

KEp := {ω : TpM → E, ∗ω = JΛ1(E)ω},

resp. K̄Ep := {η : TpM → E, ∗η = −JΛ1(E)η}.

where the complex structure JΛ1(E) on Λ1(E) is defined via

(JΛ1(E)ω̃)(X) := JE(ω̃(X)), ω̃ ∈ Λ1(E).

The bundles KE and K̄E are complex vector bundles with almost complex
structures JKE := JΛ1(E)|KE, JK̄E := JΛ1(E)|K̄E . We see this by identifying KE
with the tensor product K ⊗ E, via ω̃(X) := (ω ⊗ ψ)(X) := ω(X)ψ.

In the following we will identify the appearing complex structures in the fol-
lowing sense (ω(X) is complex linear):

ω(X)(JEψ) = JE(ω(X)ψ)

= (JKE(ω̃))(X)

= (∗ω̃)(X)

= (ω ⊗ ψ)(JX)

= (ω(JX))ψ

= (iω(X))ψ

= ((iω)⊗ ψ)(X).

Corollary 4.7 (“Type argument”). Let E, Ẽ be vector bundles over M with a
fiberwise bilinear map · : E × Ẽ → C. For any ω ∈ Γ(KE), ω̃ ∈ Γ(KẼ), η ∈
Γ(K̄E), η̃ ∈ Γ(K̄Ẽ):

ω ∧ ω̃ = 0, η ∧ η̃ = 0,

where
ω ∧ ω̃(X, Y ) = ω(X) · ω̃(Y )− ω(Y ) · ω̃(X).

Furthermore, if · is non–degenerate, then ω∧ η̃ = 0 if and only if ω = 0 or η̃ = 0.
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Proof.

ω ∧ ω̃(X, JX) = ω(X) · ω̃(JX)− ω(JX) · ω̃(X)

= Jω(X) · ω̃(X)− Jω(X) · ω̃(X) = 0

Similarly, ω ∧ η̃(X, JX) = −2Jω(X) · η̃(X).

Remark 4.8. In general, Λn(TM∗,C) =
⊕

p+q=nΛ(p,q)(M). Using this in the case

of a Riemann surface M where by type Λ(2,0)(M) = Λ(0,2)(M) = {0} we identify

K̄K ∼= Λ2(TM∗,C).

via the isomorphism

ω ⊗ η 7→ ω ∧ η. (4.3)

4.3 Holomorphic structures

Our aim is now to equip a holomorphic vector bundle with an ∂̄–operator such
that H0(E) = ker ∂̄

∣∣
Γ(E)

. Vice versa, given such an ∂̄–operator on a complex

vector bundle E we will turn E into a holomorphic vector bundle.
First, recall the definition of the ∂̄–operator for complex–valued functions:

∂̄ : C∞(M,C)→ Γ(K̄), ∂̄f :=
1

2
(df + i ∗ df),

where M is a Riemann surface. Of course there is a natural extension to maps
g : M → GLr(C).

Now, any 1–form splits into a K– and a K̄–component; computing the K̄–
component of df we obtain exactly ∂̄f . The K–component gives also an operator
∂ : C∞(M,C)→ Γ(K).

The significance of the ∂̄–operator in our considerations is clearly the following
property: f is a holomorphic function if and only if ∂̄f = 0.

Now, let E → M be an holomorphic vector bundle. We like to define an
operator ∂̄ : Γ(E) → Γ(K̄E) which again characterizes holomorphic sections
of the bundle. For a holomorphic frame s = (s1, . . . , sr) on EU , U ⊂ M open,
si : U → E, any section ψ ∈ Γ(EU) is given by

ψ = sξ, where ξ : U → Cr.

Define

∂̄ψ := s(∂̄ξ).

∂̄ is well defined, i.e. it does not depend on the choice of the frame s: If
s̃ is another holomorphic frame, then there exists a holomorphic map g : U →
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GLr(C) with s̃ = sg, i.e. s̃i =
∑n

j=1 sjgji. Notice that ∗dg = idg again is

equivalent to ∂̄g = 0.
Now, if ψ = sξ is an arbitrary section, then

ψ = s̃ξ̃, where ξ̃ = g−1ξ.

Hence
s̃(∂̄ξ̃) = sg∂̄(g−1ξ) = sg((∂̄g−1)ξ + g−1∂̄ξ) = s(∂̄ξ).

The ∂̄–operator defined above satisfies the equation

∂̄(ψλ) = (∂̄ψ)λ+ ψ∂̄λ,

where λ : U → C, U ⊂M open. Furthermore, ker ∂̄|Γ(EU ) = H0(EU).

In general, we give the following

Definition 4.9. A holomorphic structure on a complex vector bundle E → M
is given by a ∂̄–operator, i.e. a map

∂̄ : Γ(E)→ Γ(K̄E),

satisfying
∂̄(ψλ) = (∂̄ψ)λ+ ψ(∂̄λ),

for all λ : M → C.

Remark 4.10. Both, the operator ∂̄ on functions f : M → C (considering f as
a section in the trivial bundle) and the operator ∂̄ on sections of a holomorphic
vector bundle E → M , are ∂̄–operators. Note, that for a given complex vector
bundle with ∂̄–operator we can define further ∂̄–operators by ∂̄ + ω with ω ∈
Γ(K̄ End(E)) (check that this defines in fact an ∂̄–operator!). Applying this to
the trivial bundle C and the constant map 1 : M → C, p 7→ 1 we see that
(∂̄ + ω)1 = ω1 = ω 6= 0 for ω ∈ Γ(K̄C) = Γ(K̄), ω 6= 0. In particular, for this
∂̄–operator, “holomorphic sections”, i.e. maps f : M → C with (∂̄ + ω)f = 0,
are no more holomorphic functions in the usual sense. That means, the trivial
bundle, and so any holomorphic vector bundle, could be equipped with different
holomorphic structures depending on the chosen ∂̄–operator. In general, unless
otherwise stated, we will equip the trivial bundle always with the holomorphic
structure defined by the usual ∂̄–operator on functions.

Note also, that any two ∂̄–operators on E differ by ω ∈ Γ(K̄ End(E)).

Definition 4.11. Let E → M be a complex vector bundle over a Riemann surface
with holomorphic structure ∂̄. Define the Dolbeault cohomology groups

H0
∂̄(E) := ker ∂̄

∣∣
Γ(E)

,

and
H1
∂̄(E) := Γ(K̄E)/∂̄Γ(E).
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Our aim is to turn each complex vector bundle E with ∂̄–operator into a
holomorphic vector bundle such that we can recover H0

∂̄
(E) as the set of holo-

morphic sections of E, i.e. H0
∂̄
(E) = H0(E) while H1

∂̄
(E) will be the dual space

of H0(KE) (Serre duality theorem, compare 6.24). We skip the subscript ∂̄ if
it is clear which ∂̄–operator we have in mind.

First, we give a further example:

Example 4.12. Let ∇ be a complex connection on the complex vector bundle
(E, J). We can decompose ∇ into ∇ = ∇′ +∇′′ where:

∇′ =
1

2
(∇− J ∗ ∇), ∇′′ =

1

2
(∇+ J ∗ ∇).

Notice that ∇′ : Γ(E) → Γ(KE) and ∇′′ : Γ(E) → Γ(K̄E). In fact, this
corresponds to a decomposition of Ω1(E) into

Ω1(E) = Γ(KE)⊕ Γ(K̄E).

Now, ∇′′ is a ∂̄–operator:

∗∇′′ =
1

2
(∗∇ − J∇) = −

i

2
(J ∗ ∇+∇) = −J∇′′

and

2∇′′(ψλ) = ∇(ψλ) + J ∗ ∇(ψλ)

= (∇ψ)λ+ ψdλ+ J(∗∇ψ)λ+ Jψ ∗ dλ

= 2(∇′′ψ)λ+ 2ψ∂̄λ.

Remark 4.13. In fact, any ∂̄–operator can be completed to a complex connection
∇ such that ∇′′ = ∂̄ (later we will see, that for line bundles even flat connections
can be obtained). Observe also that if we equip E with the complex structure
−J then ∇′ gives a holomorphic structure on (E,−J).

We take this as occasion to define

Definition 4.14. 1. Let E be a complex vector bundle over M with complex
structure J . Then we denote by Ē the bundle E equipped with the complex
structure −J .

2. An operator ∂ : Γ(E)→ Γ(KE) gives an anti–holomorphic structure on E
if ∂ is an holomorphic structure on Ē.

We proceed in collecting those examples of holomorphic structures we will use
later frequently:

Examples 4.15. 1. Recall the identification K̄K = Ω2(M,C) via η ⊗ ω 7→
η ∧ ω. We define a ∂̄–operator on K, i.e. ∂̄ : Γ(K) → Γ(K̄K) = Ω2(M,C)
by

∂̄ω = dω.
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This gives in fact a holomorphic structure:

∂̄(ωλ) = d(ωλ) = (dω)λ− ω ∧ dλ = (dω)λ− ω ∧ (∂̄λ+ ∂λ)
ω∈Γ(K)

= (dω)λ− ω ∧ (∂̄λ) = (∂̄ω)λ+ ∂̄λ⊗ ω.

Written in local coordinates we obtain for ω = fdz:

∂̄(ω) = d(fdz) = fz̄dz̄ ∧ dz,

i.e. ω is a holomorphic section in Γ(K) if and only if fz̄ = 0. This gives

H0(K) = {holomorphic 1–forms on M}. (4.4)

2. Let E1 and E2 be a complex vector bundles over M with holomorphic
structures ∂̄1 and ∂̄2. Define an operator ∂̄ on E = E1 ⊗ E2 by

∂̄(ψ ⊗ ϕ) = ∂̄1ψ ⊗ ϕ+ ψ ⊗ ∂̄2ϕ.

First, ∂̄(ψ ⊗ ϕ) ∈ Γ(K̄E) for all ψ ⊗ ϕ ∈ Γ(E). Clearly, ∂̄ is C linear and

∂̄((ψ ⊗ ϕ)λ) = ∂̄(ψ ⊗ (ϕλ)) = (∂̄1ψ)⊗ ϕλ+ ψ ⊗ ((∂̄2ϕ)λ+ ϕ∂̄λ)

= (∂̄(ψ ⊗ ϕ))λ+ (ψ ⊗ ϕ)∂̄λ.

Hence ∂̄ gives a holomorphic structure on E.

3. Again (2) gives a holomorphic structure on Hom(E, Ẽ) = E∗ ⊗ Ẽ by⋆

check

(∂̄T )ψ = ∂̄(Tψ)− T (∂̄ψ), T ∈ Γ(Hom(E, Ẽ)), ψ ∈ Γ(E).

4. Given ∂̄ on the complex vector bundle E there is a unique ∂̄ operator on
E∗ such that

∂̄ < α, ψ >=< ∂̄α, ψ > + < α, ∂̄ψ >, where α ∈ Γ(E∗), ψ ∈ Γ(E). (4.5)

(Here < α, ψ >: M → C and ∂̄ is the usual holomorphic structure on
functions).

To define ∂̄α by (4.5) for α ∈ Γ(E∗) one has to check that (4.5) is tensorial
in ψ. It is also easy to verify that ∂̄ has values in Γ(K̄E∗) and satisfies the
required product rule.

Again, consider a holomorphic line bundle L→ M and consider the trivial
bundle C together with the usual holomorphic structure ∂̄ϕ = 1

2
(dϕ+i∗dϕ),

ϕ : M → C. Hence (4.5) is nothing else but the condition that the ∂̄
operators on L and L∗ give the canonical holomorphic structure on C by
the tensor product construction in (2).
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5. As a consequence of (3) there is a unique ∂̄ operator on K∗ where K is the
canoncial bundle over a Riemann surface M equipped with the holomorphic
structure ∂̄α = dα, α ∈ Γ(K).

Since <,>: TM × K → C, (X,α) 7→ α(X) is a non degenerate pairing
between TM and K we can identify TM with the complex dual bundle of
K, i.e. TM = K∗.

For ω ∈ Γ(K) define η(X, Y ) = 1
2
(dω(X, Y ) + idω(JX, Y )) for X, Y ∈

Γ(TM). Check, that η ∈ Γ(K̄K) (use dω(JX, Y ) = −dω(Y, JX) which
comes from the fact that dω is a multiple of the volume form and the
corresponding equation for the volume form).

Consider now the induced two–form

η(X, JX) =
1

2
(dω(X, JX) + idω(JX, JX))−

1

2
(dω(JX,X) + idω(J2X,X))

= dω(X, JX).

But dω is the two–form which is induced by ∂̄ω thus η = ∂̄ω. Since

∂̄X < Y, ω > − < ∂̄XY, ω >=< Y, ∂̄Xω >

and

< Y, ∂̄Xω > = ∂̄ω(X, Y ) = η(X, Y ) =
1

2
(dω(X, Y ) + idω(JX, Y ))

=
1

2
(Xω(Y )− Y ω(X)− ω([X, Y ])

+i(JX)ω(Y )− iY ω(JX)− iω([JX, Y ]))

=
1

2
(Xω(Y )− Y ω(X)− ω([X, Y ])

+i(JX)ω(Y )− i2Y ω(X)− ω(J [JX, Y ]))

=
1

2
(Xω(Y ) + i(JX)ω(Y ))−

1

2
(ω([X, Y ])− J [JX, Y ]))

= ∂̄X(ω(Y ))− <
1

2
([X, Y ] + J [JX, Y ]), ω >

= ∂̄X < Y, ω > − <
1

2
([X, Y ] + J [JX, Y ]), ω >

one gets

∂̄XY =
1

2
([X, Y ] + J [JX, Y ]). (4.6)

Notice, that with (4.6) the Nijenhuis tensor of M (cf. 2.2) becomes

−
1

4
N(X, Y ) = −

1

2
([JX, JY ]− [X, Y ]− J [X, JY ]− J [JX, Y ])

= ∂̄XY − ∂̄JXJY.

In particular, N = 0 if and only if ∂̄ is a holomorphic structure.
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6. Let E be a complex vector bundle with holomorphic structure ∂̄. Assume
that L ⊂ E is a ∂̄ stable complex subbundle, i.e. ∂̄ψ ∈ Γ(K̄L) for all
ψ ∈ Γ(L). Then there is an induced holomorphic structure on E/L given
by

∂̄(ψmodL) := (∂̄ψ)modL.

7. Let f : M → N be a holomorphic map between complex manifolds M and
N , E a complex vector bundle over N with holomorphic structure ∂̄ and
F = f ∗E be the pullback of E. We define the holomorphic structure on F
by

(∂̄Xψ)p = (∂̄df(X)ψ)f(p), p ∈M,X ∈ TpM,ψ ∈ Γ(F ).

8. Let M be a Riemann surface, f : M → CP n a holomorphic map and
L = f ∗Σ the associated line bundle. Then there is a unique holomorphic
structure on L−1 = (f ∗Σ)−1 such that α

∣∣
L
∈ H0(L−1) for all α ∈ (Cn+1)∗.⋆

baue alles zusam-
men. Wann ist
f holomorphe Ab-
bildung?

Let αi ∈ (Cn+1)∗ the coordinate maps.

⋆

erläutern
4.4 Existence of (local) holomorphic sections

Now, our aim is to turn any complex vector bundle E with holomorphic structure
∂̄ into a holomorphic vector bundle such that ker ∂̄U = H0(EU).

For this purpose we first claim:

Proposition 4.16. Given a holomorphic structure ∂̄ : Γ(E) → Γ(KE) there
exists locally a flat complex connection ∇ on E such that⋆

Das muß noch
alles geglättet
werden: ein Job
für Franz!

∇′′ = ∂̄.

Proof. Given any connection ∇ and a local frame s we have

∇s = sω, where ω ∈ Ω1(U, glr(C)) is the (local) connection form.

Now, ∇ is flat connection if and only if

R∇ = 0 ⇐⇒ dω + ω ∧ ω = 0.

Since ω decomposes into ω = α+β with α ∈ Kglr(C), β ∈ K̄glr(C) we obtain
∇′′s = sβ. Rewriting the zero–curvature condition on ω in terms of α and β we
have

dα+ dβ + α ∧ β + β ∧ α = 0,

and, since dα = ∂̄α, dβ = ∂β:

∂̄α+ [α ∧ β] + ∂β = 0,
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where
[α ∧ β](X, Y ) := [α(X), β(Y )]− [α(Y ), β(X)].

Locally, this equation looks like

Az̄ − [A,B]−Bz = 0

where
α = Adz, β = Bdz̄, A,B : U → glr(C).

Hence we have to solve a so called ∂̄–problem for A with given B : U → glr(C).
In the case of a holomorphic line bundle E, we only have to show that for any

g : U → C and any p ∈ U there is a neighborhood V of p and a map f : V → C
such that

fz̄ = g on V.

This can be proven with methods of complex analysis, cf. Appendix F.
For the general case we refer to [BP], where one finds an elementary proof of

the existence of an holomorphic frame even in the case of a quaternionic vector
bundle with generalized ∂̄–operator. The proof given there works literally for
complex vector bundles with ∂̄–operator.

Notice that the local existence of the flat connection ∇ = ∂̄ +∇′ garantuees
that ∂̄2ψ = 0 for all ψ ∈ Γ(E) (type argument and (d∇)2 = 0).

Now, we turn to

Theorem 4.17. A complex vector bundle E together with a holomorphic struc-
ture ∂̄ can uniquely be turned into a holomorphic vector bundle such that

ker ∂̄
∣∣
Γ(E)

= H0(E).

Proof. Locally, choose a flat complex connection such that ∇′′ = ∂̄. Given again
an arbitrary local frame s and ∇s = sω recall that ⋆

irgendwer muß ir-
gendwann mal M-
C erklären

R∇ = ′ ⇐⇒ ⌈ω+ω∧ω = ′
Maurer–Cartan–Lemma!

⇐⇒ ∃ } : U → GL∇(C) : }−∞⌈} = ω.

So we obtain a local ∇–parallel frame by s̃ := s g−1. In particular,

∂̄s̃ = ∇′′s̃ = 0.

Hence we have a local trivialization Φ : EU → U × Cr of the bundle induced
by the local ∇–parallel frames s̃ which satisfy in particular ∂̄s̃ = 0.

Given two ∇–parallel frames s and s̃ = sg−1, the transition map

ΦΦ̃−1 : U ∩ Ũ → GLr(C),

is exactly g. In particular, g is holomorphic since

∂̄s = (∂̄s̃)g + s̃(∂̄g).
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Chapter 5

Classification of complex line
bundles over a Riemann surface

We turn now towards a classification of holomorphic line bundles. The first step
in that direction is the classification of all complex line bundles over a Riemann
surface by their degree.

In the first part of this chapter we define the degree of vector bundles over
Riemann surfaces. We do not introduce here Chern classes (compare Appendix
E for this general concept) but define the degree of a vector bundle by the integral
over the trace of the curvature tensor of any complex connection. Deriving then
the degree formula for complex line bundles over Riemann surfaces we see that
the degree is defined independently of the complex connection and delivers in fact
an integer. Moreover, we will see that the degree gives an isomorphism between
the set of all complex line bundles over a Riemann surface and the integers.

5.1 The degree of vector bundles

Definition 5.1. Let M2 be a closed oriented 2-dimensional manifold. The degree
of a complex line bundle L is defined by

deg(L) :=
i

2π

∫

M

R∇, (5.1)

where R∇ is the curvature tensor of any complex connection ∇ on M .

We will see in a moment that the degree of a line bundle is the number of zeros
(counted with orientation) of transverse sections so it is defined independently of
the chosen complex connection and is in fact an integer.

Example 5.2. A compact oriented Riemannian manifold (M2, g) has a canonical
compatible complex structure J ∈ Γ(EndTM) i.e. g(JX, JY ) = g(X, Y ). Let ∇

41
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be the Levi–Civita connection of g then the curvature tensor is given by

R(X, Y ) = K(< Y, . > X− < X, . > Y ),

whereK is the Gaussian curvature ofM . It is an easy exercise to checkR(X, Y ) =
−JKωg(X, Y ) where ωg is the induced volume form.

Thus, the Gauss–Bonnet theorem yields that the degree of the canonical
bundle KM = TM∗ satisfies

deg(KM) = 2g − 2 (5.2)

where g is the genus of M . In particular we have

deg(KS2) = −2 and deg(KT 2) = 0. (5.3)

Before proving the degree formula for line bundles we give

Definition 5.3. Let L be a holomorphic line bundle over a Riemann surface,
ψ ∈ H0(L) and p ∈ M . Let ψ = ϕg for some non–vanishing local holomorphic
section ϕ of L. The order of ψ at p is defined as the multiplicity of the zero of g
at p, i.e.

ordp ψ = ordp g.

Remark 5.4. Check that this is well–defined, i.e. does not depend on the trivial-
ization given by ϕ.

Theorem 5.5 (Degree formula). Let L be a complex line bundle over a compact
Riemann surface. For any section ψ ∈ Γ(L) which is transverse to the zero–
section, we have

deg(L) =
∑

zeros of ψ

±1 (depending on the orientation).

If M is a compact Riemann surface and L is a holomorphic line bundle, then for
any holomorphic section ψ ∈ H0(L) we have

deg(L) =
∑

p zero of ψ

ordp ψ.

Proof. We prove both degree formulas simultaneously. Since ψ is transverse to
the zero–section or a holomorphic section, its zeros are isolated points p1, . . . , pk.
For each pj we take neighborhoods Bj diffeomorphic to a closed disc such that
B1, . . . , Bk are disjoint.

On the Bj ’s we take non-vanishing sections ψj in L, which can be supposed
to be holomorphic in case of a holomorphic bundle. Define gj : Bj → C by

ψ = ψj · gj.
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Then the only zero of gj in Bj is pj . In the case of a holomorphic bundle L and
holomorphic ψ and ψj , gj must be holomorphic, too. Now we take a complex
connection ∇. In the holomorphic case we can choose a connection with ∇′′ = ∂̄.
The connection forms ω ∈ Ω1(M\{p1, . . . , pk},C) and ωj ∈ Ω1(Bj,C) are defined
by

∇ψ = ψ · ω on M\{p1, . . . , pk},

∇ψj = ψj · ωj on Bj .

By taking the covariant differential of ψ = ψj · gj we obtain

ω = ωj + dgj · g
−1
j on Bj\{pj}. (5.4)

A short computation shows R∇ ψ = ψdω and R∇ ψj = ψjdωj on M\{p1, . . . , pk}
and Bj, respectively. Using (5.4) we get

R∇ = dω = dωj on Bj\{pj}.

For the degree of L we obtain by Stokes theorem

deg(L) =
i

2π

∫

M

R∇

=
i

2π

∫

M\(B1∪...∪Bk)

R∇ +
i

2π

∑

j

∫

Bj

R∇

=
i

2π

∫

M\(B1∪...∪Bk)

dω +
i

2π

∑

j

∫

Bj

dωj

=
i

2π

∑

j

∫

∂Bj

ωj − ω
(5.4)
=

1

2πi

∑

j

∫

∂Bj

d(log(gj)).

The proof is finished once we understand the integrals 1
2πi

∫
∂Bj

d(log(gj)).

In the case of holomorphic L and ψ, we have already seen that if we choose
a holomorphic ψj , then gj is also holomorphic and has a zero of the same order
m = ordpj

ψ as ψ has at pj. Let gj = amz
m + am+1z

m+1 . . ., m ∈ IN at 0 in
a holomorphic chart z : U → M centered at p ∈ M , then the Laurent series of
d(log(gj)) = dgjg

−1
j is

dgj

g j
= mamzm−1+...

amzm+...
dz =

(
m
z

+ some holomorphic rest
)
dz.

Thus d(log(gj)) has residue m i.e. 1
2πi

∫
∂Bj

d(log(gj)) = m.

In the case of a transverse section ψ in an arbitrary complex line bundle L,
define γ to be the closed curve obtained by taking the restriction of gj to ∂Bj .
By the integral transformation formula, we obtain

1

2πi

∫

∂Bj

dgjg
−1
j =

1

2πi

∫

γ

1

z
dz,



44

i.e. the winding number of γ. Since ψ is a transverse section, gj is a local
diffeomorphism at pj and, without loss of generality, we can suppose that gj is a
diffeomorphism on Bj. This implies that the winding number of γ has to be ±1
depending on the orientation of the zero pj of ψ.

Remark 5.6. In fact, the same proof works also for meromorphic sections instead
of holomorphic sections of a holomorphic line bundle. However, we will prove the
degree formula for meromorphic section later using the point bundles to enlighten
the mechanism of constructing holomorphic sections in a suitable vector bundle
out of meromorphic sections.

Corollary 5.7. Let L → M be a line bundle over a 2–dimensional compact
manifold M . Then degL ∈ Z.

Proof. Recall, that there exist a section which is transverse to the zero–section!
(cf. Theorem 3.24)

Corollary 5.8. Let L→ M be a holomorphic line bundle over a Riemann surface
M . If degL < 0 then L has no (global) holomorphic sections.

Now, its time to consider more generally complex vector bundles over a com-
pact Riemann surface. We define

Definition 5.9. The degree of a complex vector bundle E of rank r over M is
defined by

degE :=
1

2π

∫

M

trR∇ .

where R∇ ∈ Ω2(End(E)) is the curvature tensor of a complex connection on E.

Remark 5.10. If E is a complex line bundle, then End(E) ∼= C, thus trR∇ ∼= R∇

and both definitions of the degree coincide for line bundles.
The next lemma will show that the degree of a vector bundle is the degree

of its determinant bundle. Thus, the degree is in fact an integer and does not
depend on the chosen complex connection.

We state some properties of the degree of a complex vector bundle:

Lemma 5.11. Let E and Ẽ be complex vector bundles over a compact Riemann
surface M .

1. Isomorphic vector bundles have the same degree.

2. deg(E ⊕ Ẽ) = deg(E) + deg(Ẽ).

3. The degree of the trivial bundle is deg Cr = 0.
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4. The degree of a complex vector bundle is the degree of its determinant bundle
(cf. 3.11,(5)), i.e. if E is a rank r bundle then

degE = deg ΛrE.

5. deg(Σ) = −1 for the tautological bundle Σ→ CP 1.

6. deg(E/Ẽ) = deg(E)− deg(Ẽ) for a complex subbundle Ẽ of E.

7. deg(E ⊗ Ẽ) = rank(E) deg(Ẽ) + rank(Ẽ) deg(E).

8. The degree of the dual bundle E∗ is deg(E∗) = − deg(E).

Proof. 1. Suppose we have an isomorphism T : E → Ẽ of complex vector
bundles. Then a complex connection ∇E on E induces a connection ∇Ẽ =
T∇ET

−1 on Ẽ. For this connection we have R∇
Ẽ = T R∇E T−1 and the

statement follows by Ad-invariance of the trace.

2. If we take as the connection on E ⊕ Ẽ the direct sum ∇E ⊕∇Ẽ of the two
complex connections on E and Ẽ , then

R∇E⊕∇
Ẽ = R∇E ⊕R∇

Ẽ ∈ Ω2(End(E ⊕ Ẽ))

thus tr(R∇E⊕∇ẽ) = tr(R∇E ⊕R∇
Ẽ).

3. There is a flat connection ∇ on the trivial rank r bundle Cr. But R∇ = 0
implies deg(Cr) = 0.

4. E = Cr−1 ⊕ ΛrE thus with (2) and (3) degE = deg Cr−1 + deg ΛrE =
deg ΛrE.

5. See Remark 5.19.

6. E/Ẽ is isomorphic to the orthogonal complement of Ẽ for any hermitian
product on E. Therefore, E and Ẽ⊕E/Ẽ are isomorphic as complex vector
bundles and (3) yields the formula.

7. Let ∇E and ∇Ẽ be complex connections on E and Ẽ. The tensor product
connection ∇E ⊗∇Ẽ satisfies

R∇E⊗∇
Ẽ = R∇E ⊗ IdẼ + IdE ⊗R

∇
Ẽ .

Therefore

tr(R∇E⊗∇
Ẽ) = tr(R∇E) rankẼ + rankE tr(R∇

Ẽ).

8. Let ∇E and ∇E∗ be the complex connections on E and E∗ defined by

d < α, ψ >=< ∇E∗α, ψ > + < α,∇Eψ > .

Then R∇E∗ = −(R∇E)∗ and degE∗ = − degE.
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5.2 Riemann–Hurwitz formula
⋆
neu We use the degree formula to compute the branch order of a holomorphic map

by its degree:

Definition 5.12. Let M,N be compact Riemann surfaces and f : M → N be
holomorphic. The degree of f is given by

deg f = #sheets =
1

volN

∫

M

f ∗ωN

where ωN is the volume form of N .⋆

f const?

Lemma 5.13. Let M,N be compact Riemann surfaces, f : M → N be holomor-
phic and L→ N be a line bundle. Then

deg f ∗L = deg f degL.
⋆

proof? In particular:

Lemma 5.14. Let f : M → CP 1 a holomorphic function and L = f ∗Σ the
associated line bundle. Then

degL = − deg f.

Example 5.15. Let f : M → CP 1 a map of deg f > 0. Then the pullback
of the tautological bundle L = f ∗Σ has no holomorphic sections since degL =
− deg f < 0. In particular, it is more natural to assign to f the line bundle
L = f ∗Σ−1 which has the same degree as f .⋆

f holomorph, em-
bedding Definition 5.16. Let M,N be Riemann surfaces.

1. Let ω be a holomorphic 1–form. Let z be a coordinate around p with
z(p) = 0 and write ω = g(z)dz (thus g is a holomorphic function in z, i.e.
gz̄ = 0). Then the order of ω at p is defined by

ordp(ω) = ordp g.

2. The branch order of a holomorphic map f : M → N at p is defined by

bp(f) := ordp(df).

The branch order of f is defined by

b(f) :=
∑

p∈M

bp(f).
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Remark 5.17. Recall the holomorphic 1–forms are exactly the holomorphic sec-
tions in the canonical bundle equipped with the holomorphic structure d, cf. (4.4).
The definition of the order of a holomorphic 1–form coincides with the given one
for holomorphic sections. In particular, it does not depend on the choice of the
local coordinate.

Theorem 5.18 (Riemann–Hurwitz formula). Let f : M → N be a holomor-
phic map between two compact Riemann surfaces. Then

b(f) = 2(gM − 1− deg f(gN − 1)).

Proof. Consider df as map df : TM → f ∗TN . We have ∗df = JNdf and so
df ∈ Γ(KM(f ∗TN)). There are canonical holomorphic structures on K, TN
and f ∗TN hence KM(f ∗(TN)) is a holomorphic vector bundle. In fact, df is a
holomorphic section in this bundle: It suffices to show that ∂̄df(Y ) = 0 where
df(Y ) ∈ Γ(f ∗TN) and Y ∈ Γ(TM) is a holomorphic section, i.e. ∂̄Y = 0. But

∂̄Xdf(Y ) =
1

2
([df(X), df(Y )] + J [Jdf(X), df(Y )])

=
1

2
df([X, Y ] + J [JX, Y ]) = df(∂̄XY ) = 0.

Since df ∈ H0(KM(f ∗(TN))) the degree formula yields deg(KM(f ∗(TN)) =∑
p∈M ordp df = b(f). On the other hand we can compute

deg(KM(f ∗(TN)) = degKM + deg(f ∗TN).

Since deg(f ∗TN) = deg f deg TN and deg TN = degK∗
N = − degKN we obtain

the result, cf. (5.2).

5.3 Classification

Let M be a compact oriented manifold of dimension 2. The group of line bundles

L = {L→M : complex line bundle}/Isomorphism

is an abelian group with respect to ⊗. The identity element is the trivial bundle
C, and the inverse of a line bundle L is its dual bundle, L∗ =: L−1.

Using (8) of Lemma 5.11 we have deg(L1 ⊗ L2) = deg(L1) + deg(L2) and

deg : L−→Z

is a group homomorphism. Our aim is to show that it is an isomorphism.

Consider first the following example
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Example 5.19 (Line bundles over CP 1). As in Example 2.13 we take the open
cover {U0, U∞} of CP 1. For k ∈ Z, a holomorphic line bundle L−k is given by

g∞0 : U0 ∩ U∞ → C∗,

[
z
1

]
7→ zk.

We like to define a section s−k∞ by {(U0, 1), (U∞, w
−k)} where once again we un-

derstand f0 : U0 → C by f0(

[
z
1

]
) = 1 and f∞ : U∞ → C by f∞(

[
1
w

]
) = w−k (the

notation will be explained later!) Then s−k∞ is globally defined since on U0 ∩ U∞

f∞(

[
z
1

]
) = f∞(

[
1
z−1

]
) = zk = g∞0(

[
z
1

]
)f0(

[
z
1

]
).

Now, if k < 0 then s−k∞ is holomorphic and has one single zero of order −k at
∞ and the degree formula implies that deg(L−k) = −k.

The pairing L−k × Lk → L−k ⊗ Lk = C given by (s−k∞ , sk∞) 7→ s−k∞ ⊗ s
k
∞ is

non–degenerate, i.e. L−k = (Lk)−1. Thus the bundle Lk with transition function

g∞0 : U0 ∩ U∞ → C∗,

[
z
1

]
7→

1

zk

has degLk = − degL−k = k.
In particular, this proves that the tautological bundle Σ with transition func-

tion g0∞(z) = 1
z

has deg(Σ) = −1 (compare Lemma 5.11, (5)).
⋆

gefällt mir nicht!
- Katrin

Definition 5.20. A section ψ ∈ Γ(E|M\{p1,...,pr}) is called a meromorphic section
of a holomorphic vector bundle E → M , if it is meromorphic in every local

holomorphic trivialization of E. The collection of meromorphic sections of E is
denotedM(E). We will write ψ : M → E meromorphic, ψ ∈ Γ(E) meromorphic
and so on. In particular, a meromorphic 1–form ω is a section of K which can
be written locally as ω = fdz with meromorphic function f .

Write the meromorphic section ψ as ψ = ϕg for some non–vanishing local
holomorphic section ϕ of L and let g(z) = akz

k + ak+1z
k+1 + . . . the Laurent

expansion of g in a local coordinate centered at p. Then the order of the mero-
morphic section ψ at p is defined by

ordp ψ := k = ordp g

Remark 5.21. If ψ ∈ H0(E) then this coincides with Definition 5.3.

Generalizing the strategy of constructing line bundles over CP 1 we obtain for
any k ∈ Z a holomorphic line bundle of degree k:
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Definition 5.22. For a fixed p ∈M and k ∈ Z we define the point bundle L(kp)
as follows:

Take a local chart z : U → C with z(p) = 0 and an open cover {U1, U2} of
M defined by U1 = U and U2 = M\{p}. By L(kp) denote the holomorphic line
bundle with transition function g12 = zk : U\{p} → C∗.

We define the (“famous section”) skp of L(kp) by {(U1, z
k), (U2, 1)}. This ⋆

unique up to...section has one zero of order k (if k ≥ 0) or a pole of order −k (if k < 0) at p
and is holomorphic on M\{p}.

Lemma 5.23. The degree of a point bundle is given by degL(kp) = k.

Proof. If k > 0 take the famous section skp which is holomorphic and has a single
zero of order k. The degree formula shows degL(kp) = k.

Again, the map given by s−kp × s
k
p 7→ s−kp ⊗ s

k
p is non–degenerate, and L(−kp)

is the dual of L(kp). In particular, degL(−kp) = − degL(kp) = −k.

The main theorem of this section classifies all C∞ line bundles over a two–
dimensional manifold:

Theorem 5.24. Let M be a compact oriented two–dimensional manifold. Then
deg : L −→ Z is an isomorphism of groups, i.e. for any k ∈ Z there exists a
unique (up to isomorphism) line bundle L over M with degL = k.

Proof. For any k ∈ Z there is a line bundle of deg k, namely the point bundle
L(kp) for arbitrary p ∈ M . In order to prove the injectivity of deg : L −→ Z
we show that L admits a non vanishing section if it has deg(L) = 0. We start
with a transverse section ψ. Let z : U→̃{w ∈ C : |w| < 4} be a chart and let
U1 = {z : |z| < 1}. Without loss of generality we can assume that all zeroes
of ψ lie inside of U1. (This can be arranged as follows. First, one constructs a
diffeomorphism which moves all zeros inside the disc U1, for example, taking the
time-1 map of the flow of a suitable vector field. Then one takes the pullback of
L and ψ with respect to this diffeomorphism.) We take a non vanishing section
ϕ on U . Then there is a function g : U → C such that ψ = ϕ · g. A similar
argument as in the proof of the degree formula shows that deg(L) = 0 implies

∫

γ

dg

g
= 0

for any closed curve γ in U\U1. Therefore we find a function f : U\U1 → C
satisfying ef = g. Let σ : IR→ IR be a C∞ function with σ(x) = 0 for x < 2 and
σ(x) = 1 for x > 3. Define f̃ : U → C by f̃(z) = σ(|z|)f(z). Then

ψ̃ :=

{
ϕ · ef̃ on U

ψ on M\U

is a smooth section of L without zeros.
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Corollary 5.25 (Degree formula for meromorphic sections). If M is a compact
Riemann surface and L is a holomorphic line bundle over M , then for any mero-
morphic section ψ ∈M(L) we have

deg(L) =
∑

p zero/pole of ψ

ordp ψ.

Proof. Assume that ψ has a single pole at p ∈M of order k. Consider the tensor
product L⊗ L(kp). The degree is

deg(L⊗ L(kp)) = degL+ degL(kp) = degL+ k.

Let skp be again the famous holomorphic section of L(kp) with a single zero of
order k at p. The section ψ⊗ skp ∈ Γ(L⊗L(kp)) is clearly meromorphic, but in p
the pole of ψ and the zero of skp cancel. Thus ψ⊗ skp ∈ H

0(L⊗L(kp)) and ψ⊗ skp
has the same zeros as ψ has. Applying the degree formula we have

degL+ k = deg(L⊗ L(kp)) =
∑

p zero of ψ⊗sk
p

ordp ψ ⊗ s
k
p =

∑

p zero of ψ

ordp ψ

which gives

degL = −k +
∑

p zero of ψ

ordp ψ =
∑

p zero/pole of ψ

ordp ψ.

Now, if ψ has further poles one considers the tensor product of L with the
corresponding point bundles at the poles.



Chapter 6

Elliptic operators, Hodge
decomposition theorem and Serre
duality theorem

We give a short introduction to the theory of elliptic operators. Far away of
proving anything (this would require longer excursions to the theory of Sobolev

spaces) we formulate a fundamental theorem for elliptic operators which garantuees
solutions of certain differential equations. We will see how then the Hodge de-
composition theorem and the Serre duality theorem follow from this general
statement.

6.1 Elliptic operators

We start with the “local” definition of elliptic differential operators on open sets
in IRn.

Definition 6.1 (Local). Let U ⊂ IRm be open and let V,W be finite dimensional
vector spaces over the field C or IR.

1. A linear differential operator of degree r is a map

T : C∞(U, V )→ C∞(U,W )

of the form

T =
∑

|t|≤r

at∂t,

where at : U → Hom(V,W ) is a C∞–map for all multi–indices t = (t1, . . . , tm),

|t| =
∑

i ti and ∂t = ∂|t|

∂x
t1
1 ...∂x

tm
m

.
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2. The symbol of T at x ∈ U is the map σ(T, x) : IRm → Hom(V,W ) defined
by

σ(T, x)(ξ) :=
∑

|t|=r

at(x)ξ
t,

where ξ ∈ IRm and ξt = ξt11 · . . . · ξ
tm
m .

3. The operator T is called elliptic at x ∈ U if σ(T, x)(ξ) ∈ Isom(V,W ) for all
ξ ∈ IRm\{0}. T is called elliptic if it is elliptic for all x ∈ U .

Remark 6.2. Note that even in the case of complex spaces V and W one only has
to plug in real vectors ξ ∈ IRm\{0} in order to check ellipticity.

Example 6.3.

a) The symbol of the (classical) Laplace operator on functions ∆ =
∑m

i=1
∂2

(∂xi)2

is σ(∆, x)(ξ) =
∑m

i=1 ξ
2
i . The operator is elliptic as its symbol is never zero

for all ξ ∈ IRm\{0}. The quadric
∑m

i=1 ξ
2
i = 1 is an ellipse.

b) The operator ∂2

∂x2 −
∂2

∂y2
has the symbol σ( ∂2

∂x2 −
∂2

∂y2
, x)(ξ) = ξ2

1 − ξ
2
2, which

is zero on the so called characteristic directions ξ1 = ±ξ2. The operator is
called an hyperbolic operator and the quadric ξ2

1 − ξ
2
2 = 1 is an hyperbola.

c) Similarly, the operator ∂
∂x
− ∂2

∂y2
has the symbol ξ1 − ξ2

2 and is called a
parabolic operator.

d) The operator ∂
∂z̄

= 1
2
( ∂
∂x

+ i ∂
∂y

) has the symbol σ( ∂
∂z̄

)(ξ1, ξ2) = 1
2
(ξ1 + iξ2)

and is elliptic.

The local definition of linear differential operators on open sets in IRn can be
generalized to linear differential operators on vector bundles over manifolds as
follows.

Definition 6.4 (Global). Let M be a C∞–manifold of dimension m and let
E →M and F → M be vector bundles over the field IR or C.

1. A linear differential operator of degree r is a linear map

T : Γ(E)→ Γ(F )

such that with respect to an open cover {Ui} of M by chart neighborhoods
for M trivializing E and F it is a linear differential operator of degree r
in the sense of the local definition above. That means, if E|Ui

∼= Ui × V
and F |Ui

∼= Ui ×W with finite dimensional vector spaces V and W , the
restriction

T |Ui
: C∞(Ui, V )︸ ︷︷ ︸

Γ(E|Ui
)

→ C∞(Ui,W )︸ ︷︷ ︸
Γ(F |Ui

)
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can locally be written as

T |Ui
=
∑

|t|≤r

ait∂t.

2. Let SM∗ = {α ∈ T ∗M | α(p) 6= 0 for all p ∈ M}. The pull back of E and
F with respect to the projection π : SM∗ → M defines the bundles π∗E
and π∗F on SM∗, e.g.

π∗E = {(α, e) ∈ SM∗ ×E | πT ∗M(α) = πE(e)} ⊂ SM∗ × E.

The symbol of T is the vector bundle homomorphism σ(T ) : π∗E → π∗F
given by

σ(T )(αp, ψp) := (αp,
1

r!
T (f rψ)(p))

where f ∈ C∞(IR) with f(p) = 0 and dfp = αp and ψ ∈ Γ(E) with
ψ(p) = ψp.

3. A linear differential operator T : Γ(E) → Γ(F ) is called elliptic if the
symbol σ(T ) : π∗E → π∗F is an isomorphism of vector bundles.

Let Ui be a chart neighborhood with coordinates (x1, . . . , xm) trivializing E
and F such that T is of the local form

T |Ui
=
∑

|t|≤r

ait∂t.

Using the generalized Leibniz rule (ab)(k) =
∑

j

(
k
j

)
a(j)b(k−j) one easily sees that

∂t(f
rψ)p =

{
0 |t| < r

r!( ∂f
∂x1

)t1p . . . (
∂f
∂xm

)tmp ψp |t| = r

for any f ∈ C∞(Ui) with f(p) = 0 and ψ ∈ Γ(E|Ui
). Thus, the symbol does not

depend on the choice of f and ψ but only on dfp = αp = ξ1dx1 + . . . + ξmdxm
and ψp and the local and the global definition of the symbol coincide. Thus,
an operator T locally given by T |Ui

=
∑

|t|≤r at∂t is elliptic (on Ui) if for all

ξ ∈ IRm\{0} and all p ∈ Ui
∑

|t|=r

at(x)ξ
t ∈ Isom(V,W ).

Example 6.5. 1. The Laplace operator

∆ = −div grad: C∞(M)→ C∞(M)

on functions over a semi–Riemannian manifold (M (n,k), g) has the symbol

σ(∆)(αp, hp) = −g(αp, αp)hp.

This operator is elliptic in the case of Riemannian manifolds (k = 0). It is
not elliptic in the case of an indefinite metric g, i.e. if k 6= 0, n.
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2. Any linear first order differential operator

D : Γ(E)→ Γ(F )

between vector bundles E and F on a manifold M satisfies a product rule

D(fψ) = fD(ψ) + A(df ⊗ ψ)

with A ∈ Γ(Hom(T ∗M ⊗ E,F )). Its symbol is therefore

σ(D)(αp, ψp) = A(αp ⊗ ψp).

The next three examples are applications of this one.

3. The symbol of a connection ∇ : Γ(E)→ Γ(T ∗M ⊗E) on a bundle E is

σ(∇)(αp, ψp) = αp ⊗ ψp.

Thus, a connection is only elliptic in case of 1–dimensional manifolds.

4. The symbol of d : Ωk(M)→ Ωk+1(M) is

σ(d)(αp, ψp) = αp ∧ ψp.

So, d is only elliptic in case of 1–dimensional manifolds and k = 0.

5. The symbol of a holomorphic structure ∂̄ : Γ(E) → Γ(Λ(0,1) ⊗ E) on a
complex vector bundle E over an almost complex manifold (M,J) is

σ(∂̄)(αp, ψp) = prΛ(0,1)(αp)⊗ ψp.

Thus, ∂̄ is elliptic in case of a complex vector bundle over a Riemann surface,
because for any α ∈ T ∗M we have prΛ(0,1)(α) = 1

2
(α+ i ∗ α) 6= 0.

In particular, two different different ∂̄–operators on complex vector bundle
have the same symbol (the symbol only depends on the complex structure
of M not on the holomorphic structure).

6.2 Fundamental theorem

(“Fundamentaler Satz, den man ein für alle mal lernen sollte!”)
It shows that elliptic equations on closed manifolds behave where much like

finite dimensional linear equations. The interesting point about this theorem
is that its statement contains nothing but C∞–sections of vector bundles. It
doesn’t need distributions, Sobolev spaces etc. For a slightly more elegant
formulation we recall that for a bounded linear operator with dim ker T <∞ and
dimW/Im T <∞ it makes sense to define coker T := W/Im T and the index of
T , i.e. index(T ) := dim ker T − dim coker T .⋆

ich weiß nicht
so recht, ob das
tatsächlich Sinn
macht, das so
zu definieren,
müßte man
wohl funkanal.
checken. Jeden-
falls darf man
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Theorem 6.6 (Fundamental Theorem). Let M be a compact orientable C∞ man-
ifold, E, F vector bundles over IR or C on M . Let T : Γ(E)→ Γ(F ) be an elliptic
linear differential operator. If we choose a Riemannian metric g on M and fiber
metrics <,>E and <,>F on E and F , the following holds:

1. The formally adjoint operator T ∗ of T defined by
∫

M

< T ∗ϕ, ψ >E dg =

∫

M

< ϕ, Tψ >F dg

for all ψ ∈ Γ(E) and ϕ ∈ Γ(F ) is again an elliptic linear differential
operator.

2. ker(T ) and ker(T ∗) are finite dimensional.

3. The following direct sum decomposition is orthogonal with respect to the L2

scalar products on Γ(E) and Γ(F ):

Γ(F ) = Im (T )⊕ ker(T ∗)

Γ(E) = Im (T ∗)⊕ ker(T ).

4. The linear equation Te = f has a solution if and only if f ∈ (ker(T ∗))⊥.

5. The index of T depends only on the (homotopy part of the) symbol.

We don’t prove this theorem here. The reason is that even if the statement
doesn’t contain distributions or Sobolev spaces, we don’t know any way to
prove it without the aid of these standard tools from the theory of partial dif-
ferential equations. This theorem is included as an exercise on the last page
of [Wa]. A proof is sketched in Corollary 2.5 of [Ka]. An honest proof (using
pseudodifferential operators) can by found for example in [Gi] or [We].

There is one disadvantage in the way the Fundamental Theorem is stated
above. The choice of metrics on M and on the bundles E and F is not really
natural. Even if in Riemannian geometry for example one normally has canonical
metrics, in conformal or complex geometry one normally hasn’t. That’s why we
give a reformulation of this theorem which doesn’t contain any artifical choice of
metrics.

The metrics g on M and < . >E and < . >F define isomorphisms

E ∼= DE∗ ψ 7→< ψ, . >E dg

and
F ∼= DF ∗ ϕ 7→< ϕ, . >F dg

where D = ΛmTM∗ is the density bundle of M and dg ∈ Γ(D) is the volume form
of (M, g). If we don’t have these metrics, we cannot use these identifications. But
we can use the bundles DE∗ and DF ∗ instead. ⋆

Beweis der ulti-
maten Version?
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Theorem 6.7. (“Ultimate Version of the Fundamental Theorem”) Let M be a
compact orientable C∞ manifold, E, F vector bundles over IK = IR,C on M . Let
T : Γ(E) → Γ(F ) be an elliptic linear differential operator. Then the following
holds:

1. The formally adjoint operator T ∗ : DF ∗ → DE∗ of T defined by

∫

M

< T ∗ω, ψ >=

∫

M

< ω, Tψ > .

for all ψ ∈ Γ(E) and ω ∈ Γ(DF ∗) is again an elliptic linear differential
operator.

2. ker(T ) and ker(T ∗) are finite dimensional.

3. The pairing

ker(T ∗)× coker T → IK

induced by

Γ(DF ∗)× Γ(F )→ IK (ω, ϕ) 7→

∫

M

< ω, ϕ >

is non–degenerate.

The same holds for the pairing

cokerT ∗ × ker(T )→ IK

induced by

Γ(DE∗)× Γ(E)→ IK (ω, ψ) 7→

∫

M

< ω, ψ > .

4. The linear equation Te = f has a solution if and only if

∫

M

< ω, f >= 0

for all ω ∈ ker T ∗.

5. The index of T only depends on the (homotopy part of the) symbol.
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6.3 Laplace–Beltrami operator on hermitian vec-

tor bundles

As an demonstration of the universality of this theorem, we prove the Hodge

decomposition Theorem 6.16 for differential forms on a Riemannian manifold
(M, g) with values in a real or complex vector bundle E equipped with a metric
< . >E and a metric connection ∇. We recall just the basic definitions, for details
to the Hodge theory we refer essentially to [Wa] and [We].

First, let V be a IK–vector space , IK = IR,C, with dim V = n and inner
product <,>. The inner product on V can be extended to Λ(V ) by setting the
inner product to zero for elements which are homogeneous of different degrees and
otherwise by extending bilinearly < v1∧ . . .∧vk, w1∧ . . .∧wk >= det(< vi, wj >).
Hence any orthonormal basis e1, . . . , en of V induces an orthonormal basis of
Λ(V ). An orientation of V is given by a volume form ω ∈ Λn(V ), i.e. a form
with < ω, ω >= 1 (notice that Λn(V ) is one–dimensional, hence Λn(V )\{0} has
two components, and there are exactly two possible choices of an orientation). If
ω(e1, . . . , en) =< ω, e1 ∧ . . . ∧ en >= 1 then an orthonormal basis e1, . . . , en of V
is called positive oriented.

Definition 6.8. Let (V,<,>, ω) be an oriented vector space. The Hodge star
operator ⋆ : ΛV → ΛV is defined by

⋆1 = ǫ e1 ∧ . . . ∧ en, ⋆(e1 ∧ . . . ∧ en) = ǫ 1

⋆(e1 ∧ . . . ∧ ek) = ǫ (ek+1 ∧ . . . ∧ en),

for any orthonormal basis e1, . . . , en of V where ǫ = ω(e1, . . . , en).

Direct consequences of the definition are

Lemma 6.9.

1. ⋆ : Λk(V )→ Λn−k(V )

2. ⋆ ⋆ η = (−1)k(n−k)η, η ∈ Λk(V )

3. 〈v, w〉 = ⋆(w ∧ ⋆v), w ∧ ⋆v = 〈v, w〉ω, v, w ∈ ΛkV.

Remark 6.10. Clearly, we can extend the definition of both, the orientation and
the Hodge star operator, to Riemannian manifolds by considering V = TM∗.
(M, g) is said to be orientable if there exists a global non–vanishing n–form
ω ∈ Ωk(M). The choice of a volume form ωg on M gives an orientation. The ⋆–
operator operates on smooth k-forms on a Riemannian manifold M in an obvious
manner.

We now show that on a Riemann surface M the Hodge star operator ⋆ is the
negative of the star operator ∗ defined in Definition 4.1. Let z = x + iy be a
complex coordinate, then by definition ∗dz = idz. On the other hand we have
⋆dx = dy and ⋆dy = −dx and thus ⋆dz = dy − idx = −idz.
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From now on we assume that (M, g) is a n–dimensional compact and oriented
Riemannian manifold with volume form ωg. Let E be a IK–vector bundle over
M , IK = IR or C, with Euclidian or hermitian form h : E ×E → C.

Definition 6.11. Let α = α̃ψ, β = β̃ϕ ∈ Ωk(E), α̃, β̃ ∈ Ωk(M), ψ, ϕ ∈ Γ(E)
and define h on Ωk(E) by extending

h(α, β)p :=< α̃, β̃ >p h(ψ, ϕ)p.

Furthermore, we define h(α ∧ β) by the usual formula using h as product on E,
compare Corollary 4.7. In particular,

h(α ∧ β) = α̃ ∧ β̃ h(ψ, ϕ).

If we define ⋆α := (⋆α̃)ψ we have h(α∧⋆β) =< α̃, β̃ > ωgh(ψ, ϕ) = h(α, β)ωg.
Hence, we can equip Ωk(E) with an inner product

(α, β) :=

∫

M

h(α ∧ ⋆β).

Let now ∇ be a with h compatible connection on E, i.e. ∇h = 0. Then there
is an induced d∇ : Ωk(E)→ Ωk+1(E), compare (3.3), and we can define⋆

Eindeutigkeitsfragen?

Definition 6.12. 1. The codifferential operator δ∇ : Ωk(E) → Ωk−1(E) is
defined by

δ∇ := (−1)n(k+1)+1 ⋆ d∇ ⋆ .

2. The Laplacian resp. the Laplace–Beltrami operator ∆ : Ωk(E) →
Ωk(E) is defined by

∆ := d∇δ∇ + δ∇d∇.

3. The harmonic k–forms Harmk(E) are defined by

Harmk(E) := {ω ∈ Ωk(E) | ∆ω = 0}.

Example 6.13. Let E = M × C and h the usual multiplication on C valued
forms. Then Ωk(E) = Ωk(TM∗ ⊗ C) are the complex valued k forms and (, ) is
the usual inner product on Ωk(E)

(α, β) =

∫

M

α ∧ ∗β.

The exterior differentiation gives a flat compatible connection and we obtain the
usual Laplace–Beltrami operator on complex valued forms.

Some easy statements for the Laplacian and the codifferential operator are
given in



59

Proposition 6.14.

1. (d∇α, β) = (α, δ∇β) for α ∈ Ωk(E), β ∈ Ωk+1(E).

2. α ∈ Harmk(E) ⇐⇒ d∇α = 0 and d∇ ⋆ α = 0

3. ⋆∆ = ∆⋆

4. (∆α, β) = (α,∆β).

5. ∆ is elliptic.

Proof. 1. Since d∇ ⋆ β ∈ Ωn−k(E) we have

d∇ ⋆ β = (−1)(n−k)k ⋆ ⋆d∇ ⋆ β = (−1)(n−k)k(−1)n(k+2)+1 ⋆ δ∇β

= (−1)−k
2+1 ⋆ δ∇β

thus

(d∇α, β) =

∫

M

h(d∇α ∧ ⋆β) =

∫

M

dh(α ∧ ⋆β)− (−1)kh(α ∧ d∇ ⋆ β)

=

∫

M

(−1)k−1−k2+1h(α ∧ ⋆δ∇β) = (α, δ∇β).

2. (∆α, α) = (δ∇α, δ∇α) + (d∇α, d∇α), which gives the assertion by the posi-
tive definiteness of (, ).

3./4. Simple calculation.

4. As in the case of the Laplace operator on functions the symbol can be shown
to be

σ(∆)(αp, ψp) = −g(αp, αp)ψp.

Therefore, ∆ is elliptic.

Corollary 6.15. If M is connected and f ∈ Harm0(M) = Harm0(C) then f is
constant.

Proof. If ∆f = 0 then df = 0. Since M is connected we obtain f ≡ const.
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6.4 Hodge decomposition theorem and Poincaré

duality

The fundamental theorem in this subsection will be the Hodge decomposition
theorem. In particular, this theorem guarantees solutions ω of the differential
equation ∆ω = α for given k–forms α orthogonal to the harmonic forms. Fur-
thermore, we obtain the isomorphism between the kth de Rham cohomology
group and the harmonic forms.

Theorem 6.16 (Hodge decomposition theorem). Let M be a compact and ori-
ented manifold and E a hermitian vector bundle over M with connection ∇. Then
Harmk(E) is for each 0 ≤ k ≤ n finite dimensional and one has the following
orthogonal direct sum decomposition:

Ωk(E) = Im ∆⊕ Harmk(E).

Consequently, the equation ∆ω = α has a solution ω ∈ Ωk(E) if and only if the
k-form α is orthogonal to the space of harmonic k-forms.

Proof. The Laplace–Beltrami operator is a (formally) self–adjoint elliptic op-
erator

∆: Ωk(E)→ Ωk(E)

for all k ∈ IN. Therefore, the fundamental theorem implies

dim Harmk(E) = dim ker(∆: Ωk(E)→ Ωk(E)) <∞

and
Ωk(E) = Im ∆⊕ ker ∆

and this direct sum decomposition is orthogonal.

Corollary 6.17. Let ∇ be a flat connection. Then there are the following or-
thogonal direct sum decompositions:

1. Ωk(E) = Im d∇δ∇ ⊕ Im δ∇d∇ ⊕ Harmk(E)

2. Ωk(E) = Im d∇ ⊕ Im δ∇ ⊕Harmk(E)

Proof. First,

Im ∆ ⊂ Im d∇δ∇ + Im δ∇d∇ ⊂ Im d∇ + Im δ∇.

1. From Proposition 6.14 we obtain Im d∇δ∇, Im δ∇d∇ ⊥ Harmk(E) and

(δ∇d∇α, d∇δ∇β) = (δ∇α, (d∇)2δ∇β) = 0

since ∇ is a flat connection.
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2. Similarly Im d∇, Im δ∇d∇ ⊥ Harmk(E) and Im d∇ ⊥ Im δ∇d∇.

Theorem 6.18. Let M be a compact and oriented manifold and E a Euclidean/
hermitian vector bundle over M with flat connection ∇. The k’th (complex) de

Rham cohomology group Hk
dR(E) = {closed k–forms}

{exact k–forms}
is isomorphic to Harmk(E).

In particular, for all ω ∈ Hk
dR(E) there exists a unique η ∈ Harmk(E) with

[η] = ω.

Proof. Consider the map ρ : Hk
dR(E) → Harmk(E) defined by [α] 7→ α0 where

α = α0 + α1, α0 ∈ Harmk(E), α1 ∈ Im ∆, is the unique decomposition of
α ∈ Ωk(E) given by the Hodge decomposition theorem. Observe that the map
ρ is well defined and gives the sought isomorphism.

Definition 6.19. The (finite) dimension bk(E) of the kth de Rham cohomology
class is called the kth Betti number, i.e.

bk(E) := dimHk
dR(E).

Theorem 6.20 (Poincaré duality). Let M be a compact and oriented manifold
and E a Euclidian/hermitian vector bundle over M with connection ∇. There is
an isomorphism

Hn−k
dR (E) ∼= Hk

dR(E)∗.

Proof. Define the bilinear pairing (, )dR : Hk
dR(E)×Hn−k

dR (E)→ IK

([α], [β])dR =

∫

M

h(α ∧ β).

We have to show that the pairing (, )dR is non singular then Hk
dR(E) is iso-

morphic to the dual space of Hn−k
dR (E).

Let 0 6= [α] ∈ Hk
dR(E) and choose a harmonic representant α. But then ⋆α

is harmonic, too (recall ∆ ⋆ α = ⋆∆α = 0), in particular ⋆α is a d∇ closed form.
Thus [⋆α] ∈ Hn−k

dR (E) and (α, ⋆α)dR =
∫
α ∧ ⋆α 6= 0.

Corollary 6.21. Let M be connected and E a IK vector bundle over M .

1. bk(E) = bn−k(E).

2. Hn
dR(T ∗M, IR) ∼= H0

dR(T ∗M, IR) = IR.
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3. For given β ∈ Hk
dR(TM∗, IR) there exists a solution of ∆α = β if and only

if for all γ ∈ Harmk(TM∗, IR): (β, γ) = 0.

In particular, for given h ∈ C∞(M) there exists a solution of ∆f = h if
and only if

∫
M
h(∗1) =

∫
M
hωg = 0.

Definition 6.22. Let M be a compact Rieamnn surface. The genus g of M is
given by

g =
1

2
dimIR H

1
dR(M, IR) =

b1(M)

2
.

A further important application of the Hodge decomposition theorem is

Lemma 6.23. Let M be a Riemann surface. For the canonical bundle we have
dimCH

0(K) = g.

Proof. Let ω = α+iβ be a complex valued 1–form, and α and β its decomposition
into its real and imaginary part. ω lies in K if and only if ∗α = −β (∗ is the
negative of the Hodge star operator ⋆). Thus the elements of K are the 1–forms
ω = α − i ∗ α, where α is a real valued 1–Form. ω is holomorphic if and only if
dω = 0, that means if and only if dα = 0 and d ∗ α = 0. Thus the holomorphic
sections of K are of the form ω = α − i ∗ α with a real valued harmonic 1–form
α.

By Theorem 6.18 we know that the real dimension of the space of real valued
harmonic 1–forms on a compact Riemann surface of genus g is equal to 2g. Thus

dimC H
0(K) = dimC Harm1(M, IR) =

1

2
dimIR Harm1(M, IR) = g.

6.5 Serre duality theorem

We used the Fundamental theorem to prove Poincare duality by using the Lapla-
cian as elliptic operator. Exactly the same can be done if we consider ∂̄ as the
elliptic operator, and we obtain for the Dolbeault cohomology group defined
by ∂̄:

Theorem 6.24 (Serre Duality Theorem). Let M be a compact Riemann sur-
face, E → M a complex vector bundle with holomorphic structure given by ∂̄.
Then

1. H0(E) is finite dimensional.

2. (H1(E))∗ ∼= H0(KE∗).
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3. There is a solution ψ ∈ Γ(E) of the equation ∂̄ψ = ϕ if and only if ϕ is a
section in Γ(K̄E) satisfying

∫

M

< ϕ, ω >= 0 for all ω ∈ H0(KE∗).

4. Two ∂̄–operators on a complex vector bundle E have the same index.

Proof. We already know that ∂̄ is elliptic. Thus the ultimate version of the
Fundamental Theorem 6.7, (2), implies that ker(∂̄) is finite dimensional and
Theorem 6.7, (3), that the pairing ker ∂̄∗ × coker ∂̄ → C is non–degenerate.

Again, the dual operator ∂̄∗ : Γ( D(K̄E)∗︸ ︷︷ ︸
=KK̄K̄−1E∗=KE∗

)→ Γ( DE∗
︸︷︷︸

=K̄KE∗

) is defined by

∫

M

< ∂̄∗ω, ψ >=

∫

M

< ω, ∂̄Eψ >

for all ω ∈ Γ(KE∗) and ψ ∈ Γ(E). On the other hand consider the induced
holomorphic structure ∂̄KE∗ on KE∗: The holomorphic structure on E∗ is given
by ∂̄ < α, ψ >=< ∂̄E∗α, ψ > + < α, ∂̄Eψ > where ∂̄ is the canonical holomorphic
structure on C valued functions. Tensoring C with K, which is equipped with
the holomorphic structure d, we obtain the equation

d < ω, ψ >=< ∂̄KE∗ω, ψ > + < ω, ∂̄Eψ > .

Integrating this equation Stokes theorem implies

∂̄∗E = −∂̄KE∗ .

The ultimate version of the Fundamental Theorem 6.7, (3), proves (2) while
Theorem 6.7, (4), implies (3). The last statement follows from the fact that the
index of an elliptic operator only depends on its symbol.
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Chapter 7

The Riemann–Roch theorem

The last statement of Serre’s duality theorem will be used to calculate the
dimension of the space of holomorphic sections of a holomorphic vector bundle
E → M . The Riemann–Roch theorem relates the dimensions of the spaces of
holomorphic sections of L and KL−1 with the degree and the rank of the vector
bundle E and the genus of M .

The Riemann–Roch theorem gives estimates on the dimension of the space
of holomorphic sections in a given holomorphic vector bundle.

7.1 The residue pairing

Recall that a meromorphic 1–form ω is locally of the form ω = fdz where f is a
meromorphic function.

Definition 7.1. The residue of a meromorphic 1–form ω on a Riemann surface
M is defined as

Resp ω =
1

2πi

∫

γ

ω,

where γ is a circle (in some coordinate) around p, small enough to ensure that ω
is holomorphic inside γ besides p.

Remark 7.2. 1. Since ω is a holomorphic 1–form beside finitely many points,
i.e. ω ∈ H0(K|M\{poles of ω}) we have dω = 0 on M \ {poles of ω } and the
definition of Resp ω is independent of the choice of γ, by Stokes theorem.

2. Choose non–intersecting discs Ui around the poles p1, . . . , pn of ω and let
M̃ = M \ (U1 ∪ . . . ∪ Un). Then by Stokes theorem

2πi

n∑

i=1

Respi
ω =

n∑

i=1

∫

∂Ui

ω = −

∫

∂M̃

ω = −

∫

M̃

dω = 0.

65
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3. Let f : M → C be meromorphic and define the meromorphic 1–form

ω :=
df

f
.

If f has the Laurent expansion f = akz
k + ak+1z

k+1 . . ., k ∈ Z at 0 in a
holomorphic chart z : U →M centered at p ∈ M , then

ω =
df

f
=
kakz

k−1 + . . .

akzk + . . .
dz =

(
k

z
+ some holomorphic rest

)
dz.

Thus
Resp ω = ordp f.

Proposition 7.3 (Residue pairing). Let M be a Riemann surface and L(p) be
the point bundle at p. Then there is a canonical isomorphism

Res : (KL(p))p → C, αp 7→ Res(αp) := Resp(αs
−1
p ).

where α ∈ H0(KL(p)
∣∣
U
) with α(p) = αp, p ∈ U, U open, and s−1

p is the famous
section with pole of order 1 at p.

Proof. Let α ∈ H0(KL(p)
∣∣
U
) with α(p) = αp. Thus αs−1

p is a local meromorphic
1–form with at most one single pole at p and we can define Res(αp) = Resp(αs

−1
p ).

Notice that this is independent of the chosen α since ωs−1
p ∈ H0(K) for any

ω ∈ H0(KL(p)
∣∣
U
) with ωp = 0 and hence Res(ωs−1

p ) = 0.
The so defined map is an isomorphism: Res(αp) = 0 if and only if αs−1

p ∈
H0(K) if and only if αp = 0.

(The idea of the proof is clear: Given αp ∈ KL(p), use a local trivialization
to identify αp with a0 ∈ C. Any holomorphic map with f(p) = a0 is of the form
f(z) = a0 + a1z + . . ., thus f

z
= a0

z
+ a1 + . . . and Res(f

z
) = a0).

Definition 7.4. Let L be a holomorphic line bundle over the Riemann surface
M . The connecting homomorphism δ : Lp → H0(KL−1L(p))∗ is defined by

δ(ψp)(α) := Res(ψpαp), where α ∈ H0(KL−1L(p)).

Remark 7.5. Clearly, this definition comes from the more general frame work
of cohomology theory, compare Appendix B, Snake Lemma B.16. In general,
the connecting homomorphism turns a short exact sequence into a long exact
sequence on cohomology. Recall: An exact sequence is a sequence of groups
(vector spaces, vector bundles, presheaves, sheaves, ...) of the form

V1
α1 // V2

α2 // V3
α3 // . . . αk−1

// Vk
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where αk : Vk → Vk+1 are homomorphism with kerαk = Im αk−1. To remind the
ideas of exact sequences we explain in more detail the short exact sequences: We
investigate under which conditions the sequence

0
α
→ U

β
→ V

γ
→W

δ
→ 0.

is an exact sequence: Exactness at U requires that 0 = Im α = ker β, i.e. the map
β has to be injective. Hence, we can interpret U as subgroup of V by considering
β = incl as the inclusion map of U into V .

At V we need that U = Im incl = Im β = ker γ. Hence γ can be understood
as a projection map from V to Im γ = V/U ⊂ W . By exactness at W the map
γ is surjective since Im γ = ker δ = W . Hence, any short exact sequence can be
seen as a sequence

0
α
→ U

incl
→֒ V

proj
→ V/U → 0.

Return to the Dolbeault cohomology groups and the connecting homo-
morphism. We will show that the connecting homomorphism gives a long exact
sequence on Dolbeault cohomology. Consider first the maps

sp : H0(LL(−p))→ H0(L), ϕ 7→ ϕ⊗ s1
p

(again s1
p is “the famous section” with zero of order 1 at p) and the evaluation

map

evp : Γ(L)→ Lp, ψ 7→ ψ(p).

Consider the sequence (later we will see that this gives the skyscraper sequence
on the level of sheaves, cf. Appendix A, Example A.19, 4):

0 // H0(LL(−p))
sp

// H0(L)
evp

// Lp

Since evp(ϕ ⊗ s1
p) = 0 we have Im sp ⊂ ker evp. Furthermore, for ψ ∈ ker evp

define ϕ = ψ ⊗ s−1
p . Then ϕ ∈ H0(LL(−p)) since ψ(p) = 0, and sp(ϕ) = ψ, thus

the sequence is exact.
Similarly, there are maps

sp : H0(KL−1)→ H0(KL−1L(p)) and evp : H0(KL−1L(p))→ KL−1L(p)
∣∣
p
.

They induce maps on the dual bundles and again we have an exact sequence

(KL−1L(p)
∣∣
p
)∗

ev∗
p

// H0(KL−1L(p))∗
s∗p

// (H0(KL−1))∗ // 0

Use the Serre duality theorem, which gives an isomorphism H1(LL(−p)) =
(H0(K(LL(−p))−1)∗ = (H0(KL−1L(p)))∗, to define a map sp : H1(LL(−p)) →
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H1(L). Identifying (KL−1L(p)
∣∣
p
)∗ with Lp via the pairing

KL−1L(p)
∣∣
p
× Lp //

contraction

��

C

KL(p)
∣∣
p

Res

88rrrrrrrrrrrrr

we see that the induced map ev∗
p : Lp → H1

∂̄
(LL(−p)) is in fact the connecting

homomorphism δ (use again Serre duality for H1(LL(−p)) ∼= H0(KL−1L(p))∗).

In particular, we have again an exact sequence:

Lemma 7.6. The connecting homomorphism gives a long exact sequence on co-
homology

0 // H0(LL(−p))
sp

// H0(L)
evp

// Lp
δ=ev∗

p
// H1(LL(−p))

s∗p
// H1(L) // 0

Proof. The remaining bit is to show the exactness at Lp. First, for ψ ∈ H0(L), α ∈
H0(KL−1L(p)) we have

(δ ◦ evp(ψ))(α) = δ(ψp)(α) = Res(ψαs−1
p ) = 0

since ψαs−1
p is a meromorphic 1–form with at most one pole at p ∈M (cf. Remark

7.2, (2)).

Now, let ψp ∈ ker δ and choose ψ̃ ∈ Γ(L) which is holomorphic on some
neighborhood U of p and extends ψp. We claim that

∂̄(ψ̃ − ϕ⊗ s1
p) = 0 (7.1)

has a solution ϕ ∈ Γ(LL(−p)). In fact, (7.1) has a solution if and only if
(∂̄ψ̃)s−1

p = ∂̄ϕ has a solution. The Serre duality theorem states that this⋆

richtige Paarung? is equivalent to (∂̄ψ̃)s−1
p ⊥ H0(KL−1L(p)). But for α ∈ H0(KL−1L(p)) we have

∫

M

(∂̄ψ̃)s−1
p α =

∫

M\U

d(ψ̃s−1
p α) +

∫

U

(∂̄ψ̃)︸︷︷︸
=0

s−1
p α

= −

∫

∂U

ψ̃s−1
p α = −2πiResp(ψ̃pαp)

= −2πiδ(ψp)α = 0

by the assumption ψp ∈ ker δ. Thus there is a solution of (7.1), in particular
ψ := (ψ̃ − ϕ⊗ s1

p) ∈ H
0(L) with evp(ψ) = ψp.
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7.2 The Riemann–Roch theorem

We introduce the following short–hand notation: For a holomorphic vector bundle
E →M we define

h0(E) := dimH0(E).

The Riemann–Roch theorem gives an equation on the dimension of the set
of holomorphic sections:

Theorem 7.7 (Riemann–Roch theorem). Let E be a holomorphic vector bundle
over a compact Riemann surface M . Then

h0(E)− h0(KE∗) = degE − (g − 1) rankE.

Proof. We will prove the Riemann–Roch theorem in three steps.

1. Let L be a holomorphic line bundle of degL = 0 with ∂̄–operator ∂̄L. Then
L ∼= C. On C there is the usual ∂̄–operator on functions if we identify
sections in the trivial bundle with maps to C. In particular, index(∂̄L) =
index(∂̄). The only holomorphic functions on a compact Riemann sur-
faces are constant hence dimH0

∂̄
(C) = 1. Furthermore dimH0

∂̄
(KL−1) =

dimH0
∂̄
(K) = g. Thus using Serre duality

dimH0
∂̄L

(L)− dimH0
∂̄

KL−1
(KL−1) = dim ker ∂̄L − dim ker ∂̄KL−1

= index(∂̄L) = index(∂̄)

= dimH0
∂̄(C)− dimH0

∂̄(K)

= 1− g

= degL− (g − 1) rankL.

2. Let L be a holomorphic line bundle with degL = k. We prove the Rie-

mann–Roch theorem by induction on the degree of L. We consider first
the case k ≥ 0. For k = 0 the Riemann–Roch theorem holds by (1). Let L
be a holomorphic line bundle of degree k. Then degLL(−p) = degL− 1 =
k−1, hence we can assume by induction that the Riemann–Roch theorem
holds for LL(−p).

Consider the long exact sequence from Lemma 7.6. Using a linear algebra
argument we see that the alternating sum of the dimensions has to vanish,
i.e.

0 = dimH0(LL(−p))− dimH0(L) + dimLp

− dimH0(KL−1L(p))∗ + dimH0(KL−1)∗

= h0(L)− degLL(−p)) + g − 1 + 1− h0(KL−1)
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thus

h0(L)− h0(KL−1) = degL− (g − 1) rankL.

Now, if L has negative degree k, then by induction we can assume that
the Riemann–Roch theorem holds for LL(p). Consider again the long
exact sequence from Lemma 7.6 but for the line bundle LL(p). The same
arguments as before give

0 = dimH0(L)− dimH0(LL(p)) + dim(LL(p))p

− dimH0(KL−1)∗ + dimH0(KL−1L(−p))∗

and thus the assertion for any line bundle.

3. Let now E be a holomorphic rank r vector bundle of arbitrary degree with
∂̄–operator ∂̄E . We know that E ∼=C∞ Cr−1 ⊕ ΛrE where we remind that
the determinant bundle ΛrE is the canonical line bundle associated to E
with degE = deg ΛrE. Now, ∂̄C

r−1 ⊕ ∂̄ΛrE gives a holomorphic structure

on Cr−1 ⊕ ΛrE and thus index ∂̄E = index(∂̄C
r−1 ⊕ ∂̄ΛrE). We obtain

h0(E)− h0(KE∗) = index ∂̄E = index(∂̄C
r−1 ⊕ ∂̄ΛrE)

= index(∂̄C
r−1) + index(∂̄ΛrE)

= h0(Cr−1)− h0(K(Cr−1)−1) + h0(ΛrE)− h0(K(ΛrE)−1)

= (r − 1)− g(r − 1) + deg ΛrE − (g − 1) rank ΛrE

= (1− g)(r − 1) + degE − (g − 1)

= (1− g) rankE + degE

(“Das war elegant. Da ist die Nachwelt dankbar!”)

Example 7.8 (Degree of the canonical bundle). Applying the Riemann–Roch

theorem to L = K implies h0(K)−h0(C) = degK−g+1, since KL−1 = KK−1 =
C. Thus

degK = 2g − 2.

(as we have seen before, using the Gauss–Bonnet theorem).

Corollary 7.9. Let L→M be a holomorphic line bundle with degL = d. Upper
and lower bounds on h0(L) are given by the following diagram:
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0

canonical bundle

2g − 2

trivial bundle

g − 1

g

dim H0(L)

deg L

More precisely,

1. h0(L) = 0 for d < 0.

2. 0 ≤ h0(L) ≤ d+ 1

3. 0 ≤ d− g + 1 ≤ h0(L) ≤ g for d ≥ g − 1.

4. h0(L) = d− g + 1 for d > 2g − 2

Proof. 1. Degree formula.

2. Let n = h0(L) ≥ 1 and p ∈ M . Then there exists a holomorphic section ψ
with a zero at p of order at least n − 1: the space of holomorphic sections
which vanish at p is at least a hyperplane. Inside this hyperplane the space
of holomorphic sections which vanish at p of second order is again at least
a hyperplane, and so on.

Thus, the degree of L can be estimated by the order of zeros of ψ, hence
d ≥ n− 1.

3. If d ≥ g − 1 then the Riemann–Roch theorem gives

h0(L) = h0(KL−1) + d− g + 1 ≥ d− g + 1 ≥ 0.

On the other hand, if d ≥ g then ñ = h0(KL−1) ≥ 1. Applying the
argument of (2) to KL−1 we have

2g − 2− d = degKL−1 ≥ ñ− 1 = h0(L)− d+ g − 2.

4. If d > 2g − 2 then degKL−1 < 0 hence h0(KL−1) = 0 and the Riemann–
Roch theorem gives the result.
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Remark 7.10. There is a better upper bound for h0(L): In fact the holomorphic
line bundles are in the grey shaded area for 0 ≤ d ≤ 2g − 2, i.e.

h0(L) ≤
d

2
+ 1.

⋆

Paul (“The Riemann–Roch theorem holds literally for quaternionic vector
bundles over compact Riemann surfaces. ”)



Chapter 8

Grothendieck splitting and
Kodaira embedding

In this chapter we give some applications of the Riemann–Roch theorem . In
particular, every holomorphic vector bundle over a sphere splits into holomor-
phic line subbundles, cf. Grothendieck splitting, Theorem 8.9, and any compact
Riemann surfaces can be embedded into a suitable projective space, Kodaira

embedding theorem 8.25, and is hence algebraic, cf. Chows Theorem 8.27.

8.1 Grothendieck splitting

We ask if we can split a holomorphic vector bundle over a Riemann surface
into holomorphic line subbundles. For this, we need first a holomorphic line ⋆

Allg.: Gegen-
beispiel?

subbundle of E which will be given if we know:

Theorem 8.1 (Existence of a non–trivial meromorphic section). Let E → M
be a holomorphic vector bundle over a compact Riemann surface M . Then there
exists a non trivial meromorphic section of E.

Proof. Consider the bundle EL(np). We estimate the dimension of the set of
holomorphic sections with the Riemann–Roch theorem :

h0(EL(np) ≥ degEL(np)− (g − 1) rank(EL(np))

= n rankE + degE − (g − 1) rankE.

Hence, if n is sufficently large, then EL(np) has a holomorphic section ψ and
ϕ = ψ ⊗ s−np is a meromorphic section of E with at most a pole of order n at
p.

This enables us to find a holomorphic subbundle, and in fact a holomorphic
flag:

73
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Corollary 8.2. 1. Every holomorphic vector bundle E over a compact Rie-
mann surface has a holomorphic line subbundle L.

2. A holomorphic vector bundle E of rank r over a compact Riemann surface
has a flag of holomorphic subbundles

0 →֒ E1 →֒ E2 →֒ E3 →֒ . . . →֒ Er−1 →֒ E,

such that rank(Ek) = k.

Proof. 1. Let ϕi ∈ H
0(E
∣∣
Ui

) be a set of local holomorphic sections on an open

cover U = {Ui} of M . These ϕi define a holomorphic line subbundle L of
E, if span(ϕi) = span(ϕj) on Ui ∩ Uj .

Let ψ ∈M(E) be a meromorphic section of E and zi : Ui → C holomorphic
charts on open neighbourhoods Ui of the poles {p1, . . . , pr} of ψ. If we add
U0 = M \ {p1, . . . , pr} then {Ui}0≤i≤r is a cover of M . Let ni := ordpi

ψ.
Then ϕ0 := ψ

∣∣
U0

and

ϕi : Ui −→ E

p 7−→ zi(p)
niψ(p)

are local holomorphic sections, satisfying span(ϕi) = span(ϕj) on Ui ∩ Uj .

2. If L ⊂ E is a holomorphic subbundle of E then E/L is a holomorphic
bundle. Thus (1) provides a holomorphic line bundle L̃ ⊂ E/L, whose
preimage under the canonical projection π : E → E/L is a holomorphic
subbundle of E, rank(E) = rank(L) + 1.

Lemma 8.3. Let

0 // E1
�

� incl // E2
π // E3

// 0 (8.1)

be an exact sequence of holomorphic vector bundles over a compact Riemann
surface M . Then there exists a connecting homomorphism δ such that the long
sequence on cohomology

0 // H0(E1)
�

�

// H0(E2) // H0(E3)

δ
ttiiiiiiiiiiiiiiiiiiii

H1(E1) // H1(E2) // H1(E3) // 0

is exact.

Proof. We start by defining the connecting homomorphism:
Let ψ ∈ H0(E3). Then there exists a ϕ ∈ Γ(E2) with πϕ = ψ. Consider

α = ∂̄ϕ ∈ Γ(K̄E2). But πα = ∂̄πϕ = ∂̄ψ = 0, hence α ∈ Γ(K̄E1). If ϕ̃ projects
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also to ψ, i.e. π(ϕ − ϕ̃) = 0 then ϕ − ϕ̃ ∈ Γ(E1) by exactness of the sequence.

Thus ∂̄(ϕ − ϕ̃) ∈ ∂̄Γ(E1) and α can be interpreted as α ∈ Γ(K̄E1)

∂̄Γ(E1)
= H1(E1).

Hence, define δ by: δ(ψ) = ∂̄ϕ.

Next, we show that the sequence on cohomology is exact:
Clearly, the sequence (8.1) induces a sequence

0 // H0(E1)
�

�

// H0(E2) // H0(E3)

since the maps incl and π are holomorphic. But this sequence is also exact by
the exactness of (8.1).

For the exactness of the sequence

H1(E1)
�

�

// H1(E2) // H1(E3) // 0 . (8.2)

we use the Serre duality theorem:
The exact sequence (8.1) gives an exact sequence

0 // E∗
3

�

� π∗
// E∗

2
incl∗ // E∗

1
// 0 .

The same argument as above gives the exact sequence

0 // H0(E∗
3)

�

�

// H0(E∗
2)

// H0(E∗
1)

which gives also the exactness of

0 // H0(KE∗
3)

�

�

// H0(KE∗
2)

// H0(KE∗
1)

Dualizing this sequence again and using H0(KE∗) = H1(E)∗ we obtain the exact
sequence (8.2).

Remains to check exactness at H0(E3). Clearly, if ψ ∈ Im π then ψ = πϕ for
ϕ ∈ H0(E2), and hence δψ = ∂̄ϕ = 0. On the other hand, if δψ = 0 then there
exists ϕ ∈ Γ(E2) with ∂̄ϕ ∈ ∂̄Γ(E1) and πϕ = ψ. Let ϕ1 ∈ Γ(E1) with ∂̄ϕ1 = ∂̄ϕ.
Then the difference ϕ− ϕ1 projects to ψ and is holomorphic.

Now, we need a condition when a vector bundle E splits holomorphically into
a holomorphic line subbundle L and a holomorphic subbundle Q := E/L.

Lemma 8.4. Let L ⊂ E be a holomorphic line subbundle, Q = E/L. The
sequence

0 // Q−1L
�

� π∗
// E−1L

incl∗ // C // 0 (8.3)

is a short exact sequence of holomorphic vector bundles. Furthermore, E = Q⊕
L splits holomorphically, if δ(1) = 0 for the connecting homomorphism of the
induced long exact sequence on cohomology.
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Proof. First, 0 // L
�

� incl // E
π // Q = E/L // 0 is a short exact sequence.

Dualizing and tensoring with L we obtain the exact sequence (8.3). The induced
connecting homomorphism is a map δ : C = H0(C)→ H1(Q−1L). Since δ(1) = 0,
by exactness of the long exact sequence on cohomology there exists ψ ∈ H0(E−1L)
which maps to 1, in particular, ψ vanishes nowhere. Since the sequence on vector
bundles is exact we also know that ψp 6∈ (Q−1L)p. Thus EL−1 = Q−1L ⊕ Cψ
holomorphically. Since Cψ ∼= C we obtain, again by tensoring L and dualizing,
E = Q⊕ L.

Corollary 8.5. Let L ⊂ E be a holomorphic subbundle and Q = E/L. If
H1(Q−1L) = 0 then E splits into the holomorphic subbundles L⊕Q.

Lemma 8.6. Let f : L → E a holomorphic map between to holomorphic vector
bundles L and E over M . If f 6≡ 0 then

degL ≤ deg(fL)

where we denote by (fL) the line bundle induced by the image of L under f .

Proof. The zeros of f are isolated thus f defines a line bundle. Since any holo-
morphic section of L defines a holomorphic secton of (fL) the degree can only
increase.⋆

Zitat:Wu,
genauer erk-
laeren. Muß L

Linienbündel
sein?

Lemma 8.7. Let E →M be a holomorphic vector bundle. Then

{degL | L ⊂ E holomorphic line subbundle}

has an upper bound.

Remark 8.8. But there is no lower bound.⋆

example

Proof. We will prove the statement by induction on the rank of E. Then rank 1
case is clear.

Let H ⊂ E be a fixed holomorphic subbundle of codim = 1. Let L ⊂ E
a holomorphic line subbundle. If L is a holomorphic subbundle of H then by
assumption degL is bounded from above. If not, consider the induced holo-
morphic map f : L →֒ E/H given by L → E

π
→ E/H where E/H is a line

bundle. Then f 6≡ 0, so the induced line bundle is (fL) = E/H and hence
degL ≤ degE/H .

Now, we are able to prove

Theorem 8.9 (Grothendieck splitting). Let E → CP 1 be a holomorphic
vector bundle of rank r. Then there is a splitting

E =

r⊕

i=1

Li, degL1 ≤ . . . ≤ degLr,
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where Li → CP 1 are holomorphic line bundles. The sequence

degL1, . . . , degLr

is a holomorphic invariant of E.

Remark 8.10. Note that d = degE =
∑

degLi.

Proof. Choose a holomorphic line subbundle of E → CP 1 with maximal degree,
say degLN = N . (Recall, if L is a line bundle over CP 1 then holomorphically
L = L(kp) = Lk where k = degL). By the Riemann–Roch theorem we know
that h0(Lk) − h0(KL−k) = k + 1 for any k ∈ Z. Since degKL−k = −2 − k ≤ 0
for k ≥ 0 we know that h0(KL−k) = 0 hence

h0(Lk) = k + 1 for k ≥ 0.

It suffices to show that E splits holomorphically into E = LN ⊕ Q (Q =
E/LN). For that we claim H1(Q−1LN ) = 0.

Assume that H0(KQL−N ) 6= 0 (Serre duality!). We proceed by induction
over the rank of E, thus we can assume that Q splits holomorphically into line
subbundles Q =

⊕r−1
i=1 L

ai where ar−1 ≥ ar−2 ≥ . . . ≥ a1. Hence

0 6= H0(KQL−N ) = H0(KL−N

r−1⊕

i=1

Lai) =

r−1⊕

i=1

H0(KL−N+ai)

and there exists j ∈ {1, . . . , r− 1} with H0(KL−N+aj ) 6= 0. Therefore −2−N +
aj = degKL−N+aj ≥ 0. Consider the exact sequence

0 // LN
�

�

// E // Q // 0 .

It induces a short exact sequence

0 // L−1 �

�

// EL−N−1 // QL−N−1 // 0

and thus the long exact sequence on cohomology

0 // H0(L−1) �

�

// H0(EL−N−1) // H0(QL−N−1) // H1(L−1).

Since degL−1 < 0 we have H0(L−1) = 0 and by Serre duality and the Rie-

mann–Roch theorem −h1(L−1) = −h0(KL) = h0(L−1) − h0(KL) = degL−1 +
1 = 0. Therefore, the long exact sequence on cohomology gives

H0(EL−N−1) ∼= H0(QL−N−1).

Since there exists a j ∈ {1, . . . , r − 1} with −2 − N + aj ≥ 0 and hence
h0(Laj−N−1) = aj −N ≥ 2 we obtain

H0(EL−N−1) ∼= H0(QL−N−1) =

r−1⊕

i=1

H0(Lai−N−1) 6= 0.
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This leads to the contradiction since any non–vanishing holomorphic section of
H0(EL−N−1) induces a non–trivial holomorphic map f : LN+1 → E and thus
deg(fLN+1) ≥ degLN+1 = N + 1 which contradicts the maximality of LN .

It remains to show that the sequence of the degrees is a holomorphic invariant.
Define a map

λ(n) := h0(EL−n).

If E =
⊕r

i=1 L
ai is a holomorphic splitting then by introducing the map

H(x) :=

{
1; x ≥ 0

0; x < 0

we see
λ(n) =

∑
h0(Lai−n) =

∑
H(ai − n)(ai − n+ 1)

Since λ(aj) − λ(aj + 1) = r − j + 1 the map λ defines aj but is itself defined
independently of the splitting.⋆

das stimmt
nicht. Es wird
definitiv nur
min{k | ak = aj}
ausgespuckt.
Außerdem kann
ich aj daraus
nicht rekonstru-
ieren ... man
sollte mal in [BT]
reingucken, die
scheinen das zu
machen

8.2 Birkhoff factoriziation of loops

We show how the Grothendieck splitting can be used in the context of factor-
izing loop groups.

Theorem 8.11 (Birkhoff factorization). Let g : C∗ → GL(n,C) a holomor-
phic map. Then there exist holomorphic A,B : C → GL(n,C) and integers
a1 ≤ . . . ≤ an such that

g(z) = A(z)





za1 0 . . . 0

0
. . .

...
...

. . .

0 . . . zan




B(

1

z
).

Proof. The map g defines a rankn vector bundle E over CP 1 if we interpret
g as transition function. Let U0 and U∞ be the usual neighborhoods of 0 and
∞, and ψ0, ψ∞ holomorphic sections of the vector bundle E over U0 resp. U∞

with ψ0 = ψ∞g. Now, the vector bundle E splits holomorphically into line
subbundles, i.e. E =

⊕
Lai . Thus, there exists a frame of local sections ψ̃0,

ψ̃∞ such that ψ̃0 = ψ̃∞




za1

. . .

zan



. The two frames can be transformed

into each other, i.e. there exist holomorphic maps A,B : C → GL(n,C) with
ψ0B = ψ̃0, ψ∞A = ψ̃∞. Hence g is of the sought form.
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8.3 Holomorphic line bundles and divisors

As a further application of the existence of a meromorphic section we show the
existence of an isomorphism between the set of isomorphism classes of holomor-
phic line bundles, the so–called Picard group, and the set of equivalence classes
of divisors. Hereby,

Definition 8.12. Let M be a compact Riemann surface. Then the formal sum
D =

∑
p∈M npp is called a divisor on M , if np ∈ Z and np = 0 besides a finite

number of points p ∈M . The degree of a divisor D is defined as

degD =
∑

p∈M

np .

Definition 8.13. Let f be a meromorphic function on a compact Riemann sur-
face M . Then we associate to f the divisor

(f) =
∑

p∈M

(ordp f)p.

Lemma 8.14. If f ∈M(M) then deg(f) = 0.

Proof. Remark 7.2, (2).

Definition 8.15. The divisor group of a compact Riemann surface M is defined
as

Div(M) = {D | D is a Divisor }/∼

where D1 ∼ D2 if and only if there exists a meromorphic function f on M , such
that D2 −D1 = (f). Since deg(f) = 0 for meromorphic functions f , deg is well
defined on Div(M) and we define

Divk(M) = deg−1(k) ⊂ Div(M)

for each k ∈ Z.

In Definition 5.22 we introduced the point bundles at p of degree k on a
compact Riemann surface M , called L(kp). We will associate a unique (up to
isomorphism) holomorphic line bundle to any divisor on M . Then we show that
this map induces an isomorphism between the divisor group Div(M) and the
Picard group, i.e.

Definition 8.16. The Picard group is defined by the isomorphism classes of
holomorphic line bundles, i.e.

Pic(M) = {holomorphic line bundles}/{holomorphic isomorphisms}.
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First, we associate to every divisor a holomorphic line bundle by

Definition 8.17. Let M be a compact Riemann surface. Let D =
∑k

j=1 njpj be
a divisor on M , then we define

L(D) := L(n1p1)⊗ . . .⊗ L(nkpk).

Remark 8.18. For any divisor D on M the equation deg(D) = deg(L(D)) holds.

Proposition 8.19. The map

L : Div(M)→ Pic(M)

is an isomorphism, if M is a compact Riemann surface. In particular, let ψ be a
non–trivial meromorphic section and D its divisor. Then

L(D) ∼= L as holomorphic line bundle.

Proof. L is a group homomorphism between the group of divisors on M with
respect to + and the group of holomorphic line bundles with respect to ⊗. (Recall
that the tensor product of holomorphic line bundles commutes.)

Let D =
∑k

j=1 njpj be a divisor on M , and let s
nj
pj ∈ Γ(L(njpj)) be the

“famous section”, which is non zero and holomorphic on M \ {pj} and has a pole
of order −nj if nj < 0, or a zero of order nj if nj > 0 at pj. Then

ψ = sn1
p1
⊗ . . .⊗ snk

pk

is a meromorphic section of L(D).
If D = 0 in Div(M) then D = (f) for some meromorphic function. Then ψ/f

is a non vanishing holomorphic section, thus L(D) ∼= M ×C. This means that L
is a well defined map of Div(M) to Pic(M).

If L(D) = 0 in Pic(M) then L(D) ∼= M ×C holomorphically, thus the section
ψ is in fact a meromorphic function f on M , such that D = (f). Hence L is
one–to–one.

To show that L is onto, let L→ M be a holomorphic line bundle. Then L has
a non trivial meromorphic section ψ. This section defines a divisor D = (ψ) =∑k

j=0 ordpj
ψ, where {p1, . . . , pk} is the set of all zeros and poles of ψ. We have

to show that L(D) ∼= L holomorphically. But

L⊗ L(−D)

has a non vanishing holomorphic section, namely ψ ⊗ ψ1 ⊗ . . . ⊗ ψk, where the

ψj = s
− ordpj

ψ
pj are the famous holomorphic respectively meromorphic sections of

L((− ordpj
ψ)pj). Thus L⊗ L(−D) ∼= M × C, consequently

L ∼= L(−D)−1 ∼= L(D).
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8.4 Kodaira embedding theorem

We first show the existence of a holomorphic map between any Riemann surface
and CP 1. The degree of this map is bounded by the genus of the Riemann
surface.

Moreover, one may ask, if it is possible to embed each Riemann surface into a
suitable projective space. The answer to this question is given by the Kodaira

embedding theorem.

Let p ∈ M and L = L((g + 1)p). Then degL = g + 1 and by the Riemann–
Roch theorem

h0(L((g + 1)p)) = h0(L) ≥ degL− g + 1 = 2.

Let ψ1 be the famous section of L((g + 1)p), i.e. the holomorphic section with
a zero of order g + 1 at p and no other zero on M \ {p}. There is a linearly
independent section to ψ1, say ψ2, because h0(L((g + 1)p)) ≥ 2. The sections ψ1

and ψ2 define a meromorphic function f : M → C by the equation ψ2 = ψ1f , we
use the short–hand notation f = ψ2/ψ1.

Assume that ordp ψ2 ≥ g + 1. Then ordq ψ1 = ordq ψ2 for all q ∈ M , since∑
q∈M ordq ψ2 = deg(L) = g + 1. Hence f is holomorphic. This contradicts the

linear independence of ψ1 and ψ2. Thus ordp ψ2 < g + 1.
The fact that ordp f = ordp ψ2 − ordp ψ1 implies

−g − 1 ≤ ordp f < g + 1− g − 1 = 0.

Hence f is holomorphic on M \{p} and has a pole of order at least 1 and at most
g + 1 at p. Thus we have shown

Proposition 8.20. Let M be a compact Riemann surface of genus g. Then there
exists a holomorphic map

f : M → CP 1,

whose degree satisfies
1 ≤ deg f ≤ g + 1.

In the case of genus g = 0 this implies that M is biholomorphic to CP 1.

Definition 8.21. Let L be a holomorphic line bundle over a compact Riemann
surface with a non trivial holomorphic section, i.e. h0(L) > 0. Let H ⊂ H0(L),
dimH ≥ 1, then

BH = { p ∈M | ψ(p) = 0 for all ψ ∈ H }

is called the base locus of the linear system H , and p ∈ BH a base point. For
H = H0(L) we write BL and call p ∈ BL a base point of L.
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Remark 8.22. BL = ∅ is equivalent to the exactness of the sequence

H0(L) −→ Lp −→ 0

for all p ∈M .

Suppose now that degL > degK+1. Then degKL−1 = degK−degL < −1
and hence h0(KL−1) = 0. Thus the Riemann–Roch theorem gives h0(L) =
degL−g+1 > 2g−1−g+1 = g. Thus L has a non trivial holomorphic section.
Recall the long exact sequence on cohomology

0 −→ H0(LL(−p)) −→ H0(L) −→ Lp −→ H1(LL(−p))

ButH1(LL(−p)) ∼= H0(K(LL(−p))−1) by Serre duality and degK(LL(−p))−1 =
degK − degL+ 1 < 0, thus H1(LL(−p)) = 0 and H0(L) −→ Lp −→ 0 is exact.
Therefore, we have shown:

Proposition 8.23. Let L be a holomorphic line bundle over a compact Riemann
surface and degL > degK + 1, then BL = ∅.

Lemma 8.24 (Kodaira correspondence). Let L → M be a holomorphic line
bundle over M and H ⊂ H0(L) be a linear system with dimH ≥ 2, then we can
define a holomorpic map f : M\BL → CP n−1 via f(p) = ev∗

p(L
∗
p)

Proof. Since H
evp

// Lp // 0 is exact for p ∈ M\BL the map ev∗
p : L∗

p → H∗

is injective. Thus we have indeed a map f : M → P (H∗) ∼= CP n−1.

Geometrically, any point, which is not a base point, defines the hyperplane
Hp of all holomorphic sections vanishing at p. Let α ∈ P (H∗) be the unique dual
form, such that ψ ∈ Hp if and only α(ψ) = 0. Then our map f is in fact the map
p 7→ α.

In local coordinates the picture is as follows: choose a basis s1, . . . , sn of H
and let p ∈ M\BL. Let ϕ be a local nowhere vanishing holomorphic section in
H around p. Then fi := si

ϕ
: U ⊂ M → C are holomorphic maps, and since p

is not a base point,




f1(p)

...
fn(p)



 defines a point in CP n−1. Note, that this point is

independent of the chosen ϕ. By the identification

P (H∗) ∼= CP n−1, α←→








< α, s1 >

...
< α, sn >









we see that f(p) ∈ P (H∗) corresponds to








f1(p)

...
fn(p)







 since for αp ∈ L
∗
p:

< ev∗
p(αp), si >=< αp, evp si >=< αp, si(p) >= fi(p) < αp, ϕ(p) > .
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⋆

die Abbildung
kann auch in base
points definiert
werden.

Now, the natural question is whether this map defines an embedding. An
answer to this question is given by

Theorem 8.25 (Kodaira embedding theorem). Let M be a compact Riemann
surface and L→M a holomorphic line bundle over M such that degL > degK+
2. Then the map

f : M → P (H0(L)∗) ∼= CP d−g, p 7→ f(p) = L∗
p

is an embedding.

Remark 8.26. For any compact Riemann surface there exists a holomorphic line
bundle of arbitrary degree (take a point bundle!). Thus, any compact Riemann
surface can be embedded into a complex projective space.

Proof. Under the above assumptions we have h0(KL−1) = 0 and by the Riemann–

Roch theorem hence h0(L) = d − g + 1 > 2g − 2 + 2 − g + 1 = g + 1 ≥ 1.
Furthermore, since degL > degK+2 > degK+1 the bundle L is by Proposition
8.23 base point free. Thus the map f is well–defined by the above considerations.

Since M is compact it suffices to show that f is an injective immersion. Notice
that L∗

p = L∗
q ⊂ H0(L)∗ if and only if for 0 6= α ∈ L∗

p, 0 6= β ∈ L∗
q there exists

λ ∈ C\{0} with ev∗
p(α) = λ ev∗

q(β). But this is equivalent to

< α, ψ(p) >= λ < β, ψ(q) > for all ψ ∈ H0(L).

Hence f is injective if there exists for all p, q ∈ M, p 6= q, a holomorphic section
ψ with ψ(p) 6= 0 but ψ(q) = 0.

Let p, q ∈ M be arbitrary. Since degLL(−q) = degL− 1 > degK + 1 again
LL(−q) is base point free and there exists ψ̃ ∈ H0(LL(−q)) with ψ̃(p) 6= 0. Define
ψ = ψ̃s1

q ∈ H
0(L), where s1

q ∈ H
0(L(q)) is the famous holomorphic section which

vanishes only at q and has order one at q. We see that ψ(q) = 0 but ψ(q) 6= 0 if
p 6= q. Thus, f is indeed an injective map.

Now, if p = q, then ψ has a zero of first order at p. Since L is base point
free we can choose a basis s1 = ψ, s2, . . . , sn of holomorphic sections such that
s2(p) 6= 0. Define fi := si

s2
then

f = [f1 : 1 : . . . : fn+1]

with f1 = zh, where z is a local holomorphic coordinate around p, and h is a
holomorphic map with h(0) 6= 0. Hence f ′

1(0) 6= 0 and f is an immersion.

Theorem 8.27 (Chows Theorem). Each compact complex submanifold of CP n

is the zero set of homogeneous polynomials, i.e. an algebraic curve. ⋆

Quelle?Corollary 8.28. Each compact Riemann surface is algebraic.

Proof. With Kodaira’s theorem we can embed M into a projective space, hence
with Chow’s Theorem it is algebraic.
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8.5 The canonical curve

Theorem 8.29. Assume that M is a compact Riemann surface of genus g > 0.
Then the canonical bundle has no base points.

Proof. Consider the sequence⋆
...

0 −→ H0(K(−p)) −→ H0(K) −→ Kp

Suppose p is a base point, then the map H0(K) −→ Kp vanishes. Thus

0 −→ H0(K(−p))
∼=
−→ H0(K) −→ 0.

We use the the Riemann–Roch theorem to calculate

g = h0(K) = h0(K(−p)) = h0(L(p)) + deg(K(−p))− g + 1

= h0(L(p)) + 2g − 3− g + 1 = h0(L(p)) + g − 2.

Hence h0(L(−p)) = 2 and there exists a meromoprhic function of degree 1, i.e.
M ∼= CP 1, which contradicts g > 0.

Remark 8.30. Thus use K as embedding ...⋆

canonical curve



Chapter 9

Mittag–Leffler distributions and
Weierstrass points

This chapter deals with some classical problems of Riemann surface theory. It
gives a link between the language of line bundles on the one side and the classical
theory based on the analysis of meromorphic functions in one complex variable
(“Funktionentheorie”) on the other side. Our treatment is quite short, because
this chapter mainly serves as a preparation for the next chapter. For a classical ⋆

???treatment, see for example [Bo] or [FK].

9.1 Meromorphic functions versus line bundles
⋆

ich finde, das
passt jetzt gar
nicht mehr hier
hin..

In this section we briefly explain how global statements formulated in the lan-
guage of holomorphic line bundles and their sections can be stated using only
meromorphic functions. This classical approach has many advantages when deal-
ing with concrete calculations. An advantage of our approach is that it is more
invariant.

We have seen that any holomorphic line bundle L → M over a Riemann
surface admits a meromorphic section ψ (see Theorem 8.1) and that

L ∼= L(D)

where D = (ψ) is the divisor of ψ. Then

H0(L) ∼= {f : M → C ∪ {∞} meromorphic with (f) ≥ −D} =:MD

and the isomorphism is given by

ϕ ∈ H0(L) 7→ ϕ/ψ ∈MD and its inverse is f ∈MD 7→ ψ · f ∈ H0(L).

(“ Wir denken hier ϕ ∈ H0(L), Sascha denkt hier f ∈MD.”)
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Similarly we have

H0(KL) ∼= {ω meromorphic 1-form with (ω) ≥ −D} =: ΩD.

Here, the isomorphism is given by

ω ∈ ΩD 7→ ψ · ω.

The divisor form of the Riemann-Roch theorem reads as

dimMD − dim Ω−D = degD − g + 1.

9.2 Mittag–Leffler distributions

Let L be a holomorphic line bundle over a Riemann surface. We see a Mittag–

Leffler distribution of L as a collection of meromorphic sections ψi : Ui →
L having the same principal parts on the overlaps of the open sets Ui of an
open cover of M . A solution for a Mittag–Leffler distribution is a global
meromorphic section ψ having the same principal parts as the ψi’s:

Definition 9.1. Let E → M be a holomorphic vector bundle over a Riemann
surface. A Mittag–Leffler distribution on E is given by

1. an open cover {Ui}i∈I of M and

2. local meromorphic sections ψi ∈M(Ui, E) which satisfy

ψi − ψj
∣∣
Ui∩Uj

∈ H0(Ui ∩ Uj, E).

A meromorphic section ψ ∈M(E) is called a solution of the Mittag–Leffler

distribution (Ui, ψi) if
ψ
∣∣
Ui
− ψi ∈ H

0(Ui, E).

We call p ∈ M a pole of the Mittag–Leffler distribution (Ui, ψi) if p is a
pole of one of the ψi’s.

Note that

Lemma 9.2. On a compact Riemann surface there are only finitely many poles
of a Mittag–Leffler distribution.

Proof. Let (ψi, Ui) be a Mittag–Leffler distribution. By compactness of M
we can choose a finite subcover (Vj)j∈J of (Ui)i∈I . Choose for each j ∈ J an Uij
with Vj ⊂ Uij and define ϕj := ψij . The Mittag–Leffler distribution (ϕj, Vj)
has clearly finitely many poles.

But each pole p of the Mittag–Leffler distribution (ψi, Ui) is also pole of
(ϕj, Vj):

If p is a pole of some ψi then p ∈ Vj for some j ∈ J and ϕj − ψi = ψij − ψi ∈
H0(Uij ∩ Ui, E). But this means that p is a pole of ϕj, too.
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Now, the natural question to ask is when a given Mittag–Leffler distri-
bution admits a solution, i.e. which further conditions we need to empose to the
given principal parts to obtain a global meromorphic section. To state a condition
we need the notion of residues of the poles of a Mittag–Leffler distribution:

Definition 9.3. LetM be a compact Riemann surface. The residue of a Mittag–

Leffler distribution of meromorphic differentials (Ui, ωi) is defined by

Res(ωi) =
∑

p pole of (ωi)i

Resp ωi.

Here, for each pole p of the Mittag–Leffler distribution we choose one
Ui with p ∈ Ui and evaluate the residue of the corresponding meromorphic dif-
ferential ωi at the point p. Since the principal parts coincide on the overlaps of
the Ui’s this is independent of the choice we made. Furthermore, the sum is well
defined, in fact, a finite sum, since on a compact surface there are only finitely
many poles.

Theorem 9.4. 1. There exists a canonical map

{(Ui, ψi) Mittag–Leffler distribution}
δ
−→ H1(E).

2. The Mittag–Leffler distribution (Ui, ψi) has a solution if and only if
δ(Ui, ψi) = 0.

3. If M is a compact Riemann surface then the Mittag–Leffler distri-
bution (Ui, ψi) has a solution if and only if Res(< ω, ψi >)i = 0 for all
ω ∈ H0(KL−1).

Proof. 1. Let ψij = ψi−ψj ∈ Γ(Ui∩Uj , E). Then the ψij ’s satisfy the cocycle
condition (3.8). Thus there exist ϕi ∈ Γ(Ui, E) such that

ψij = ϕi − ϕj on Ui ∩ Uj ,

compare Lemma 3.21. By the assumption that (Ui, ψi) is a Mittag–

Leffler distribution the ψij ’s are holomorphic sections and we have

∂̄ϕi − ∂̄ϕj = ∂̄ψij = 0.

Since the ∂̄ϕi’s coincide on the overlaps Ui ∩Uj and ∂̄ϕi ∈ Γ(Ui, K̄E) there
exists a unique α ∈ Γ(K̄E) with

α
∣∣
Ui

= ∂̄ϕi.

We define
δ(Ui, ψi) := δ(α) := α+ ∂̄Γ(E) ∈ H1(E).
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This is well–defined, i.e. does not depend on the chosen ϕi’s: Assume that
ψij = ϕ̃i − ϕ̃j with ϕ̃i ∈ Γ(Ui, E) and let α̃ ∈ Γ(K̄E) with α̃

∣∣
Ui

= ∂̄ϕ̃i. But
then

ϕ̃i − ϕi = ϕ̃j − ϕj on Ui ∩ Uj ,

hence there exists ϕ ∈ Γ(E) such that ϕ
∣∣
Ui

= ϕ̃i − ϕi. Thus

α̃
∣∣
Ui

= ∂̄ϕ̃i = ∂̄ϕ
∣∣
Ui

+ ∂̄ϕi = (∂̄ϕ+ α)
∣∣
Ui

and δ(α) = δ(α̃).

2. Let ψ ∈M(E) be a solution of the Mittag–Leffler distribution (Ui, ψi),
i.e. ϕi := ψ

∣∣
Ui
− ψi ∈ H

0(Ui, E). Since

ψij = ψi − ψj = −(ψ
∣∣
Ui
− ψi) + (ψ

∣∣
Uj
− ψj) = ϕj − ϕi

we have δ(Ui, ψi) = δ(α) = 0 for α
∣∣
Ui

= ∂̄(−ϕi) = 0.

Conversely, let ψij = ϕi − ϕj and α ∈ Γ(K̄E) such that α
∣∣
Ui

= ∂̄ϕi and

δ(α) = 0 ∈ H1(E), i.e. α = ∂̄ϕ for ϕ ∈ Γ(E). Thus ∂̄ϕi = α
∣∣
Ui

= ∂̄ϕ
∣∣
Ui
,

i.e. ϕ̃i = ϕ
∣∣
Ui
− ϕi is holomorphic and

ψi − ψj = ψij = ϕi − ϕj = ϕ
∣∣
Ui
− ϕ̃i − (ϕ

∣∣
Uj
− ϕ̃j) = ϕ̃j − ϕ̃i.

In particular, the meromorphic sections (ψi + ϕ̃i) coincide on overlaps and
there exists hence ψ ∈ M(E) with ψ

∣∣
Ui

= ψi + ϕ̃i. Thus ψ is a solution of

the Mittag–Leffler distribution since ψ
∣∣
Ui
− ψi = ϕ̃i ∈ H

0(Ui, E).

3. By the Serre duality theorem we know that 0 = δ(α) ∈ H1(E) if and only
if
∫
M
< ω ∧ α >= 0 for all ω ∈ H0(KE−1). We calculate < ω ∧ α >:

Let p1, . . . , pn be the poles of the Mittag–Leffler distribution. LetM0 =
M\{p1, . . . , pn}, ϕi ∈ Γ(Ui, E) as usual with ψij = ϕi−ϕj and α ∈ Γ(K̄E)
defined by α

∣∣
Ui

= ∂̄ϕi. We have ψi − ϕi ∈ Γ(Ui ∩M0, E) and ψi − ϕi =

ψj − ϕj on M0 ∩ Ui ∩ Uj . Hence there exists ϕ ∈ Γ(M0, E) which satisfies
ϕ
∣∣
Ui∩M0

= ψi − ϕi.

Now, < ω, ψi > is holomorphic for ω ∈ H0(KE−1), i.e. d < ω, ψi >= 0.
Thus on M0 ∩ Ui:

< ω ∧ α > = < ω ∧ ∂̄ϕi >= −d < ω, ϕi >= −d < ω, ψi − ϕ
∣∣
Ui∩M0

>

= d < ω, ϕ
∣∣
Ui∩M0

> .

Now we take a holomorphic chart zk : Vk → C around every pole p1,. . . ,pn
such that zk(pk) = 0 and there is ik ∈ I with

Bk
ǫ := {p ∈ Vk ⊂M : |zk(p)| < ǫ} ⊂ Uik for all 0 < ǫ < 1.
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Mǫ = M\(B1
ǫ ∪ . . . ∪B

n
ǫ ). By Stokes theorem we have

∫

Mǫ

< ω ∧ α > = −

∫

∂Mǫ

< ω, ϕ >=

n∑

k=1

∫

∂Bk
ǫ

< ω, ϕ >

=

n∑

k=1

∫

∂Bk
ǫ

< ω, ψik > −
n∑

k=1

∫

∂Bk
ǫ

< ω, ϕik > .

The last sum tends to zero for ǫ→ 0, because < ω, ϕik > is smooth on Uik .
The first sum is

n∑

k=1

∫

∂Bk
ǫ

< ω, ϕ >= 2πi
n∑

k=1

Respk
< ω, ψik > .

Since
∫
Mǫ

< ω ∧α > tends to
∫
M
< ω ∧α > for ǫ→ 0, the integral over M

is zero if and only if Res(< ω, ψi >)i = 0 for all ω ∈ H0(KL−1).

Remark 9.5. For (1) we again follow indirectly a strategy of sheaf theory: we
chase a diagram of cohomologies, cf. B.16.

Remark 9.6. ⋆

das hier ist noch
ziemlich vergarbt

1. If degE > degK, every Mittag Leffler distribution with values in
M(E) admits a solution. The reason is that KE−1 has negative degree
and by Serre duality 0 = H0(KE−1) ∼= H1(E).

2. If degE ≤ degK and 0 6= ξ ∈ H1(E) then there are Mittag Leffler

distributions without solution: If 0 6= ξ ∈ H1(OL), then H1(E) = 0 implies
that there is a 0-chain (ψi) ∈ C0(U ,ML) such that ξ = [(ψi − ψj)] in
H1(OL). Now, (ψi) is a Mittag Leffler distribution and the preceding
Lemma implies that there is no solution for this distribution.

One important special case are Mittag Leffler distributions for meromor-
phic functions on CP 1. Here, the line bundle is the trivial bundle L = C. Because
of 0 = deg C > degK = −2 we are in the case of the first remark and every such
distribution has a solution. (This can easily be seen directly. A solution can be
obtained by simply adding the prescribed principal parts. Compare the classical
Mittag Leffler theorem dealing with the non-compact Riemann surface C,
see for example [Ah], [FL] and [Ru].)

Corollary 9.7.

1. A Mittag Leffler distribution (fi) of meromorphic functions admits a
solution if and only if Res(ωfi) = 0 for all ω ∈ H0(K).
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2. A Mittag Leffler distribution (ωi) of meromorphic differentials admits
a solution if and only if Res(ωi) = 0.

Proof. The first is a direct consequence of the preceding theorem. For the sec-
ond part, the preceding theorem yields that (ωi) has a solution if and only if
Res(αωi) = 0 for all α ∈ H0(KK−1) = H0(C) = C. Since α is just a complex
factor, this is equivalent to Res(ωi) = 0. So, there isn’t really much to show in
this case either.

To see whether a Mittag Leffler distribution of meromorphic functions
has a solution one has to check g linear equations, since dimH0(K) = g where
g is the genus of M . So, in the case g = 0, as we have seen earlier, there is
really no condition to be satisfied: any distribution of meromorphic functions has
a solution.

Example 9.8. (“...mag auch Sascha...”) In the case g = 1, we have H0(K) =
Cdz, i.e there is only one condition a distribution has to fulfill in order to have
a solution. And this condition simply is that the sum of all residues has to be
zero. A consequence of this is that on complex tori there are no meromorphic
functions with only one pole!

We take n points a1, ..., an on a complex torus C/Γ and for every point we
prescribe the principal part of a meromorphic function

fi =

−1∑

k=Ni

Cj
k

1

(z − ai)k
.

Since H0(KC/Γ) = Cdz, this Mittag Leffler distribution has a solution if and
only if Res(fidz) =

∑n
i=1C

i
−1 = 0.

9.3 Abelian differentials

Abelian differentials constitute a classical part of Riemann surface theory. We
will only need them later for the study of the Jacobi variety. But the existence
of so called elementary Abelian differentials is a nice application of the results
obtained in the preceding section, that’s why they fit in here quit well.

Definition 9.9. Let M be a compact Riemann surface.

1. An Abelian differential of the first kind is an element of H0(K).

2. An Abelian differential of the second kind is a meromorphic section of K
without residues.

3. An Abelian differential of the third kind is a meromorphic section of K with
residues.
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An elementary differential of the second kind is a meromorphic 1-Form ω
(N)
p

having a pole of order N with Resp ω
(N)
p = 0 at p ∈ M and being holomorphic

elsewhere. To show the existence for a fixed p ∈M we take a holomorphic chart
z : U → C with z(p) = 0. A Mittag Leffler distribution of meromorphic
differentials for the open cover U1 = U and U2 = M\{p} of M is defined by

ω1 =
N∑

k=2

ak
zk

and ω2 = 0.

Since there is no residue, the corollary of Theorem 3 implies that there is a
solution. This solution has the stated properties, i.e. a pole of order N at p and
is holomorphic elsewhere. Of course, such elementary differentials of the second
kind are by no means uniquely determined.

An elementary differential of the third kind is a meromorphic 1-Form ωpq
having poles of order 1 at p, q ∈ M with Resp ωpq = 1 and Resq ωpq = −1 and
being holomorphic elsewhere. Again, we use the corollary of Theorem 3 to prove
the existence of such differentials for two fixed points p 6= q. We take two charts
z1 : U1 → C and z2 : U2 → C with p ∈ U1 and q ∈ U2 such that U1 ∩ U2 = ∅.
An open cover of M is defined by U1, U2 and U3 = M\{p, q} and a Mittag

Leffler distribution is defined by

ω1 =
1

z1
and ω2 = −

1

z2
and ω3 = 0.

Since the sum of the residues is zero, the distribution has a solution.

9.4 Weierstrass points of a holomorphic line bun-

dle L

In this section we define Weierstrass points of arbitrary holomorphic line bun-
dles.

Definition 9.10. Let L → M be a holomorphic line bundle over a compact

Riemann surface. The Wronskian determinant W (ψ1, . . . , ψn) ∈ Γ(K
n(n−1)

2 Ln)
of ψ1, . . . , ψn ∈ Γ(L) is defined by

W (ψ1, . . . , ψn) := det(∂(k)ψi)i=1,...,n
k=0,...,n−1

=

∣∣∣∣∣∣∣∣

ψ1 . . . ψn
∂ψ1 . . . ∂ψn
. . . . . . . . .

∂(n−1)ψ1 . . . ∂(n−1)ψn

∣∣∣∣∣∣∣∣

where ∂ is induced by arbitrary ∂-operators on K and L.
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Remark 9.11. The Wronskian determinant does not depend on the choice of
∂, since any other ∂-operator ∂̃ is of the form ∂̃ = ∂ + α with α ∈ Γ(K) (use
induction to calculate the Wronskian for ∂ + α!).

Moreover, for any A ∈ GL(n,C) and (ψ̃1, . . . , ψ̃n) = (ψ1, . . . , ψn) ·A we have

W (ψ̃1, . . . , ψ̃n) = det(A)W (ψ1, . . . , ψn).

Thus, up to a non-zero multiplicative constant it depends only on the subspace
spanned by the sections ψ1, . . . , ψn ∈ Γ(L).

Lemma 9.12. The Wronskian determinant of holomorphic sections is again

holomorphic, i.e. for ψ1, . . . , ψn ∈ H
0(L) we haveW (ψ1, . . . , ψn) ∈ H

0(K
n(n−1)

2 Ln).

Proof. Let ∇ = ∂̄ + ∂ and ω ∈ Ω2(M) the curvature form of ∇, i.e. R∇ ψ = ωψ.
We calculate for ψ ∈ H0(L) and a local holomorphic vector field X ∈ H0(TM)

R∇
X,JX ψ = ∇X(∂̄JXψ) +∇X(∂JXψ)−∇JX(∂̄Xψ)−∇JX(∂Xψ)−∇[X,JX]ψ

= J∂̄X(∂Xψ) + J∂X(∂Xψ)− ∂̄JX(∂Xψ)− ∂JX(∂Xψ)

= 2J∂̄X(∂Xψ)

Thus ωX,JXψ = 2J∂̄X∂Xψ. Now, we see

∂̄X(W (ψ1, ψ2)JX) = ∂̄X

∣∣∣∣
ψ1 ψ2

∂JXψ1 ∂JXψ2

∣∣∣∣

=

∣∣∣∣
∂̄Xψ1 ψ2

∂̄X∂JXψ1 ∂JXψ2

∣∣∣∣+
∣∣∣∣
ψ1 ∂̄Xψ2

∂JXψ1 ∂̄X∂JXψ2

∣∣∣∣

=

∣∣∣∣
0 ψ2

JωX,JXψ1 ∂JXψ2

∣∣∣∣+
∣∣∣∣
ψ1 0

∂JXψ1 JωX,JXψ2

∣∣∣∣

= −

∣∣∣∣
JωX,JXψ1 ∂JXψ2

0 ψ2

∣∣∣∣+
∣∣∣∣
ψ1 0

∂JXψ1 JωX,JXψ2

∣∣∣∣ = 0

Use the same arguments for the general case.

Lemma 9.13. Let ψ1, . . . , ψn ∈ H
0(L) be holomorphic sections of a holomorphic

line bundle L → M . The sections are linearly independent if and only if the
Wronskian determinant W (ψ1, . . . , ψn) does not vanish identically.

Proof. If the sections are linearly dependent, one of the columns in the determi-
nant is linearly dependent of the others and the determinant vanishes identically.

The other direction is proved by induction. For n = 1 nothing is to prove.
Suppose ψ1, . . . , ψn are linearly independent. We consider the equation

∣∣∣∣∣∣∣∣

ψ1 . . . ψn−1 ϕ
∂ψ1 . . . ∂ψn−1 ∂ϕ
. . . . . . . . . . . .

∂(n−1)ψ1 . . . ∂(n−1)ψn−1 ∂(n−1)ϕ

∣∣∣∣∣∣∣∣
= 0.
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Developing this determinant with respect to the last column yields

an−1∂
(n−1)ϕ+ an−2∂

(n−2)ϕ+ . . .+ a1∂ϕ + a0ϕ = 0

with coefficients ai depending on the derivatives of the ψj ’s. This equation is
a (n − 1)th-order ordinary differential equation with the principal coefficient
an−1 = W (ψ1, . . . , ψn−1). By induction, an−1 has only isolated zeros. The space
of solutions is (n − 1)-dimensional and ψ1, . . . , ψn−1 are solutions. Thus, be-
ing linearly independent of the other sections, ψn can not be a solution, i.e.
W (ψ1, . . . , ψn) 6= 0.

Let L → M be holomorphic line bundle over a compact Riemann surface of
genus g and let H ⊂ H0(L) be a linear system of dimension n, i.e. a subspace
of the space of holomorphic sections of L. We take a basis ψ1, . . . , ψn of H . The
Wronskian determinant W (ψ1, . . . , ψn) is then a non-vanishing holomorphic

section of K
n(n−1)

2 Ln. Up to a constant factor it is independent of the choice of
basis.

Definition 9.14. Let L be a holomorphic line bundle over a compact Riemann
surface. Let H ⊂ H0(L) be a n-dimensional subspace. The Weierstrass

divisor of H is the divisor W (H) =
∑

p∈M ηpp of the Wronskian determinant
W (ψ1, . . . , ψn) for a basis ψ1, . . . , ψn of H . A Weierstrass point of H is a point
p ∈M with ηp 6= 0. ηp is called its weight .

Remark 9.15. Counted with their weights, the number of Weierstrass points
of a subspace H ⊂ H0(L) is

degW (H) = degK
n(n−1)

2 Ln = n(n− 1)(g − 1) + n degL.

Lemma 9.16. Let L→M be holomorphic line bundle over a compact Riemann
surface and let H ⊂ H0(L) be a n-dimensional subspace of the space of holomor-
phic sections of L. For a fixed p ∈M , there are numbers

0 ≤ ν1 < . . . < νn

such that for all ψ ∈ H we have ordp ψ = νi for one i ∈ {1, . . . , n}. Furthermore,
we can choose a basis ψ1, . . . , ψn of H satisfying ordp ψi = νi for all i.

Proof. Set H1 := H . We take ν1 := minψ∈H1 ordp ψ. The set of sections vanishing
to higher order than ν1 is a hyperplane H2 ⊂ H1. We define ν2 := minψ∈H2 ordp ψ
and proceed inductively. Since H has dimension n, we obtain exactly n numbers.

Definition 9.17. The sequence ν1 < . . . < νn is called the Weierstrass gap
sequence of H at p ∈ M . If νi+1 − νi > 1 we say that there is a gap in the
sequence.
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Lemma 9.18. Let L → M be a holomorphic line bundle over a compact Rie-
mann surface and let H ⊂ H0(L) be a n-dimensional subspace of the holomorphic
sections of L. Then

ordpW (ψ1, . . . , ψn) =

n∑

i=1

(νi − i+ 1) =

n∑

i=1

νi −
n(n− 1)

2

where ψ1, . . . , ψn is a basis of H and ν1 < . . . < νn is the Weierstrass gap
sequence at p.

Proof. Without loss of generality we can suppose that the basis ψ1, . . . , ψn satis-
fies ordp ψi = νi for all i. We can chose a local chart z : U → C with z(p) = 0 and
a local holomorphic section ϕ ∈ Γ(U,OL) with no zeros. There are holomorphic
functions fi : U → C with

ψi = ϕ · fi

for all i. Normalizing the ψi’s we have the local representation

fi(z) = zνi + o(|z|νi)

for all i. With these choices, the Wronskian determinant becomes

W (ψ1, . . . , ψn) =





f1 . . . fn
∂f1
∂z

. . . ∂fn

∂z

. . . . . . . . .
∂(n−1)f1
∂z(n−1) . . . ∂(n−1)fn

∂z(n−1)





︸ ︷︷ ︸
B:=

dz
n(n−1)

2 ϕn.

A short calculation shows that

B =





1
z−1

z−2

. . .
z−n+1




· B̃ ·





zν1

zν2

zν3

. . .
zνn





where

B̃ =





1 . . . 1
ν1 . . . νn

ν1(ν1 − 1) . . . νn(νn − 1)
. . . . . . . . .

ν1 · · · (ν1 − n+ 2) . . . νn · · · (νn − n+ 2)




+ o(1).

The determinant of B̃ is non–zero, because it is the Wronskian determinant of
the linearly independent functions eν1x,...,eνnx evaluated at x = 0. Thus the
determinant of B has the given order.
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Corollary 9.19. Generically (besides finitely many points) the Weierstrass

gap sequence of a n-dimensional subspace H ⊂ H0(L) is 0, 1, . . . , n− 1. Weier-

strass points of H are exactly the points with gaps in the Weierstrass gap
sequence.

9.5 Weierstrass points of Riemann surfaces

(“Weierstraßpunkte kommen mit der Fläche. Gott hat die da draufgemalt.”)
There are two bundles coming for free with each Riemann surface M : The

canonical bundle K and the trivial bundle C. We now apply the general theory
developed above to L = K. Weierstrass points of this bundle are special
points of a Riemann surface. They can be characterized by a singular behavior
of the vanishing orders of holomorphic differentials. Generically, the vanishing
orders of holomorphic differentials at a point p ∈M are 0, . . . , g−1 where g is the
genus of M . A Weierstrass point is a point where this so called Weierstrass

gap sequence has gaps, i.e. where there are holomorphic differentials with other
vanishing orders than the generic ones.

Another possible characterization of Weierstrass points of Riemann sur-
faces of genus g ≥ 1 is via meromorphic functions. A point p ∈ M is a Weier-

strass point if there is a meromorphic functions having a pole of order ≤ g
at p and being holomorphic elsewhere. On other points, the possible orders of
meromorphic functions with a single pole at the point are g+ 1, g+ 2, g+ 3, . . ..

We take a basis ω1, . . . , ωg of H0(K). The Wronskian determinant

W (ω1, . . . , ωg) ∈ H
0(K

n(n+1)
2 )

is not identically zero and up to a constant factor it is independent of the choice
of basis.

Definition 9.20. The Weierstrass divisor W =
∑

p∈M ηpp of a compact Rie-

mann surface is the divisor of W (ω1, . . . , ωg) for a basis ω1, . . . , ωg of H0(K). A
Weierstrass point p ∈M is a point with ηp 6= 0. ηp is called its weight .

Remark 9.21.

1. Counted with their weights, there are

degK
n(n+1)

2 = (g − 1)g(g + 1)

Weierstrass points. In particular, if M is the sphere or a torus, there
are no Weierstrass points at all.
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2. Above we proved in a more general setting that generically the Weier-

strass gap sequence of H0(K) is

0, 1, . . . , g − 1

and that Weierstrass points of M are characterized by the property that
there are true gaps in the gap sequence.

Another characterization of Weierstrass points in the case of a Riemann
surface of genus g ≥ 1 is in terms of meromorphic functions with a single pole of
a certain order at the point.

Let p ∈M be an arbitrary point on a compact Riemann surface. The consid-
erations of the first section applied to the point bundle L(np) over M yield

H0(L(np)) ∼=Mnp = {f : M → C ∪ {∞} : meromorphic with (f) ≥ −np}.

The isomorphism is given by

ϕ ∈ H0(L(np)) 7→ ϕ/ψ and f 7→ ψ · f

where ψ ∈ H0(L(np)) is the unique (up to constant factor) holomorphic section
with ordp ψ = n, which is non–zero on M\{p}.

For L((g + 1)p), the Riemann-Roch theorem implies that

dimH0(L((g + 1)p)) ≥ degL((g + 1)p)− g + 1 ≥ 2.

Thus, there is beside the famous holomorphic section another holomorphic sec-
tion. These two section define always a meromorphic function f on M with a
pole of order ≤ g + 1 which is holomorphic on M\{p}. The question is: for a
fixed p ∈ M , is there a meromorphic function f with a pole of order ≤ g and
holomorphic in M\{p}?

On a torus, the answer is no, since the sum of the residues has to be zero.
In the case of genus g ≥ 2, such meromorphic functions exist if and only if the
point p is a Weierstrass point. (Remember that an the sphere, there is a
meromorphic function for each Mittag Leffler distribution. In particular,
for any fixed point p there are meromorphic functions with one single pole of
arbitrary order at p. Nevertheless, there are no Weierstrass points.)

Theorem 9.22. Let M be a Riemann surface of genus g ≥ 1. A point p in M
is not a Weierstrass point if and only if for all numbers g+ 1, g+ 2, g+ 3, . . .
there is a meromorphic function f : M → C ∪ {∞} with one single pole at p
and holomorphic elsewehre. Then point p ∈ M is a Weierstrass point if and
only if there is a meromorphic function f : M → C∪{∞} with one single pole of
order ≤ g and holomorphic elsewhere.
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Proof. The proof is a straightforward application of the corollaries of Theorem
3 and Lemma 9.18. Let p ∈ M be a fixed point. Take a holomorphic chart
z : U → C with z(p) = 0 and the open cover U1 = U and U2 = M\{p}. A
Mittag Leffler distribution of meromorphic functions is defined by

f1 =
N∑

k=1

ak
zk

and f2 = 0.

Any solution is a meromophic function with one single pole at p and holomorphic
elsewhere. Using the corollary of Theorem 3 we know that such a distribution
admits a solution if and only it satisfies the linear equations

Resp ω1f1 = 0 . . . Resp ωgf1 = 0

where ω1, . . . , ωg is a basis of the holomorphic differentials H0(K). Above, we
have seen that we can chose such a basis with the property ordp ωi = νi for all
i where ν1 < . . . < νg is the Weierstrass gap sequence of H0(K) at p. Thus,
the linear equations are equivalent to

aν1+1 = 0 . . . aνg+1 = 0

and the distribution (fi) of meromorphic functions admits a solution if and only
if these coefficient vanish!

The corollary of Lemma 9.18 implies that p is not a Weierstrass point if
and only if νi = i − 1 for all i. Then the distribution (fi) has a solution if and
only if a1 = a2 = . . . = ag = 0.

Conversely, if p is a Weierstrass point, then the coefficients of the distri-
bution (fi) can be chosen such that it has a solution with a single pole of order
≤ g in p.

9.6 Hyperelliptic surfaces

An elliptic surface is a Riemann surface of genus g = 1, i.e. a complex torus.

Definition 9.23. A compact Riemann surface M is called hyperelliptic if there
is a holomorphic map f : M → CP 1 of degree 2.

Corollary 9.24. Each surface of genus 2 is hyperelliptic.

Proof. By Theorem 9.22 there is a meromorphic function with pole of order ≤ 2
at a Weierstraß point. Since it can not have a pole of order 1 we are done.

Example 9.25. Consider

P (z) = y2 = Π2d
i=1(z − ai), ai 6= aj , ai ∈ C. (9.1)
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We like to show that this defines a compact hyperelliptic submanifold.
Consider the open subsets U0 = CP 1\{∞}, U∞ := CP 1\{0} in CP 1, compare

Remark 5.19). On

M0 = {(

[
z
1

]
, y) ∈ U0 × C | y2 = P (z)}

we see
2ydy − P ′(z)dz 6= 0

(since P ′(z) 6= 0 for y = 0, otherwise clear) hence M0 is a submanifold of U0×C.
Now we treat the point ∞. Write w = 1

z
then

y2 = P (z) ⇐⇒ w2dy2 = Q(w) = Π2d
i=1(1− wai).

Again,

M∞ = {(

[
1
w

]
, ỹ) ∈ U∞ × C | ỹ2 = Q(w)}

is a submanifold of U∞ × C and M0 and M∞ are glued together as a complex
manifold M via the isomorphism

M0 ∋ (

[
z
1

]
, y) 7→ s∞(

[
z
1

]
) = (

[
1
z−1

]
, z−dy) ∈M∞,

[
z
1

]
∈ U0 ∩ U∞

The manifold obtained this way is a complex submanifold of O(d) where
O(d) is the holomorphic line bundle of degree d over CP 1. Since O(d) is given
uniquely up to isomorphism, compare Remark 5.19, we can see O(d) = L(d∞)
with transition function

g0∞(

[
z
1

]
) = zd, (

[
z
1

]
) ∈ U0 ∩ U∞.

Define

s0(

[
z
1

]
) = (

[
z
1

]
, y) ∈M0, s∞(

[
z
1

]
) = (

[
1
z−1

]
, z−dy) ∈M∞,

[
z
1

]
∈ U0 ∩ U∞

then we see that this defines a section of O(d) since the transition function is
given by s0 = zds∞.

Consider now the projection π : O(d) → CP 1, (

[
z
1

]
, y) 7→

[
z
1

]
. Then π

∣∣
M

is a 2–fold covering of CP 1. The branch points are given by a1, . . . , a2d since
dπ = dz = 0 if and only if 2ydy

P ′(z)
= 0 i.e. y = 0 resp. z = ai for some i.

We obtain the genus of M via the Riemann–Hurwitz formula: The degree
of π

∣∣
M

is 2 and the ramification order b(π) =
∑

p∈M ordp dπ = 2d hence

gM =
1

2
b(π) + deg π(gCP 1 − 1) = d− 1.
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A basis for the Abelian differentials of the first kind is given by

ωk =
zk−1dz

y
, k = 1, . . . , d− 1, (on M0).

This shows that ω is holomorphic on M\{±∞}, but the transformation

ωk =
wd−k+1

ỹ
(−
dw

w2
) = −

wd−k−1dw

ỹ

shows that they can be extended to M∞ and are holomorphic at ±∞ as well.
In fact, any hyperelliptic surface can be written in the form (9.1); one only

has to replace 2d by 2d+ 1 to allow ∞ as branch point.
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Chapter 10

Jacobi variety and the Abel-
Jacobi map

In this section our aim is to understand the connection between a compact ori-
ented Riemann surface of genus g > 1 and it’s attached Jacobi variety, which is
often abbreviated as the Jacobian. The Jacobi variety could be understood as
a g-dimensional complex tori. We will see that the Jacobi variety inherits many
of the properties of the Riemann surface and is a gratifying tool in the study of
the Riemann surfaces together with an attached line bundle. As we know from ⋆

Hier muss man
noch mal sehen,
ob die Einleitung
dann zum
tatsaechlichen
Kapitel passen
wird

section 8.3 every holomorphic line bundle has a associated divisor and vice versa.
In the following section we will use this fact without mentioning it anymore.
To be more explicit we will see that the space of all holomorphic line bundle with
fixed degree, over a compact Riemann surface M of genus g > 1 is isomorhic to
the Jacobian Cg/Λ, where Λ is a 2g IR-lattice. Further we will proof the Abel

Theorem, which says that the degree zero Picard group can be embedded into
the Jacobi variety. Translating this into the divisor language, it says something
about the determination of necessary and sufficient conditions for a divisor of
degree zero to be principal. At the end of this section we will proof the Jacobi ⋆

find a non divisor
description.

Inversion Theorem which says that the Jacobi variety as a group is isomorphic
to the group of divisor of degree zero modulo it’s subgroup of principal divisors.
Again translated into the divisor language it says that every point in the Jacobi
variety is the image of a integral divisor.

10.1 Differential topological background

From differential topology we know that every two dimensional orientable com-
pact manifold M has only one topological invariant, the genus g. Hence every
such manifold could be topologically identified with a sphere joined with g han-
dles.

H1(M,Z) ∼= Z2g ∼=
π1(M)

[π1(M), π1(M)]

101
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We also know that for every compact topological space M of genus g ≥ 1 there
exist a basis {a1, · · · , ag, b1, · · · , bg} for H1(M,Z) where the ai and bi can be
identified with closed IR-curve in M where only ai and bi are intersecting once1.
This basis is then called the canonical basis. Even further there is a differential
choice. See picture ??. Another important alternative for these basis curves we
get if we chose one point in the topological space M and require that all basis
curve will meet there and only there. If we cut the surface along this basis curves
we get the fundamental domain ∆.
From the Uniformisation Theorem we know that for any compact two dimensional
manifold M of genus g ≥ 2 there is a Riemannian metric of negative constant
curvature, without loss of generality we can assume K = −1, i.e. The hyperbolic
space is the universal covering of all these surfaces, for a proof see [Sp, page 430ff].
Each of these surfaces give us a tiling of the hyperbolic space by equilateral 4g-
gons, The fundamental domain can be understand as one of these 4g-gon where
each interior angle equals 2π/4g. Even further if M is a compact Riemann surface
it is biholomorphic to theH2/G, whereG is the group generated by biholomorphic
maps from hyperbolic space to itself which fixes the vertexes of the tiling.2

From algebraic geometry we know that on a compact Riemann surface H1
dR(C) =

H0(K) ⊕ H0(K), where H0(K) are the holomorphic one forms and H0(K) the
antiholomorpic one forms 3. Take the basis {ω1, · · · , ωg} for the holomorphic⋆

nasty grammar one forms as the dual to the canonical homological basis, i.e
∫
ai
ωj = δi,j. We

define the so called periods as Πi,j :=
∫
bi
ωj. As we will see later these periods

carry very important data from the Riemann surface.

10.2 Riemann bilinear relations
⋆

introduction?! Theorem 10.1 (Riemann bilinear relations). Let α, β ∈ Ω1(M,A) be closed
1–forms with values in an IR algebra A. Further let S : M → A be a complex
structure, i.e S2 = −id. Furthermore, let a1, . . . , ag, b1, . . . , bg ∈ H1(M,Z) a
basis. Then⋆

Voraussetzung
ueber die
Schnittzahl?
Sowohl die
Bibel, als auch
Farkas/Kra
setzen die as
und bs als die
Randzykel vom
Fundamental
domain voraus

∫

M

α ∧ β =

g∑

i=1

(∫

ai

α

∫

bi

β −

∫

ai

β

∫

bi

α

)

Proof. On the fundamental domain ∆, which is simply connected α|∆ = dA

1to be precise it is the identification with a representant in the associated element of the
fundamental group π1(M). In the following text we will identify them all and refer to them as
the basis curves, basis cycles or just by ai and bi.

2Again following Spivak [Sp, page 430ff] the maps are reflections on the polygon sides. It
could be that these group are the so-called Fuchsian group.

3 w ∈ H0(K) is exact precisely when there is an holomorhic function g and dg = w. Since
every holomorhic function on a compact M is constant dg vansishes.
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where A : ∆→ A is smooth. Thus
∫

M

α ∧ β =

∫

∆

dA ∧ β =

∫

∆

d(Aβ) =

∫

∂∆

Aβ

=

g∑

i=1

(

∫

ai

Aβ +

∫

bi

Aβ +

∫

ai
−1

Aβ +

∫

bi
−1

Aβ)

(10.1)

We calculate
∫
AB along the a–cycles by parametrizing... ⋆

picture!?∫

ai

Aβ +

∫

ai
−1

Aβ =

∫ 1

0

A(t, 0)β(t, 0)dt−

∫ 1

0

A(t, 1)β(t, 1)dt

=

∫ 1

0

(A(t, 0)− A(t, 1))︸ ︷︷ ︸
=−

R
bi
α

β(t, 1)dt

= −

∫

bi

α

∫

ai

β

(10.2)

Together with the same calculation for the b-cycle integrals we get the claim.

We obtain as simple conclusions:

Corollary 10.2. 1. If α, β ∈ H0(K) then

g∑

i=1

(

∫

ai

α

∫

bi

β −

∫

bi

α

∫

ai

β) = 0.

2. If α ∈ Ω1(M,C) and dα = 0 then

1

2i

∫

M

α ∧ α = Im

(
g∑

i=0

∫

ai

α

∫

bi

α

)

.

In particular, if α ∈ H0(K), α 6= 0, then

1

2i

∫

M

α ∧ α = Im

(
g∑

i=0

∫

ai

α

∫

bi

α

)
< 0.

3. If α ∈ H0(K) and
∫
ai
α = 0 for all i = 1, · · · , g then α = 0.

Proof. 1. By type α ∧ β = 0 thus
∫
M
α ∧ β = 0.
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2. Part one of the second claim follows from the following computations.

∫

M

α ∧ α =

g∑

i=1

∫

ai

α

∫

bi

α−

∫

ai

α

∫

bi

α =

g∑

i=1

∫

ai

α

∫

bi

α−

∫

ai

α

∫

bi

α

= 2i Im

(
g∑

i=0

∫

ai

α

∫

bi

α

)

(10.3)

Part two follows from the local fact: let α = fαdz then

i α ∧ α = i fαfαdz ∧ dz = 2 |fα|
2 dx ∧ dy > 0. (10.4)

3. Clear.

10.3 The period matrix and the reciprocity for-

mula

A further important applications of the Riemann bilinear relations is that it
allows us to distinguish a certain basis of the holomorphic 1–forms adapted to
the basis of the homology.

Proposition 10.3. 1. Let ω := (ω1, · · · , ωg) be a basis for H0(K) and Ak :=∫
ak
ω ∈ Cg then A := (A1, · · · , Ag) ∈ GL(g,C).

2. There is a basis ω := (ω1, · · · , ωg) for H0(K) such that
∫
ai
ωk = δik. This

basis is called canonically normalized or adapted.

3. Let ai, bi be the basis cycles, ω the adapted basis of H0(K) and let Bk :=∫
bk
ω ∈ Cg then B := (B1, · · · , Bg) ∈ GL(g,C) is symmetric and Im B > 0.

Proof. 1. Let be
∑
ckAk = 0 then for α =

∑
ckωk the integral

∫
ai
α vanishes.

So by Corollary 10.2, (3), α vanishes, and since ω is a basis all ck vanish.

2. Take any basis ω = (ω1, . . . , ωg) and define A = (
∫
aj
ωi) ∈ GL(g,C). Then

ω̃ := ωA−1 gives the sought basis.

3. B is symmetric by Corollary 10.2, (1), and Im B is positive definite with
Corollary 10.2, (2).⋆

check!

0 =

∫

M

ωi ∧ ωj =

g∑

k=1

(∫

ak

ωi

∫

bk

ωj −

∫

ak

ωj

∫

bk

ωi

)

=

∫

bi

ωj −

∫

bj

ωi = Bi,j − Bj,i.

(10.5)
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Let ω be the sum
∑g

j=1 cjωj where all cj ∈ IR then 0 > Im
∑g

k,j=1 ckcjBk,j =
−
∑g

k,j=1 ckcjIm Bk,j. Hence Im B > 0

Definition 10.4. Let ai, bi be the basis cycles, ω the adapted basis of H0(K)

and B :=
(∫

bk
ω
)

k=1,··· ,g
∈ GL(g,C). The matrix (idg, B) ∈ Mat(g × 2g,C) is

called the from M .

Lemma 10.5. Given p, q ∈ M there is an unique elementary meromorphic dif-
ferential of 3rd kind, i.e. a meromorphic differential with only 2 poles of order 1
and residues +1 and −1, and ∫

ai

ωpq = 0 (10.6)

Proof. The existence already was proven in Section 9.3 uniqueness follows from
the condition (10.6). ⋆

....

Theorem 10.6 (Reciprocity formula). Let a1, . . . , ag, b1, . . . , bg the basic cycles
and let ωpq the unique adapted elementary meromorphic differential of the 3rd

kind. Then ∫

bk

ωpq = 2πi

∫ q

p

ωk.

Proof. Recall the crucial step in the proof of the Riemann bilinear relations:
Write ωk = dA on the simply connected fundamental domain ∆ where A is
holomorphic. Then

∫

∂∆

Aωk =

g∑

i=1

∫

ai

ωk

∫

bi

ωpq −

∫

bi

ωk

∫

ai

ωpq =

∫

bk

ωpq

On the other hand
∫

∂∆

Aωk = 2πi(Resp(Aωpq) + Resq(Aωpq)) = 2πi(A(p)−A(q)) = 2πi

∫ q

p

ωk.

Lemma 10.7. The columns in (idg, B) are IR linearly independent.

Proof. 0 =
∑
ckek +

∑
dkBk. Since Im B > 0 all dk vanish, hence all ck too.

10.4 Jacobi variety

Recall the definition of the Picard group, 8.16:

Pic(M) = {L→M holomorphic line bundle}/holomorphic equivalence.
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This group is isomorphic to the divisor group and is abelian (use tensor product
as group action) hence a Z–modul. The degree map deg : Pic(M) → Z is a
surjective group homomorphism and we can define Pick(M) = deg−1(k). Pick(M)
is an affine Z–subspace with underlying subgroup Pic0(M).

Our aim is to find an analytic description of Pic0(M).
Recall the basic definitions of homology theory: the closed cycles are given

by Z1(M,Z) := free Z–modul generated by all loops in M . Define the pairing

H1
dR(M,C)× Z1(M,Z)→ C, ([ω], γ) 7→

∫

γ

ω.

Definition 10.8. γ ∈ Z1(M,Z) is called homologeous to zero, γ ∼ 0, if and only
if ∫

γ

ω = 0, for all [ω] ∈ H1
dR(M).

The first homology group is defined by

H1(M,Z) = Z1(M,Z)/ ∼ .

We cite the well known

Lemma 10.9. Let M be a compact, oriented 2–dimensional manifold of degree
g. Then

H1(M,Z) ∼= Z2g.

Theorem 10.10. The map j : H1(M,Z)→ H0(K)−1 ∼= (Cg), [γ] 7→ j([γ]) where

j([γ])(ω) :=

∫

γ

ω

maps H1(M,Z) to a lattice in Cg.

Proof. Let ω = (ω1, . . . , ωg) the basis of H0(K) adapted to a1, . . . , ag, b1, . . . , bg.
Then H0(K)−1 ∼= Cg via ω and j([ai], [bi]) = (Ig, B). By Proposition 10.3, (3),
the image of the a and b cycles under j are 2g IR linearly independent vectors
since Im (j[ai], [bi]) = (0, Im B).

So we can define

Definition 10.11. The Jacobi variety of M is the torus defined by

Jac(M) := Cg/j(H1(M,Z)).

The lattice j(H1(M,Z)) is called the period lattice.
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10.5 Abel map

We define now the Abel map which maps a zero divisor into a point of the
Jacobi variety. Since the group of zero divisors is isomorphic to the Picard

group, cf. ??, we obtain an injective group homomorphismus of the Picard

group to the Jacobi variety. We will see that the Riemann surface can be
embedded holomorphically into the Jacobi variety via the Abel map.

Theorem 10.12 (Abel’s Theorem). The Abel map

A : Div0(M) → Jac(M), D 7→ A([D])

where

A([
n∑

k=1

nkpk]) :=

[
n∑

k=1

nk

∫ pk

p0

]
, p0 ∈ M,

is well–defined and an injective group homomorphism.

Proof. First, A is independent of p0 since
∫ q0
p0
∈ j(H1(M,Z)). We need to show

that D = (f) implies A([D]) ∈ j(H1(M,Z)). Since D is a zero divisor we
can assume without loss of generality that D = (f) =

∑n
i=1(pi − qi) where

pi 6= qi, pi, qi ∈ M . We consider the logarithmic derivative of f , i.e df
f

which is a
meromorphic 1–form with poles of order 1 and residue at p given by the order of
the pole/zero of f at p. Thus, using the unique meromorphic differentials of the
3rd kind we can write df

f
as

df

f
=

n∑

i=1

ωpiqi +
∑

k

ckωk.

Since we integrate a logarithmic derivative we know that
∫
aj

df
f
,
∫
bj

df
f
∈ 2πiZ.

Thus there exists integers nj, mj ∈ Z with

2πi nj =

∫

aj

df

f
=

n∑

i=1

∫

aj

ωpiqi +
∑

k

ck

∫

aj

ωk = cj ,

and

2πi mj =

∫

bj

df

f
= 2π

∑

k

∫

bj

ωpkqk + 2πi
∑

k

nk

∫

bj

ωk.

Using the reciprocity formula we get with m = (m1, . . . , mg), n = (n1, . . . , ng) ∈
Zg: ∑

k

∫ pk

qk

ω = Idm− Bn ∈ j(H1(M,Z)).

But the left hand side is exactly the matrix of A([D]) using the chosen basis of
H0(K) to identify H0(K)−1 ∼= Cg.
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Remains to prove the injectivity of the Abel map, so assume that A([D]) = 0
for the divisor D =

∑
(pi−qi). We need to show that there exists a meromorphic

function f such that (f) = D. Using the above considerations we easily see
how to define f : Define first the logarithmic derivative of f as the meromorphic
1–form η :=

∑n
i=1 ωpiqi − 2πi

∑g
J=1 njωj and integrate

f(p) := exp(

∫ p

p0

η).

By construction, f has divisor (f) = D.

Remark 10.13. Short–version of the second part of the proof, compare [GH]

CP 1 → (λ1f − λ0)→ A(λ1f − λ0)

⋆

hier fehlt ja wohl
noch was Our next project is to show that the Abel map gives a holomorphic embed-

ding of the Riemann surface M into the Jacobi variety of M :

Theorem 10.14. Let M be a compact Riemann surface of genus g > 0. Then
the Abel map

A : M → Jac(M), p 7→

∫ p

p0

modH1(M,Z)

is a holomorphic embedding.

Proof. Clearly, the Abel map is a holomorphic map (it is defined as an integra-
tion). We show that A is an injective immersion then by compactness it is an
embedding. So assume p1 6= p2 and A(p1) = A(p2), i.e. A((p1 − p2)) = 0. By
Abels Theorem there exists a meromorphic function f with the same divisor, i.e
(p1 − p2) = (f). Thus f : M → CP 1 is a meromorphic function of degree 1, i.e.
M ∼= CP 1 which contradicts the assumption g > 0.

Next, dpA : TpM → TA(p) Jac(M) ∼= H0(K)−1 and for ω ∈ H0(K) we have

< dpA, ω >= dp < A, ω >= dp

∫
ω = ωp.

Since K has no base points, cf. Theorem 8.29, A is an immersion.

10.6 The Picard group and the Jacobi variety

Now, our aim is to show that the above defined injective group homomorphism
between the Picard group and the Jacobi variety is in fact an isomorphism.
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We consider

Pic0(M)

= {L→M holomorphic line bundle of degree 0}/holomorphic equivalence

= {all holomorphic structures on M × C}/holomorphic equivalence

= {[∂̄0 + α] | α ∈ Γ(K̄), ∂̄0 trivial holomorphic structure on M ×C}

We investigate when two given holomorphic structures are equivalent: Let
[∂̄0 + α] = [∂̄0] where α ∈ Γ(K̄). In fact, this means that there exists a function
f ∈ C∞(M,C∗) such that

∂̄0 +
∂̄f

f
= ∂̄0 + α.

Clearly we can factor out the functions with zero winding number, i.e. f = eg

where g : M → C. For these we obtain ∂̄f
f

= ∂̄g.

Lemma 10.15. Let α ∈ Γ(K̄). Then there exists a unique holomorphic ω ∈
H0(K) such that

α + Im ∂̄ = ω̄ + Im ∂̄.

I.e.
H0(K)∗ ∼= H0(K).

⋆

go on! Leichter
gesagt, als getan:
ab hier wurden
die gesammelten
Mitschriften
etwas wirr; ich
habe momentan
keine Lust, und
steige bei Theta
wieder ein!

Proof.
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Chapter 11

Theta functions

⋆

bisher schreibe
ich nur wörtlich
die Aufzeich-
nungen ab: man
sollte das alles
hier nicht so ernst
nehmen

We start with a general definition of theta functions on certain complex tori and
will later apply it to the special case where the complex torus is the Jacobi

variety of a Riemann surface. Theta functions have applications by solving Heat
equations and KdV. We will use them to construct meromorphic functions of tori
into complex projective spaces. Using the Abel map we obtain thus embeddings
of Riemann surfaces into complex projective spaces. We follow essentially [?].

11.1 Definition

Definition 11.1. Let B ∈ GL(g,C), BT = B, Im B > 0. Consider the g
dimensional torus Cg/Λ where the lattice is defined by

Λ = spanZ{e1, . . . , eg, B−1, . . . , B−g} ∼= Zg

where {e1, . . . , eg} denotes the standard basis of Cg and B−k := Bek is the k–th
column of B. The theta function of Cg/Λ is the map θ : Cg → C defined by

θ(z) :=
∑

n∈Zg

eπi(<n,Bn>+2<n,z>), z ∈ Cg.

We state first some simple properties

Lemma 11.2. 1. θ : Cg → C is holomorphic and θ 6≡ 0.

2. θ(z) = θ(−z) for z ∈ Cg.

3. θ(z) = θ(z + ek) for z ∈ Cg.

4. θ(z) = exp−πi(Bkk + 2zk))θ(z +B−k) for z ∈ Cg

111
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Proof. 1. θ is absolut convergent on compact subsets K from Cg since for
z = x+ iy ∈ K ⊂ Cg

|eπi<n,Bn>| = e−π<n,Im Bn> ≤ e−πc|n|
2

and
|e2πi<n,z>| = e−2π<n,x> ≤ e−2πc̃|n|

for some constants c, c̃ depending only on K. Thus the theta function is
majorized by a convergent series and hence a holomorphic map. Since θ is
a Fourier series with coefficients 6= 0 the series θ 6≡ 0.

2./3. Simple calculation.

4. Calculating first the exponent of the addend of the theta function at z+B−k

we obtain

< n,Bn > +2 < n, z +Bek > = < n+ ek, B(n+ ek) > +2 < n+ ek, z >

−2zk − Bkk

thus

θ(z +B−k) =
∑

n∈Zg

eπi(<n,Bn>+2<n,z+Bek>)

=
∑

ñ=n+ek∈Zg

eπi(<ñ,Bñ>+2<ñ,z>)eπi(−2zk−Bkk)

= θ(z)e−πi(2zk+Bkk)

11.2 General nonsense: multipliers

Let π : M̃ → M the universal covering map and Γ = π1(M). Denote by Γ×M̃ →
M̃, (γ, x) 7→ γx the deck transformation. Let V → M be a vector bundle
over M and Ṽ = π∗V the pull back of V to the universal covering M̃ . Then
Ṽγx = Vπγx = Vπx = Ṽx.

Definition 11.3. Assume that Ṽ is trivializable over M̃ , i.e. there exists a global
trivialization map Φ : Ṽ → M̃ × Cr. There is a commutative diagram

Cr

ΦγxΦ−1
x ∈ GL(Cr)

��

Ṽx = Ṽγx

Φx

66nnnnnnnnnnnnn

Φγx
((PPPPPPPPPPPPP

Cr
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The multiplier of V with respect to Φ is given by

ϕ : Γ× M̃ → GL(Cr), (γ, x) 7→ ΦγxΦ
−1
x .

Notice that ϕ(γ1γ2, x) = ϕ(γ1, γ2x)ϕ(γ2, x), in particular ϕ(1, x) = 1.

If V1 ∼ V2 are isomorphic vector bundles and assume Ṽ1, Ṽ2 are trivializable
with trivalization maps Φk : Ṽk → M̃ × Cr. The so defined mulitpliers ϕ1, ϕ2

satisfy

ϕ2(γ, x) = f(γx)ϕ1(γ, x)f(x)−1 for some map f : M̃ → GL(Cr).

Thus we define an equivalence relation on multipliers varphi ∼ ϕ̃ if and only if
ϕ̃(γ, x) = f(γx)ϕ(γ, x)f(x)−1 for some f : M̃ → GL(Cr) . In particular we have
a well–defined map

{V →Mtrivializable}/Isom. → {multipliers}/ ∼,

V 7→ ϕ.

Conversely, let ϕ : Γ × M̃ → GL(Cr) be given. Then there exists a up to
isomorphism unique vector bundle V →M which has ϕ as multiplier: it is given
by V := M̃ ×Cr/ ∼ where (x, ξ) ∼ (y, η) if and only if y = γx and η = ϕ(γ, x)ξ.

⋆

holomorph?We calculate the sections of this bundle:
Let ψ ∈ Γ(V ) then π∗(ψ) = ψ ◦ π ∈ Γ(Ṽ ). Define f := Φ ◦ (π∗ψ) : M̃ → Cr.

Then

f(γx) = Φγxψx = ΦγxΦ
−1
x (Φxψx) = ϕ(γ, x)f(x).

Conversely, any f with the above transformation behavior gives rise to a section
in V , hence

Γ(V ) ∼= {f : M̃ → Cr | f(γx) = ϕ(γ, x)f(x)}.

11.3 Lefschetz embedding

We use the above general nonsense to see

Lemma 11.4. Let M = Cg/Λ, Λ = spanZ{e1, . . . , eg, B−1, . . . , B−g}, B ∈ GL(g,C),
BT = B, Im B > 0. Then there exists a unique holomorphic line bundle LB, the
θ line bundle over Cg/Λ, such that 0 6≡ θ ∈ H0(LB).

Proof. Define the multiplier ϕ : Λ×Cg → GL(C) = C∗ by ϕ(ek, z) = 1, ϕ(B−k, z) =
e−πi(Bkk+2zk). Since θ(ek+z) = θ(z) = ϕ(ek, z)θ(z) and θ(B−k+z) = ϕ(B−k, z)θ(Z)
the theta functions is a holomorphic section of LB. ⋆

und wieder: holo-
morph?
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Lemma 11.5. Let LB → Cg/Λ the θ–line bundle. Then

dimH0(LB) = 1.

Proof. Let θ̃ ∈ H0(LB), θ̃ : Cg → C and θ̃(z + ek) = θ̃(z). The Fourier series of
θ̃ is hence

θ̃(z) =
∑

ane
2πi<z,n>.

Since θ̃(zk +B−k)
!
= e−πi(Bkk+2zk)θ̃(z) one gets comparing the coefficients of
∑

ane
2πi<z+Bek ,n> =

∑
ane

−πi(Bkk+2zk−2<z,n>)

that
an+ek

e−πiBkk = ane
2πi<Bek,n>,

thus the coefficients an are determined by a0. This applies also to the Fourier
series θ̃ − a0θ thus the coefficients all vanish.

Lemma 11.6. dimH0(LrB) = rg.

Proof. The multipliers of the tensor product are given by

ϕL
r

(ek, z) = 1, ϕL
r

(B−k, z) = e−iπr(Bkk+2zk).

The theta function of order r which are given by

θr,s =
∑

eπi(<B(n+ s
r
),s+rn>+2<z,s+rn>)

where s = (s1, . . . , sg), 0 ≤ si ≤ r − 1 are a basis of H0(Lr).

Theorem 11.7 (Lefschetz embedding). Let Cg/Λ the usual torus. Then there
exists an embedding

F : Cg/Λ →֒ CP 3g−1, F = [F1, . . . , FN ]

where {Fi} is a basis of H0(L3).

As applications of the Lefschetz embedding theorem we mention

Corollary 11.8. 1. The Lefschetz embedding F : C/Λ→ CP 2 is given by
the Weierstrass ℘ function F = [1 : ℘ : ℘′].

2. Let M be a compact Riemann surface of genus g. Then we have the follow-
ing diagram

M

&&NNNNNNNNNNNNNNNNNNNNNNNN

�

� A

Abel
// Jac(M) �

� F

Lefschetz
// CP 3g−1

��

CP 3

immersion
��

Twistor // IHP 1

CP 2
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For the proof of the Lefschetz embedding theorem we need the following

Lemma 11.9. 1. Given z1, z2 ∈ Cg the map a 7→ θ(z1+a)
θ(z2+a)

is nowhere vanishing
holomorphic

2. If z 7→ θ(z+w)
θ(z)

is a nowhere vanishing holomorphic map then w ∈ Λ.

Proof. 1. Let a0 ∈ Cg then there eixsts an open neighborhood U of a0, b ∈ Cg,
wiht θ(zk + b) 6= 0, θ(zk − a− b) 6= 0 for all a ∈ U .

2. θ(z+w)
θ(z)

= eh(z) for some holomorphic function h on Cg with h(z + ek) −

h(z) = 2πink. Moreover, h(z + B n) − h(z) + 2πiωk = 2πimk. Since
∂zi
h : Cg/Λ→ C is holomorphic we have ∂h ≡ const thus h = h0+

∑k
i=1 hizi

and h(z + ek) − h(z) = hk = 2πink. For the second kind of periods we
see h(z + B k) − h(z) =

∑
hiBik = 2πimi − 2πimk. We obtain ωk =

−
∑
niBik +mk and ω = Bn+ Idm, which means ω ∈ Λ.

Proof of the Lefschetz embedding theorem. 1. Since Fl : Cg → C, Fl(z +
γ) = a(γ, z)Fl(z) the map [F0, . . . , Fn] is well–defined if L3 has no base
points.

2. L3 has no base points: Let a, b ∈ Cg and define

θa,b(z) := θ(z + a)θ(z + b)θ(z − (a+ b)).

First, θa,b ∈ Γ(L3) since

θa,b(z + ek) = θa,b(z)

θa,b(z +B−k) = e−iπ(2zk+2ak+Bkk+2zk+2bk+Bkk+2zk−2(ak+bk)+Bkk)θa,b(z)

= e−iπ3(2zk+Bkk)θa,b(z)

Let z0 ∈ Cg. We need to show that there exists a f ∈ H0(L3) such that
f(z0) 6= 0. If θ(z0) 6= 0 then θa,b 6= 0 in a neighborhood of z0, in particular
there exist a, b ∈ Cg with θa,b(z0) 6= 0.

Now let θ(z0) = 0. One knows that θ(z) = 0 defines a hyperplane and ⋆
who knows?again there exist a, b ∈ Cg such that θa,b(z0) 6= 0.

3. F is injective: We need to show that F (z1) = F (z2) implies z1 − z2 ∈ Λ.
But F (z1) = F (z2) implies Fl(z1) = ρFl(z2) for ρ 6= 0. Since {Fl} is a basis
we have θa,b(z1) = ρθa,b(z2) for all a, b ∈ Cg which implies

θ(z1 + a)

θ(z2 + a)
= ρ

θ(z2 + b)θ(z2 − (a+ b))

θ(z1 + b)θ(z1 − (a+ b))

Use Lemma 11.9.
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4. F is an immersion: For z0 ∈ Cg we have dz0F (Cg) ⊂ Hom(Σz0 ,C
N+1/Σz0)

if and only if δz0




F0
...
FN



 (Cg) ⊂ CN+1/Σz0 if and only if

rank




F0 ∂z1F0 . . . ∂zgF0
... . . .

...
FN ∂z1FN . . . ∂zgFN



 = g + 1.

Suppose there exists ck not all zero such that c0F (z0) =
∑g

k=1 ck∂zk
F (z0).

Then c0θa,b(z0) =
∑
ck∂zk

θa,b(z0) for all a, b ∈ Cg. Thus

c0θ(z0+a)θ(z0+b)θ(z0−(a+b)) =
∑

ck(∂zk
θ(z0+a))θ(z0+b)θ(z0−(a+b)),

so finally c0 =
∑
ck(∂zk

(ln θ(z0+a))+∂zk
(ln θ(z0+b))+∂zk

(ln θ(z0+(a−b))).
Let ϕ :=

∑
ck∂zk

θ i.e. c0 = ϕ(z0 + a) + ϕ(z0 + b) + ϕ(z0 − a− b).

The map a 7→ ϕ(z0 + a) is holomorphic. Lemma 11.9 thus implies that⋆

hier sind die
gesammelten
Aufzeichnungen
äußerst kryptisch,
z.B.: Bildchen
von a0 und
Θ...?!?!?!?!?!

ϕ(z + ek) = ϕ(z) and ϕ(z + B−k) = ϕ(z) − 2πick. The same trick applies
to ∂ϕ which is holomorphic on Cg/Λ, i.e. ∂ϕ is constant. Hence, writting
ϕ = ϕ0 +

∑
eizi, we have ϕ = ϕ0, thus ck = 0 and ϕ = 0, c0 = 0.
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11.4 Theta Divisor

Since the theta function θ is a holomorphic section in the theta bundle LB, i.e.
θ ∈ H0(LB), it is natural to investigate its divisor Θ. Before we do so, we have
to note that the difference between divisors on Riemann surfaces and divisors on
general manifolds is that instead of points the formal sum goes over irreduzible
analytic codimension 1 subsets of the manifold.
Throughout this section get to know following objects with there properties and
there relationships:

1. The translation of the theta divisor in the Jacobian, Θζ := Θ + ζ where
ζ ∈ Jac(M), Θζ is the divisor of a holomorphic section in the translated
line bundle T ∗

ζ LB, which will be abbreviated by Lζ , i.e. Θζ = (θ(z − ζ))
and θ(z − ζ) ∈ H0(Lζ).

2. An other object is the map Ψζ : p 7→ θ(AP0(p) − ζ) which is a section
in pullback A∗

P0
(Lζ), which we abbreviated often by Ψ and its divisor Dζ ,

which is then a divisor on a Riemann surface.

3. Last but not least Wk := {AP0(D) | D effective divisor of degree k} an
analytic subset of the Jacobian for each k. A effective divisor, also integral
divisor, is a divisor D =

∑
njpj where all nj ≥ 0.

Before we go into details we want note some technical facts, which are easy to
proof, see Appendix G, to make the rest of this section more instructive.

Lemma 11.10 (Technical). Let aj , bj be the basis curves of M . Let Pj ∈ aj and
P ′
j the corrosponding point in a−1

j and Qj, Q
′
j analog in bj respective b−1

j . Further
R1, R2, R3 the vertexes of the fundamental domain ∆ where aj lies between R1, R2

and bj lies between R2, R3. Note that everything which works for a Q – couples
works for R1, R2 and analogous with the P – couples and R2, R3. See picture ??.

1. Ak(P
′
j) = Ak(Pj) +Bj,k

2. Ak(Q
′
j) = Ak(Qj) + δj,k

3. d log Ψ(Q′
j) = d logΨ(Qj)

4. d log Ψ(P ′
j) = d log Ψ(Pj)− 2πi ωj(Pj)

5. Ψ(P ′
j) = Ψ(Pj) exp(−2πi (Aj(Pj)− ζj + 1

2
Bj,j))
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6.
∫
aj
d log Ψ(P ) = 0

7.
∫
bj
d log Ψ(Q) = 2πi (ζj − Aj(R2)−

1
2
Bj,j))

8.
∫
aj+a

−1
j

(d log Ψ(P )Ak(P )) = 2πi
∫
aj

(ωj(P )Ak(P )) + 2πi Bj,k

9.
∫
bj+b

−1
j

(d log Ψ(Q)Ak(Q)) = δj,k 2πi (ζj −Aj(R2)−
1
2
Bj,j))

10.
∫
aj

(ωk(P )Ak(P )) = δj,k(Ak(R2)−
1
2
)

Lemma 11.11. The function Ψ either vanishes identically on M or has exactly
g zeros counting the multiplicity, i.e. degLζ = g.

To proof the lemma we need following fact from complex analysis: Let h be a
meromorphic function with M <∞ poles and N <∞ zeros, both counted with
multiplicity, then N − M = 1

2πi

∫
γ
d log h(z)dz, where γ is a simply connected

curve around the zeros and poles.

Proof. Suppose Ψ 6≡ 0. Remember the notation and the situation sketched in
the Riemann bilinear relation section, see e.g. the picture ??, i.e the number of
zeros in the fundamental domain ∆ are

deg(Ψ) =
1

2πi

∫

∂∆

d log Ψ =
1

2πi

g∑

i=1

∫

ai+a
−1
i +bi+b

−1
i

d log Ψ,

where we can assume that no zeros occure on ∂∆.
Using fact 3 and 4 from the technical Lemma 11.10 we get

∫

bi+b
−1
i

d log Ψ = 0 and

∫

ai+a
−1
i

d log Ψ = 2πi

∫

ai

ωi = 2πi.

Recapitulating we have

deg(Ψ) =
1

2πi

g∑

i=1

2πi = g,

which is the claim.

Theorem 11.12. If M is a compact Riemann surface of genus g and A(M) 6⊂ Θζ

then A(M) ∩ Θζ consists of g points, counted with multiplicities. Further, we
have degDζ = g and A(Dζ) = ζ−κ, where κ ∈ Jac(M) is the vector of Riemann
constance.
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⋆correct?
Remark 11.13. The vector of Riemann constance κ only depends on the base
point chosen for the Abel-Jacobi map and the basic curves. The components
are1

κk =
1

2
(Bk,k + 1)−

∑

j 6=k

∫

aj

(ωj(P )Ak(P )).

Remark 11.14. Before we start to prove Theorem 11.12 we want to remember
some facts from complex analysis:

1. The Residium Theorem: Let h be a meromorphic function then Resp h =
1

2πi

∫
γp
h, where γp is a simply closed curve with goes around p but not

around any other pole.

2. Let h be a meromorphic function with a pole at p of residium 1 and f a
holomorphic function with no zero at p, then hf has a pole at p of residium
f(p).

3. Let ∆ a n-gon, further there arem ≤ n interior points pj then for all interior
point p0 different from the pjs there exists m pathes from p0 to the vertex
point of the n-gon such that the ∆ decomposes into m parts Tj where in
every part one and only one point pj lies in the interior, see picture ??.
As an application we have for a meromorphic function h with m ≤ g poles
pi

g∑

j=1

∫

ai+bi+a
−1
i +b−1

i

h =

∫

∂∆

h =
m∑

j=1

∫

Tj

h =
∑

p∈poles

∫

γp

h.

Proof. Since A(M) 6⊂ Θζ its divisor is Dζ =
∑g

j=1 Pj . From the Remark 11.14 if
take h to be d log Ψ and f to be Ak we have

Ak(Dζ) =

g∑

j=1

Ak(Pj) =
1

2πi

∫

∂∆

(d log Ψ(Z)Ak(P ))

=
1

2πi

g∑

j=1

∫

aj+bj+a
−1
j +b−1

j

(d log Ψ(Z)Ak(P ))

Using fact 8 and 9 from the technical Lemma 11.10 we get

Ak(Dζ) =
1

2πi

g∑

j=1

(

∫

aj

(2πi ωj(P )Ak(P ))+2πi Bj,k+δj,k 2πi (ζj−Aj(R2)−
1

2
Bj,j))

1 For Bobenko κk = πi+ 1
2Bkk−

1
2πi

∑
j 6=k

∫
aj
ωj

∫ P

P0
ωk. But, we have different definitions

for θ, ωk, ... – they differ by the factor 1
2πi

–.
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Since its enough to compute the Ak(Dζ) modulo periods we could cancel the Bj,k

term, i.e.

Ak(Dζ) =

g∑

j=1

∫

aj

(ωj(P )Ak(P )) + (ζk −Ak(R2)−
1

2
Bk,k).

Using again the technical Lemma 11.10, fact 10, we get

Ak(Dζ) =
∑

j 6=k

∫

aj

(ωj(P )Ak(P )) + (Ak(R2)−
1

2
) + (ζk − Ak(R2)−

1

2
Bk,k))

=
∑

j 6=k

∫

aj

(ωj(P )Ak(P ))−
1

2
−

1

2
Bk,k + ζk

Hence we have

A(Dζ) = ζ − κ where κk =
1

2
(Bk,k + 1)−

∑

j 6=k

∫

aj

(ωj(P )Ak(P ))

Theorem 11.15. Θ = Wg−1 + κ, where κ is the vector of Riemann constance.
⋆

dense?
Proof. First we show that Wg−1 + κ ⊂ Θ. Let D =

∑g Pi such that A(M) 6⊂ Θζ

for ζ := A(D) + κ. Note these divisors are a dense subset, hence its enough to
show it for them. Since A(D) = ζ − κ and the Theorem 11.12, A(Dζ) = ζ − κ,
we know D = Dζ . Hence

0 = θ(A(Pg)− ζ) = θ(−A(D − Pg)− κ) = θ(A(D − Pg) + κ).

Since all divisor of Wg−1 are of the form D − Pg we have Wg−1 + κ ⊂ Θ.
Conversly we show that Θ ⊂Wg−1 + κ. Let ζ ∈ Θ a zero.
Suppose there exist a point P ∈ M such that θ(A(z)−A(P )−ζ) 6≡ 0 in z. Define
D = DA(P )+ζ = (θ(A(z)−A(P )− ζ)) its divisor. Since P is a zero, D′ := D− P
has degree g − 1. Again from Theorem 11.12 we know A(D) = (A(P ) + ζ)− κ,
i.e. A(D′) = A(D−P ) = ζ − κ. Hence ζ = A(D′) + κ which is the claim for this
case.
Remains the case that for all points P ∈ M , θ(A(z) − A(P ) − ζ) ≡ 0. Let
k be the least integer such that θ(A(D0) − A(D1) − ζ) ≡ 0 for all effective
divisor D0, D1 of degree k. Since the Abel-Jacobi map is onto for Divg(M),⋆

abel section:
A, Sg, dA

i.e. θ(A(D0) − A(D1) − ζ) 6≡ 0, we know that k < g. Now let D0, D1 be
effective divisors of degree k + 1 with θ(A(D0) − A(D1) − ζ) 6= 0. Suppose
D0 +D1 consists of 2k + 2 distinct points. For D0 =: P0 +D′

0 the map F : z 7→
θ(A(z) + A(D′

0)−A(D1)− ζ) 6≡ 0, e.g. F (P0) 6= 0.
Let D := D−A(D′

0)+A(D1)+ζ = (F ) the divisor of F . Then from Theorem 11.12
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we know degD = g and since ζ ∈ Θ that A(D) = A(D1) − A(D′
0) + ζ − κ.

Further F (P1) = 0 for all P1 ∈ D1 since deg(D1 − P1) = k, i.e. F (P1) =
θ(A(D′

0)− A(D1 − P1)− ζ). Hence there exists a divisor D2 of degree g − k − 1
such that D = D1 +D2.
Now we know A(D) = A(D1)−A(D′

0)+ζ−κ and A(D) = A(D1)+A(D2), hence
ζ = A(D2 − D

′
0) + κ and the degree is deg(D2 − D

′
0) = g − k − 1 + k = g − 1.

Thus we have Θ ⊂Wg−1 + κ.

Remark 11.16. The above Theorem relates the Theta divisor Θ, a purley alge-
braically object, with another divisor Wg−1 on the Jacobian which involves the
geometry of the Riemann surfaceM and the geometry of the Abel - Jacobi-map
A.

Using the relationship between the algebraic Θ divisor and the geometricWg−1

divisor we get following interesting

Theorem 11.17. A(K) = −2κ, where K is the canonical divisor associated with
the canonial bundle K and κ is again the vector of Riemann constance.

Proof. Let D ≥ 0 be a divisor of degree g− 1. Since D ≥ 0 we know h0(L(D)) ≥
1. Using Riemann-Roch Theorem we have h0(KL(−D)) ≥ 1, i.e. K − D is
effective. Further we know that degK = 2g−2, hence the degree of K−D is g−1,
i.e. A(K−D) = A(K)−A(D) ∈Wg−1. Now then we have A(K)−Wg−1 ⊂ Wg−1.
On the other side for D′ ∼ K−D we have A(D) = A(K)−A(D′) ∈ A(K)−Wg−1,
hence Wg−1 ⊂ A(K)−Wg−1. Summa summarum we have A(K)−Wg−1 = Wg−1.
From this together with Theorem 11.15 and the fact that θ is a even function we
get

Θ = Wg−1 + κ = −Θ = −Wg−1 − κ = Wg−1 − A(K)− κ = Θ− (A(K)− 2κ)

Since Θ is not left invariant on the Jacobian, see 11.9, the claim is proven.

Theorem 11.18. A(M) ⊂ Θζ if and only if there exist a special divisor D ≥ 0
of degree g such that A(D) = ζ − κ.

Remark 11.19. A divisor D is called special if h0(KL(−D)) > 0. The number
h0(KL(−D)) is also called the index of speciality and noted by i(D). For a
special divisor D of degree > g − 1 we have by Riemann-Roch h0(L(D)) > 0
and for degree ≥ g the existence of a non-vanishing holomorphic section.

⋆

rest!?

Proof. A(M) ⊂ Θζ if and only if for all P ∈M we have A(P )−ζ , i.e. ζ−A(P ) ∈
Θ = Wg−1+κ. Since there exists a degree g−1 divisorD with A(D)+κ = ζ−A(P )
the condition above is equivalent to the following. For all P there exists a degree
g divisor D′ such that P ∈ D′ and A(D) = ζ − κ.
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Corollary 11.20 (Jacobi Inversion Problem). If ζ ∈ Jac(M) and A(M) 6⊂ Θζ,
then there exists a unique effective divisor D of degree g such that A(D)+κ = ζ.
Further D is given by the zero divisor of θ(A(z)− ζ).

Theorem 11.21 (Riemann’s Factorisation Theorem). Let f be a non constant
meromorphic function on M , with divisor D =

∑r
k=1 Pk −

∑r
k=1Qk. Then there

exists a one form ω ∈ H0(K) such that for most ζ ∈ Θ we have

f(z) = c exp(

∫ z

P0

ω)
r∏

k=1

θ(A(z)−A(Pk)− ζ)

θ(A(z)− A(Qk)− ζ)
,

where P0 is the base point chosen for the definition of the Abel- Jacobi map.
⋆

abel section:
define Y ′! Proof. Let f be a non constant meromorphic function on M and D :=

∑r
k=1 Pk−∑r

k=1Qk its divisor. Let further ζ ∈ Θ with

ζ 6∈
r⋃

k=1

(Y ′ + κ−A(Pk)) ∪
r⋃

k=1

(Y ′ + κ− A(Qk)).

We know from Theorem 11.15 there exists a divisor D0 :=
∑g−1

j=1 Q0,j such that
ζ = A(D0) + κ.
Define a function on the fundamental domain ∆ by

F (z) =

r∏

k=1

θ(A(z)− A(Pk)− ζ)

θ(A(z)−A(Qk)− ζ)

All Q0,j ∈ D0 are zeros of θ(A(z)−A(Pk)− ζ) and of θ(A(z)−A(Qk)− ζ), since
θ(A(Q0,j)−A(Pk)−ζ) = θ(A(Q0,j)−A(Pk)−A(D0)−κ) = θ(A(D0+Pk−Q0,j)+κ)
this is zero because its argument is of the form Wg−1 + κ and this by Theorem
11.15 the theta divisor Θ. Hence the divisor of F is

(F ) = (
r∑

k=1

Pk + rD0)− (
r∑

k=1

Qk + rD0) =
r∑

k=1

Pk −
r∑

k=1

Qk = (f) = D

Since F is defined on ∆ we have to modify the map so, that it fits together on the
boundary. There is nothing to do on the b-sides, because for the corresponding
point Rj and R′

j we know A(R′
j) = A(Rj) + ej and θ(z) = θ(z + ej).

For the a-sides we have A(R′
j) = A(Rj) + Bj and the periodicity for θ, Lemma

11.10 fact 1 and 5, i.e. we get

F (R′
j) =

∏r
k=1 exp(−2πi(Aj(Rj)−Aj(Pk)− ζj))∏r
k=1 exp(−2πi(Aj(Rj)−Aj(Qk)− ζj))

F (Rj)

= exp(−2πi

r∑

k=1

(Aj(Pk)− Aj(Qk))) F (Rj)
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By the Abel Theorem 10.12, since degD = 0 and D = (f), we know A(D) ∈ Λ,
i.e. A(D) = A(

∑r
k=1 Pk −

∑r
k=1Qk) =

∑g
j=1 njej +

∑g
j=1mjBj . Hence

F (R′
j) = exp(−2πi(nj +

g∑

i=1

miBi,j)) F (Rj)

= exp(−2πi

g∑

i=1

miBi,j) F (Rj)

Now define a holomorphic one form by ω =
∑g

j=1mjωj , where the ωj are the

ususal dual to the aj . Further define ϕ(z) =
∫ z
P0
ω, where P0 is the base point of

the Abel map.
It remains to show that exp(2πi ϕ(z)) is almost the missing multiplier for F to
be f . Let see what happends on the a-sides using fact 2:

exp(2πi ϕ(R′
k)) = exp(2πi

g∑

j=1

(mj

∫ R′
k

P0

ωj))

= exp(2πi

g∑

j=1

(mjAj(R
′
k)))

= exp(2πi

g∑

j=1

(mj(Aj(Rk) + δk,j)))

= exp(2πi

g∑

j=1

(mjAj(Rk))) exp(2πi mk)

= exp(2πi ϕ(Rk))

Hence exp(2πi ϕ(z))F (z) does it for the a-sides. But the crucial point are the
b-sides, using fact 1 we get

exp(2πi ϕ(R′
k)) = exp(2πi

g∑

j=1

(mjAj(R
′
k)))

= exp(2πi

g∑

j=1

(mj(Aj(Rk) +Bj,k)))

= exp(2πi

g∑

j=1

(mjAj(Rk))) exp(2πi

g∑

j=1

(mjBj,k))

= exp(2πi ϕ(Rk)) exp(2πi

g∑

j=1

(mjBj,k))

Since G(z) := exp(2πi ϕ(z))F (z) and f(z) have the same divisor, G(z)/f(z)
is a non–vanishing holomorphic function, hence constant. Id est there exists a
complex number c such that cG(z) does it.
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Appendix A

Sheaves and presheaves

A short trip to history of mathematics: Sheave theory was invented by Jean

Leray. Being prisoned in 1940 by the Germans he changed his mathematical
field of interest from fluid dynamics to algebraic topology to make absolutely
sure that Nazis could not benefit of his research for purpose of war. He then
introduced sheaves and spectral sequences.

A good intuition of thinking of sheaves is as a way of organizing functions
and forms which satisfy local properties. Often sheaves are introduced in this
intuitive sense via presheaves, cf. for example [Mi], but one ends up with a
interminable definition of sheaves by adding to the presheaf definition a not very
illuminating sheaf condition. Following for example [Wa], [H] or [Gu] we prefer
the more elegant way of defining sheaves as in Definition A.1 but have to work a
little to relate this to the intuitive ideas.

A.1 Sheaves

In this section, if not stated otherwise M can be an arbitrary topological space.

Definition A.1. • A sheaf of R–modules (over a fixed ring R) on M is given
by a topological space G and a continuous map π : G →M such that

1. π is surjective and a local homeomorphism,

2. the stalk Gp = π−1(p) over p ∈M is a R–module,

3. the maps
•⋃

p∈M

Gp = G → G, α 7→ λα, for λ ∈ R,

and

G × G ⊃
•⋃

p∈M

Gp × Gp → G, (f, g) 7→ (f − g)

125
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are continuous.

• A continuous map s : U → G satisfying π ◦ s = idU is called a section of G
over the open set U ⊂ M . We denote by Γ(U,G) the set of sections of G
over U and by Γ(G) the set of global sections.

• A subsheaf of a sheaf G is an open subset F ⊂ G such that Fp := F ∩ Gp is
for all p ∈M a submodule of Gp.

Notice, that the topology on G induces the discrete topology on every stalk.

Remark A.2. A sheaf of abelian groups is clearly given by R = Z. Nevertheless,
one could define a sheaf of abelian groups or R–algebras by using only a modified⋆

change it! version (to the corresponding algebraic structures) of the continuity conditions
3) .

We denote by 0 the zero–section p → 0 ∈ Gp. Since π is a local homeomor-
phism, π is an open map and so is any local section of a sheaf G. If a local section
of G vanishes in one point p, it has to vanish completely in a neighborhood of p.
This follows from the fact that if two sections coincide in a point, they have to
coincide in a whole neighborhood of that point.

Example A.3. 1. Let G be a R–module (abelian group, R–algebra) carrying
the discrete topology. Then G := M ×G with the product topology is the
so called constant sheaf. One can interpret a section s ∈ Γ(U,G) as a map
from U → G by p 7→ pr2(s(p)).

2. Let G be an abelian group (R–module, R–algebra). Define

G =

•⋃

p∈M

Gp where Gp :=

{
0 p 6= p0

G p = p0.

Equipping G with the unique topology making the projection a local home-
omorphism we obtain a sheaf, the so called skyscraper sheaf (“Out of the
drab skyline the group G rises majestically at the chosen point p0”, [Mi]).

3. Recall the definition of a germ of a Ck function in a point p ∈M where M
is a manifold: two local Ck functions f and g define the same germ at p if
they coincide in some neighborhood of p. We denote by [f ]p the germ of f
at p, i.e. the equivalence class of all local functions with the same germ at
p as f , and write

Ckp := {germs of Ck functions at p}.

For U ⊂M open, f ∈ Ck(U, IR), i.e. f : U → IR is a Ck function, we define

Uf := {[f ]p | p ∈ U}.
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It is an easy exercise to show that this defines a basis of a topology on

Ck :=
•⋃

p∈M

Ckp

such that Ck with the projection π : Ck →M, [f ]p 7→ p is a sheaf, the sheaf
(of germs) of Ck functions.

Furthermore, the set of local sections of the sheaf of Ck functions can be
identified with local Ck functions: Ck(U, IR) ∼= Γ(U, Ck), f ∈ Ck(U, IR) 7→
(s : U → Ck, p 7→ [f ]p ∈ C

k
p ).

As in the real case we define the sheaf of C–valued Ck functions; similarly
one defines the sheaf of germs of holomorphic functions and of sections of
vector bundles. We will do this later as part of a general construction, cf.
Section A.3.

4. Let F be a subsheaf of G. Clearly, F is itself a sheaf over M with projection
map πF = πG |F .

In particular, the zero–sheaf, defined up to isomorphism by M ×0, where 0
is the module consisting only of the identity element, is a subsheaf of every
sheaf.

5. Let F ⊂ G be a subsheaf. The quotient sheaf is defined by

(G/F)p = Gp/Fp (use the quotient topology on G/F).

Definition A.4. A sheaf homomorphism of sheaves of R–modules G1 to G2 on
M is a continuous map

α : G1 → G2

such that
π2 ◦ α = π1 (A.1)

and the maps
αp = α|G1p

: G1p → G2p

are R–homomorphism.

Remark A.5. Notice that (A.1) implies that α is a local homeomorphism from
G1 to G2. Furthermore, for any sheaf homomorphism α : G1 → G2 both kerα and
Im α define subsheaves (of G1 resp. G2) where the stalks over p are exactly the
kernel resp. image of the R–homomorphism αp.

Definition A.6. A sequence of sheaves

. . .→ Gi
αi→ Gi+1

αi+1
→ Gi+2 → . . .
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(where αi are sheaf homomorphisms) is called exact if kerαi+1 = Im αi.

A short exact sequence of sheaves is an exact sequence of sheaves of the form

0→ G1 → G2 → G3 → 0.

Observe that a sequence of sheaves

. . .→ Gi
αi→ Gi+1

αi+1
→ Gi+2 → . . .

is (by definition) exact if and only if at each point p ∈M the sequence

. . .→ Gip
αip
→ Gi+1p

αi+1p
→ Gi+2p → . . .

on the stalks is exact.

To remind the ideas of exact sequences we explain in more detail:

Example A.7. Let F , G, H be sheaves. We investigate under which conditions
the sequence

0
α
→ F

β
→ G

γ
→H

δ
→ 0.

is a short exact sequence:
Exactness at F requires that 0 = Im αp = ker βp, i.e. the map β has to be

injective. Hence, we can interpret F as subsheaf of G by considering β = incl as
the inclusion map of F into G.

At G we need that Fp = Im inclp = Im βp = ker γp. Hence γ can be under-
stood as a projection map from G to Im γ = G/F ⊂ H. By exactness at H the
map γ is surjective since Im γp = ker δp = (H)p. Hence, any short exact sequence
can be seen as a sequence

0
α
→ F

incl
→֒ G

proj
→ G/F → 0.

A.2 Presheaves

Now we want to explain how sheaves can be used as a mechanism to pass local
information to global information. Given for example a vector bundle E → M⋆

??? over a manifold M we have the local sections CkE(U) := Γ(EU ) as local data. In
particular, for any s ∈ CkE(U) and for any open subset V ⊂ U we have a map
s̃ ∈ CkE(V ), given by the restriction s̃ = s|V . We first formalize this to:

Definition A.8. Let M be a topological space. A presheaf of R–modules on
M consists of a collection of R–modules P(U) (for all open sets U ⊂ M) and a
homomorphisms ρVU : P(V )→ P(U) (for all inclusions U ⊂ V ⊂M of open sets)
such that
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1. P(∅) = 0

2. ρUU = idP(U) for any open set U ⊂M and

3. ρWU = ρVU ◦ ρ
W
V for all inclusions U ⊂ V ⊂ W ⊂M of open sets.

The maps ρVU are called the restriction maps. We use the short–hand notation
f |U = ρVU (f) for f ∈ P(V ). A homomorphism α of presheaves P1 to P2 is a
collection of homomorphisms αU : P1(U) → P2(U) (for U ⊂ M open) such that
for all inclusions V ⊂W ⊂M of open sets the following diagram is commutative:

P1(W )
ρW

V−−−→ P1(V )

αW

y αV

y

P2(W )
ρW

V−−−→ P2(V )

Remark A.9. Again we can define presheaves of R–algebras.

Example A.10. 1. Let G be a sheaf. The sections of G define a presheaf, the
canonical presheaf ˜

GofGbỹ

G(U) := Γ(U,G) for open subsets U ⊂M(and the restriction map ρUV is just the
usual restriction of a map U → G to V ).

Let E → M be a (differentiable) vector bundle over IK on a differentiable mani-
fold. The presheaf of Ck-sections of E denoted by CkE assigns to an open subset
U ⊂M the IK-module

CkE(U) := Γk(U,E)

(this was just our motivation to define presheaves!).
An important special case of this is the presheaf

Ωp
E = C∞

Ẽ

where Ẽ = ΛpTM∗ ⊗E.

Let E → M be a holomorphic vector bundle over a complex manifold. The
presheaf OE of holomorphic sections of E is defined by

OE(U) := H0(EU) = Γhol(U,E)

for all open subsets U ⊂M . In the case of the trivial bundle E = C, the presheaf
OE =: O is called the presheaf of holomorphic functions.

More generally, one can define the structure presheaf of a manifold M as the
presheaf of certain functions on M , depending on the structure (differentiable,
holomorphic, analytic) of the manifold.
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Let M be complex manifold We define the presheaf O∗ by

O∗(U) = {f ∈ O(U) | f(p) 6= 0 for all p ∈ U}.

Notice that O∗(U) is a presheaf of abelian groups, each O∗(U) being an abelian
group by pointwise multiplication.

Given an R–module V we define the skyscraper presheaf by

P(U) :=

{
V, p0 ∈ U

0, p0 6∈ U

with restriction maps

ρU
Ũ
(v) =

{
v, p0 ∈ Ũ

0, p0 6∈ Ũ
, where v ∈ P(U).

The constant presheaf of a commutative ring R is given by R(U) = R where the
restriction maps are the identity.

We like to give also examples for homomorphism of presheaves:

1. Given a vector bundle homomorphism α : E1 → E2 we obtain an induced
homomorphism of presheaves α : C∞

E1
→ C∞

E2
by

αU : Γ(E1U)→ Γ(E2U), s 7→ α ◦ s|U .

2. More generally, we obtain: if α : G1 → G2 is a sheaf homomorphism then
α induces a homomorphism of presheaves on the canonical presheaves α̃ :
G̃1 → G̃2.

3. Another homomorphism of presheaves is for example: O
exp
→ O∗ where

exp(f)(z) := exp(2πif(z)).

A.3 From sheaves to presheaves and back?

We already noticed that any sheaf G induces a presheaf G̃, the canonical presheaf,
by G̃(U) = Γ(U,G). Now we ask if we can reverse this construction.

First, let P be a presheaf and let

P̂p = {germs of P at p ∈M} =
⋃

p∈U

P(U)/ ∼,
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where the equivalence relation ∼ for f1 ∈ P(U1), f2 ∈ P(U2) is defined by

f1 ∼ f2 ⇐⇒ there exists an open subset W ⊂ U1 ∩ U2 such that p ∈W and

ρV1
W (f1) = ρV2

W (f2)

⇐⇒ f1|W = f2|W .

As in the case of germs of Ck–functions we define the topology on P̂ =⋃
p∈M P̂p →M by the basis given by

Uf = {[f ]p | p ∈ U}

where U ⊂ M open, f ∈ P(U) and [f ]p is the germ of f at p. There is an

R–module structure on P̂p induced by addition and scalar multiplication on rep-

resentatives. So, P̂ is a sheaf.

Definition A.11. The sheaf P̂ is called the sheaf of (germs of) P.

Definition A.12. By this construction the presheaves in Example A.10, (2), (3)
induce the sheaf CkE of (germs of) Ck sections resp. the sheaf OE of (germs of)
holomorphic sections.

Lemma A.13. If α is a homomorphism of presheaves then α induces a sheaf
homomorphism on the induced sheaves via α̂([f ]p) = [αU(f)]p.

Now, given a sheaf G we have the construction

G  G̃  ˆ̃G

In fact, ˆ̃G ∼= G: Let f ∈ G̃(U) = Γ(U,G) be a representative of [f ]p ∈
ˆ̃G then the

isomorphism is given by [f ]p 7→ f(p) ∈ G.

On the other hand, given a presheaf P consider

P  P̂  
˜̂
P.

Is
˜̂
P ∼= P? Let P(U) = R be a presheaf where R is a commutative ring with

restriction maps ρUV = 0 if V ( U . Then
˜̂
P = 0 hence in general

˜̂
P 6∼= P.

Clearly, we have the following necessary conditions

Definition A.14. Let P be a presheaf. It is called complete if the following sheaf
conditions are satisfied:
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(S1) Let U =
⋃
i∈I Ui, f ∈ P(U), where Ui are open sets.

If f |Ui
= ρUUi

(f) = 0 for all i ∈ I then f = 0.

(S2) Let U =
⋃
i∈I Ui, fi ∈ P(Ui) where Ui are open sets.

If fi|Ui∩Uj
= fj|Ui∩Uj

then there exists a f ∈ P(U) with f |Ui
= fi.

These sheaf conditions are in fact sufficient:

Proposition A.15. If P is a complete presheaf then P ∼=
˜̂
P via f ∈ P(U) 7→

(p 7→ [f ]p) ∈ Γ(U, P̂).

Proof. The map µ : f ∈ P(U) 7→ (p 7→ [f ]p) ∈ Γ(U, P̂) is injective:

Let s = µ(f) ∈ Γ(U, P̂) for some f ∈ P(U) with s = 0. For p ∈ U so
s(p) = [f ]p = 0 i.e. there exists an open subset Up ⊂ U with f

∣∣
Up

= 0. But

U = ∪p∈UUp, hence (S1) gives f = 0.

µ is surjective:

Let s ∈ Γ(U, P̂), then s(p) ∈ P̂p, i.e. there exists an open set Up and
fp ∈ P(Up) with s(q) = [fp]q for all q ∈ Up. Let p, q ∈ U and q̃ ∈ Up ∩ Uq.
Then

[fp]q̃ = s(q̃) = [fq]q̃.

Hence for each q̃ there exists an open set Uq̃ such that fp
∣∣
Uq̃

= fq
∣∣
Uq̃

hence

by (S1)
fp
∣∣
Up∩Uq

= fq
∣∣
Up∩Uq

.

With (S2) there exists f ∈ P(U) with ρUUp
(f) = fp for all p ∈ U hence:

[f ]p = [fp]p = s(p) i.e. µ(f) = s.

Remark A.16. As already remarked in the beginning one can define a sheaf by
this construction: G is a sheaf if G = P̂ for some complete presheaf.

Example A.17. a) The skyscraper presheaf (for a R–module V ) is complete:

P(U) :=

{
V, p0 ∈ U

0, p0 6∈ U

with restriction maps

ρU
Ũ
(v) =

{
v, p0 ∈ Ũ

0, p0 6∈ Ũ
, where v ∈ P(U).
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(S1) Let U = ∪Ui and v ∈ P(U). If p0 6∈ U then v = 0. Assume that
v
∣∣
Ui

= 0 for all i and let p0 ∈ Ui0 ⊂ U for some i0. Then v
∣∣
Ui0

= v. So

in any case v = 0.

(S2) Let U = ∪Ui and vi ∈ P(Ui) with vi
∣∣
Ui∩Uj

= vj
∣∣
Ui∩Uj

. If p0 6∈ U then

define v = 0 hence v
∣∣
Ui

= vi
∣∣
Ui

. If p0 ∈ U then there exists i0 with

p0 ∈ Ui0 . Define v ∈ P(U) by v = vi0 .

This is also clear if one realizes that the skyscraper presheaf is the canonical
presheaf of the skyscraper sheaf.

b) Let B the presheaf given by

B(U) = {f : U → C | f is bounded and holomorphic.}

with canonical restriction maps. Let Ui = {z | |z| < i}, i ∈ IN, and define
fi(z) = z, fi ∈ B(Ui). But C = ∪Ui and there exists no f ∈ B(C) with
f
∣∣
Ui

= fi.

Hence B violates (S2). This comes from the fact that B consists of functions
defined by a global property.

A.4 Sheaf sequences

Lemma A.18. Let P1
α
→ P2

β
→ P3 where Pk are presheaves satisfying (S1).

Then we have a sequence of the associated sheaves

P̂1
α̂
→ P̂2

β̂
→ P̂3 (A.2)

The sequence (A.2) is exact if and only if for all U ⊂ M open:

1. βU ◦ αU = 0

2. if βU(f) = 0 for some f ∈ P2(U) then there exists an open covering U =
∪Ui such that f

∣∣
Ui
∈ Im αUi

.

Proof. The sequence (A.2) is exact if and only if ker β̂p = Im α̂p for all p ∈ M .
So we only need to show that exactness of the sequence implies (1) and (2).

Let f ∈ P1(U) then

[βU(αU(f))]p = β̂α̂[f ]p = 0, for all p ∈ U.

But then βUαU(f) = 0 at all p ∈ U . (S1) gives f = 0.
Since βU(f) = 0 we see β̂([f ]p) = 0. Since the sequence is exact we have

[f ]p = α̂p[g]p = [αg]p. Hence there exists an open set Up with f
∣∣
Up

= αg
∣∣
Up

.
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Example A.19. 1. (de Rham sequence) Let M be a differentiable manifold
of dimension m. The sequence ⋆

sheaf
Ω0,1def.0→ IR

incl
→֒ C∞E

d
→ Ω1

E
d
→ . . .

d
→ Ωm

E → 0

is exact. This is a consequence of the Poincaré Lemma.

2. (Dolbeault sequence) Let M be a Riemann surface and E →M a holo-
morphic vector bundle on M . Consider the sequence

0→ OE →֒ Γ(E)
∂̄
→ Ω

(0,1)
E → 0.

At Γ(E) the sequence is exact since ϕ ∈ OE if and only if ∂̄ϕ = 0. At

Λ
(0,1)
E = C∞

K̄E
the exactness means the surjectivity of ∂̄: For given α ∈

C∞
K̄E

(U) = Ω(0,1)(U,E) and p ∈ U we can solve locally ∂̄ψ = α
∣∣
Ũ

with

ψ ∈ Γ(Ũ , E), p ∈ Ũ ⊂ U , see Chapter 4. Hence Lemma A.18 gives the
result.

3. (Exponential sequence) Consider the sequence

0→ Z
incl
→֒ O

exp
−→ O∗ → 0

on a complex manifold M where exp(f)(z) = exp(2πif(z)) and Z is the
constant sheaf. This sequence is exact:

Let gp ∈ O
∗
p. Then there exists g ∈ O∗(U) with [g]p = gp on some simply

connected U . Choose a branch of logarithm and define f = 1
2πi

log g ∈
O(U), i.e. exp(f)p = gp. On the other hand if expp fp = 0 ( “0” is the
identity element in the abelian group O∗(U)!) then exp 2πf(z) = 1 for all
z ∈ U and all representatives f on U . Then f is constant and, in fact, an
integer.

The presheaf Im exp satisfies not (S2): Let M = C\{0} = U1 ∪ U2 where
U1 = C\{z ∈ IR | z ≤ 0}, U2 = C\{z ∈ IR | z ≥ 0}. Then U1 ∩ U2 = C\IR.
Define f(z) = z, then f |Uk

= exp gk, k = 1, 2 with g ∈ O(Uk), i.e. f ∈
Im exp and exp g1

∣∣
U1∩U2

= exp g2

∣∣
U1∩U2

but there exists no g ∈ O(C\{0})
with exp g = f .⋆

Diskusionsbedarf!
4. (Skyscraper Sequence) LetM be a Riemann surface, E →M a holomorphic

vector bundle and L(−p) the holomorphic line bundle defined in Remark
5.19, (??). Let again s−1 denote the meromorphic section with pole of order
−1 at p and which is holomorphic on M\{p} and let ψ ∈ OL. Then

ψ ⊗ s−1 ∈ OEL(−p) if and only if ψ has a zero at p, cf. Example 2. (A.3)
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Thus s1, the holomorphic section which vanishes only at p and with order
1, induces a map OEL(−p) → OL by (ψ ⊗ s−1) 7→ ψ ⊗ s−1 ⊗ s1 ∼= ψ.

Now, the skyscraper sequence is the exact sheaf sequence

0→ OEL(−p)
⊗s1
→ OE

evp

→ Ep → 0

where Ep denotes the skyscraper sheaf with vector space Ep at p and evp is
the evaluation map, i.e. evp(ψ) = ψ(p) for ψ ∈ OE(U) and p ∈ U .

In fact, for exactness we only need to show the injectivity of ⊗s1 since the
sequence is exact at OE with (A.3).

Let (ψ ⊗ ϕ), (ψ̃ ⊗ ϕ̃) ∈ OEL(−p) and ϕ = s−1f, ϕ̃ = s−1f̃ . Then

(ψ ⊗ ϕ)⊗ s1 = (ψ̃ ⊗ ϕ̃)⊗ s1 if and only if ψf = ψ̃f̃ .

But then ψ̃ ⊗ ϕ̃ = ψff̃−1 ⊗ s−1f̃ = ψf ⊗ s−1 = ψ ⊗ ϕ.
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Appendix B

Čech sheaf cohomology

We consider sheaves as a tool to formulate local statements easily – however in
geometry one is usually interested in global information. We attach cohomology
modules to sheaves which measure more global information.

Assume that we can solve a problem locally, by finding a section in some
sheaf. But we are searching for a global solution, i.e. a global section of the sheaf.
The sheaf conditions (S1) and (S2) guarantee that a global section exists if the
local sections coincide on the overlap domains. We turn this into an algebraic
construction by given a homomorphism whose kernel is exactly the set of those
sections which agree on overlap domains.

B.1 Sheaf cohomology over open covers

Let M be a topological space, U = (Ui)i∈I an open cover. Let G be a sheaf over
M .

Definition B.1. The set of k–cochains (for G over the open cover U) is given by

Ck(U ,G) =
∏

i=(i0,...,ik)∈Ik+1

G(Ui0 ∩ Ui1 . . . ∩ Uik).

Remark B.2. A cochain f = (fi)i∈Ik+1 ∈ Ck(U ,G) consists of

fi0...ik ∈ G(Ui0 ∩ . . . ∩ Uik) = Γ(Ui0 ∩ . . . ∩ Uik ,G).

The Ck(U ,G) are R–modules for k ≥ 0. For k < 0 we define Ck(U ,G) to be zero.

Definition B.3. The coboundary operator dk on k–cochains is defined by

dk : Ck(U ,G)→ Ck+1(U ,G), (dkf)i0...ik+1
=

k+1∑

j=0

(−1)jfio,...,îj ,...,ik+1

∣∣
Ui0

∩...∩Uik+1

.
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Lemma B.4. The dk’s are coboundary operators, i.e

dk+1dk = 0,

in particular Im dk ⊂ ker dk+1.

Proof.

dk+1(dkf)i0...ik+2
=

k+2∑

j=0

(−1)j(dkf)i0...îj ...ik+2

∣∣
Ui0

∩...∩Uik+2

=

k+2∑

j=0

(−1)j

(
∑

n<j

(−1)nfi0...în...îj ...ik+2

∣∣
Ui0

∩...∩Uik+2

+
∑

n>j

(−1)n−1fi0...îj ...în...ik+2

∣∣
Ui0

∩...∩Uik+2

)

= 0

Definition B.5. The kth coboundaries are defined by

Bk(U ,G) = Im dk−1.

The kth cocycles are
Zk(U ,G) = ker dk.

The kth cohomology group is defined by

Hk(U ,G) = Zk(U ,G)/Bk(U ,G).

Remark B.6. The kth cohomology group is in fact a module.

We consider some special cases just to get familiar with the notations:

Example B.7.

k=0: 0→ C0(U ,G)
d
→ C1(U ,G),

(df)ij = (fj − fi)
∣∣
Ui∩Uj

∈ G(Ui ∩Uj) for f = (fi)i∈I ∈ C
0(U,G), fi ∈ G(Ui),

i.e. df = 0 if and only if fi = fj on Ui ∩ Uj .

Hence, if df = 0 then by (S2) there exists f̃ ∈ G̃(M) = Γ(M,G) (M =
⋃
Ui)

with f̃
∣∣
Ui

= fi. Since B0(U ,G) = 0 we can identify

H0(U ,G) = Z0(U ,G) = Γ(M,G).
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k=1: C1(U ,G)
d
→ C2(U ,G),

(df)ijk = (fjk − fik + fij)
∣∣
Ui∩Uj∩Uk

∈ G(Ui ∩ Uj ∩ Uk),

and df = 0 if and only if fik = fij + fjk on Ui ∩ Uj ∩ Uk.

We consider now the special case where M is a manifold, U an open cover
of M and G = (C∞)∗, i.e. G(U) = {f : U → C\{0} | f ∈ C∞}.

Then we have a map

H1(U , (C∞)∗)→{C∞ isomorphism classes of C–line bundles}

defined by

[(gij)] 7→ L, where L is given by the transition functions gij .

This is in fact well defined: Since each representative (gij) of [(gij)] satisfies
the cocycle condition (3.1), i.e.

gij · gjk = gik on Ui ∩ Uj ∩ Uk,

each (gij) defines a line bundle by Theorem 3.8. But if (g̃ij) ∈ C
1(U ,G), (gij) ∼

(g̃ij) then there exists (fi)i∈I ∈ C
0(U ,G) such that

g̃ij = gij(df)ij = f−1
i gijfj (B.1)

(we have a multiplicative structure on G!). Theorem 3.7 shows that the
defined line bundle is independent, up to isomorphism, of the choice of the
representative.

Notice that up to now the map depends on the cover we have chosen.
A cover independent definition of the sheaf cohomology group will later
give an isomorphism between the first sheaf cohomology group and the
isomorphism classes of C line bundles over M . ⋆

neu!A similar construction can be done for holomorphic line bundles: There
is a map from the first cohomology group of the sheaf of non–vanishing
holomorphic functions to the set of isomorphism classes of holomorphic
line bundles.

However, notice that for rank r vector bundles the situtation is more com-
plicated: one would have to replace C∗ by GL(r) and hence the argument
in (B.1) does not work (non–commutativity).

Lemma B.8. Let F and G be sheaves over M . Any sheaf homomorphism α :
G → F induces a map on cohomology α : Hk(U ,G)→ Hk(U ,F).

Proof. Define (α(f))i0,...,ik := α(fi0,...,ik).
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B.2 Refinements

So far, our definition of cohomology depends on the chosen open cover. To find
an independent definition we consider how the cohomology module changes under
refinement of the cover. Hereby, we define a refinement as:

Definition B.9. Let U = (Ui)i∈I be an open cover. An open cover V = (Vj)j∈J
together with a map t : J → I is called a refinement of U , short–hand V ≺t U , if
Vj ⊂ Ut(j) for all j ∈ J .

Remark B.10. Any subcover of an open cover is a refinement. In particular, a
refinement can arise (counterintuitive!) by omitting some of the original open
sets and need not to come from a diminishment of the originally sets.

Lemma B.11. Given a refinement V ≺t U define t : Ck(U ,G)→ Ck(V,G) by

t(f)j0,...,jk := ft(j0),...,t(jk)

∣∣
Vj0

∩...Vjk

Then d ◦ t = t ◦ d and there is an induced map

t : Hk(U ,G)→ Hk(V,G).

Proof. Simple calculation.

Lemma B.12 (Homotopy Lemma). Let s and t be homotopic i.e. there exists a
homotopy hk such that s− t = dk−1 ◦ hk + hk+1 ◦ d

k, i.e.

Ck(U ,G)
dk

//

hk

��

s

t
''OOOOOOOOOOO

Ck+1(U ,G)

hk+1

��

Ck−1(V,G)
dk−1

// Ck(V,G)

Then the induced maps on the cohomology group coincide.

Proof. Let f ∈ Hk(U ,G). Then (s − t)f ∈ Hk(V,G) and for f ∈ Zk(U ,G), i.e.
dkf = 0, one has

(s− t)(f) = dk−1hkf + hk+1d
kf = dk−1hkf ∈ Im dk−1 = Bk(U ,G).

Corollary B.13. Let V ≺ U with two refinement maps s, t : J → I. Then the
induced maps on the cohomology group coincide.
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Proof. We only need to show that s and t are homotopic. At the beginning some
abbreviations and definitions:

(hk+1f)j0,...,jk :=

k∑

l=0

(−1)lfs(j0),...,s(jl),t(jl),...,t(jk) (B.2)

(dkf)i0,··· ,ik+1
:=

k+1∑

j=0

(−1)j fi0,··· ,bij ,··· ,ik+1
(B.3)

f (l≤n) := fsj0
,··· ,sjl

,tjl
,··· ,ctjn ,··· ,tjk

(B.4)

f(l≥n) := fsj0
,··· ,dsjn ,··· ,sjl

,tjl
,··· ,tjk

(B.5)

We take three steps to show that hk is a homotopy. First calculate h ◦ d, second
d ◦ h and third add them.

(hk+1(dkf))j0,··· ,jk
(B.2)
=

k∑

l=0

(−1)l (dkf)sj0
,··· ,sjl

,tjl
,··· ,tjk

(B.3)
=

k∑

l=0

(−1)l

(
l∑

n=0

(−1)nf(l≥n) +

k+1∑

n=l+1

(−1)nfsj0
,··· ,sjl

,tjl
,··· , dtjn−1

,··· ,tjk

)

=

k∑

l=0

l∑

n=0

(−1)l+nf(l≥n) +

k∑

l=0

k∑

n=l

(−1)l+n+1f (l≤n)

(B.6)

(dk−1(hkf))j0,··· ,jk
(B.3)
=

k∑

n=0

(−1)n(hkf)j0,··· ,bjn··· ,jk

(B.2)
=

k∑

n=0

(−1)n

(
n−1∑

l=0

f (l≤n) +

k−1∑

l=n

(−1)lfsj0
,··· ,dsjn ,··· ,sjl+1

,tjl+1
,··· ,tjk

)

=
k∑

n=0

n−1∑

l=0

(−1)l+nf (l≤n) +
k∑

n=0

k∑

l=n+1

(−1)l+n+1f(l≥n)

(B.7)
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(hk+1(dkf) + dk−1(hkf))j0,··· ,jk
(B.6),(B.7)

=
k∑

n=0

(−1)2nf(n≥n) +
k∑

n=0

(−1)2n−1f (n≤n)

=

k∑

n=0

(
f(n≥n) − f

(n≤n)
)

=

k∑

n=0

(
fs(j0),...,s(jn−1),t(jn),...,t(jk) − fs(j0),...,s(jn),t(jn+1),...,t(jk)

)

= fs(j0),...,s(jk) − ft(j0),...,t(jk)

(B.8)

B.3 Cohomology groups of a sheaf

Definition B.14. The kth cohomology group of a sheaf G is defined by

Hk(G) :=

•⋃

U open cover

Hk(U ,G)/ ∼

where the equivalence relation is defined for [f ] ∈ Hk(U ,G), [g] ∈ Hk(V,G) by
[f ] ∼ [g] if and only if there exists a common refinement W ≺s U and W ≺t V
such that

s[f ] = t[g] in Hk(W,G).

Lemma B.15. Let U = {Ui}i∈I be an open cover of M and V = {Vj}j∈J a
refinement of U , with refinement map t : J → I. Then the induced maps

t : H1(U ,F) −→ H1(V,F)

is one–to–one and consequently

t : H1(U ,F) −→ H1(F)

is one–to–one.

Proof. Let f := (fi0i1)(i0,i1)∈I2 ∈ Z
1(U ,F) such that t(f) ∈ B1(V,F), i.e. there

exists a = (aj)j∈J ∈ C
0(V,F) such that

ft(j0),t(j1)
Vj0

∩Vj1

= t(f)j0j1 = (aj1 − aj0)
Vj0

∩Vj1

for j1 and j2 ∈ J . From (df)t(j0),i,t(j1) = 0 follows

aj1 − aj0 = ft(j0),t(j1) = ft(j0),i + fi,t(j1)
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on Vj0∩Vj1∩Ui for all i ∈ I. That means aj1 +ft(j1),i = aj0 +ft(j0),i on Vj0∩Vj1∩Ui.
Therefore there exists h = (hi) ∈ C

0(U ,F), such that

hi
Vj∩Ui

= aj + ft(j),i
Ui

.

But on Ui0 ∩ Ui1 ∩ Vj the 0–cocycle h satisfies

hi1 − hi0 = aj + ft(j),i1 − aj − ft(j),i0 = ft(j),i1 + fi0,t(j) = fi0i1 .

Hence f = dh and f = 0 in H1(U ,F).

Theorem B.16 (Snake Lemma). Let M be paracompact. Let

0 // E
α // F

β
// G // 0,

be a short exact sequence of sheaves. Then there is a homomorphism δ : Hk(G)→
Hk+1(E), the so called connecting homomorphism, such that there is a long exact
sequence on cohomology

0 // H0(E)
α // H0(F)

β
// H0(G)

δ
ttjjjjjjjjjjjjjjjjjjj

H1(E)
α // H1(F)

β
// H1(G)

δ
ttjjjjjjjjjjjjjjjjjjj

H1(E)
α // H1(F)

β
// . . .

Proof. 1. Let U ⊂ M be open. We prove that

0 // Γ(U, E) α // Γ(U,F)
β

// Γ(U,G)

is exact. Let βf = 0 then βpfp = 0 for all p ∈ U . With Lemma A.18 ⋆

Na schön,
ich glaube
es, es
muß wohl
bewiesen
werden...

there exists an open neighborhood Up ⊂ U of p and ep ∈ Γ(Up, E) with
αep = f

∣∣
Up

. For p, q ∈ U we have α(ep−eq)
∣∣
Up∩Uq

= (f
∣∣
Up
−f
∣∣
Uq

)
∣∣
Up∩Uq

= 0.

We already know that α is one to one hence ep = eq on Up ∩Uq. With (S2)
there exists e ∈ Γ(U, E) with αe = f on Up ∩ Uq.

2. Let U be an open cover of M . Define C̄k(U ,G) := Im β ⊂ Ck(U ,G). Then
the sequence

0 // Ck(U , E)
α // Ck(U ,F)

β
// C̄k(U ,G) // 0

is exact. In fact, we will show that any short exact sequence as above
induces a connecting homomorphism and a long exact sequence on coho-
mology.
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Now, d maps C̄k(U ,G) to C̄k+1(U ,G) since dβ = βd and we have

Ck(U , E)

d
��

α // Ck(U ,F)

d
��

β
// C̄k(U ,G)

d
��

// 0

0 // Ck+1(U , E)
α // Ck+1(U ,F)

β
// C̄k+1(U ,G)

Let g ∈ Z̄k(U ,G), and f ∈ Ck(U ,F) with βf = g. Then, since dg = 0 also
βdf = 0, hence there exists e ∈ Ck+1(U , E) with df = αe (df ∈ Ck+1(U ,F)
and exactness of the sequence). Since 0 = d(df) = dαe = αde we have
de ∈ kerα = 0, i.e. e ∈ Zk+1(U , E). We define δ : H̄k(U ,G) → Hk+1(U , E)
by δ(g) = e and have to show that this is a well–defined homomorphism
i.e. does not depend on the choice of f . Let hence f, f̃ ∈ Ck(U ,F) with
βf = βf̃ = g and e, ẽ ∈ Ck+1(U , E) with α(e) = df, α(ẽ) = df̃ . Then
f̃ − f ∈ ker β and it exists a ê ∈ Ck(U , E) with α(ê) = f̃ − f . Since
α(ẽ)−α(e) = df̃−df = d(f̃−f) = dα(ê) = α(dê) and α is one to one we see
ẽ−e = dê hence a coboundary. This shows that δ : C̄k(U ,G)→ Hk+1(U , E)
is well defined. Similarly one obtains B̄k(U ,G) ⊂ ker δ by diagram chasing.

3. Next, we need to show, that the diagram

H̄k(U ,G)

t
��

δ // Hk+1(U , E)

t
��

H̄k(V,G)
δ // Hk+1(V, E)

commutes for every refinement V ≺t U . If so then there exists an induced
map δ with

0 // H0(E)
α // H0(F)

β
// H̄0(G)

δ // H1(E) // . . .

Consider the following diagram

Ck(U, E)

d

��

t
qqqqq

xxqqqqq

α // Ck(U,F)

d

��

t
ppppp

xxppppp

β // C̄k(U,G)

d

��

t
qqqqq

xxqqqqq

Ck(V, E)

d

��

α // Ck(V, F)

d

��

β // C̄k(V,G)

d

��

Ck+1(U, E)

t
qqqqq

xxqqqqq

// Ck+1(U,F)

t
ppppp

xxppppp

// C̄k+1(U,G)

tq
qqqq

xxqqqqq

Ck+1(V, E) α // Ck+1(V, F) β // C̄k+1(V, G)



145

Let g ∈ C̄k(U ,G) and e ∈ Ck+1(U , E) given by α(e) = df where β(f) = g.
Then δ(g) = e.

Define ẽ = t(e) ∈ Ck+1(V, E). Again, ẽ is a cocycle since t and d commute.

Define f̃ = t(f) ∈ Ck(V,F) and g̃ = t(g) ∈ C̄k(V,G). We like to show:
δ(g̃) = ẽ.

Since β(f̃) = β(t(f)) = t(β(f)) = t(g) = g̃ it suffices to show α(ẽ) = df̃ .
But

α(ẽ) = t(αe) = t(df) = df̃ .

Notice that this proof actually works for each homomorphism t between
short exact sequences.

4. Remains to show: If M is paracompact then H̄k(G) ∼= Hk(G).

Define C̃k(U) := Ck(U ,G)/C̄k(U ,G) with induced coboundary operator d.
Then the following sequence is exact

0 // C̄k(U ,G) �

�

// Ck(U ,G) // C̃k(U).

Hence we can apply (2) and have a connecting homomorphism and a long
exact sequence on cohomology. We want to show that H̃k(G) = 0 for all k.
For this purpose it suffices to show that for all g ∈ Ck(U ,G) there exists a
refinement V ≺t U with t(g) ∈ C̄k(V,G).

Choose first a refinement O ≺ U such that Oi ⊂ Ōi ⊂ Ui for all i. Since M
is paracompact it is also possible to choose for each p ∈M a neighborhood
Vp of p such that

(a) Vp ⊂ Oi for some i ∈ I

(b) If Vp ∩Oi 6= then Vp ⊂ Ui

(c) Vp ⊂ ∩p∈Ui
Ui and

(d) if p ∈ U := ∩kl=0Uil then g
∣∣U
Vp

= β(f) for some f ∈ F(Vp). ⋆

ja?
Thus V = {Vp}p∈M is an open cover of M . In fact V ≺t U with refinement
map t which maps Vp to Up where Up ∈ U and Op ∈ O are chosen with
Vp ⊂ Op ⊂ Up.

Let now Vp0, . . . , Vpk
∈ V with V = ∩Vpi

6= ∅. Then Vp0∩Opi
6= ∅ and hence

Vp0 ⊂ Upi
. In particular, Vp0 ⊂ ∩Upi

= U . This gives

t(g)p0,...,pk
= gp0,...,pk

∣∣
V

= ρ
Vp0
V ρUVp0

(g).

But g
∣∣
Vp0
∈ Im β.
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Remark B.17. We emphasize the following facts which we already mentioned in
the preceding proof:

1. Given short exact sequences

0 // Ck(U , E) // Ck(U ,F) // Ck(U ,G)

for each k there exists a connecting homomorphism and a long exact se-
quence on cohomology.

2. Let t be a homomorphism between short exact sequences. Then δ commutes
with t.

Example B.18.

Skyscraper sheaf H0(G) = V , Hk(G) = 0, k ≥ 1.⋆

? Let E → M be a holomorphic vector bundle over a Riemann surface M . We
claim that Hk(OE) = 0, k ≥ 2. Consider the exact sequence

O // OE // C∞
E

// Ω
(0,1)
E

// 0

then there is the long exact sequence⋆

noch nicht
fertig O // H0(OE) = H0(E) // H0(C∞

E ) = C∞(E) // Ω(0,1)(E) // 0

⋆

H1(O∗)=hol.
line bun-
dles B.4 Fine Sheaves

Definition B.19. A sheaf G over M is said to be fine if and only if for each
locally finite cover U := {Ui }i∈I of M there exists a family { αi : G → G | i ∈
I, αi sheaf endomorphism} such that

1. supp(αi) := {p ∈M | αi|Gp 6= 0} ⊂ Ui

2.
∑

i∈I αi = id

Remark B.20. This family is a partition of unity for G subordinate to the cover
U of M .

Lemma B.21. Let E → M be an arbitrary Ck vector bundle over a Ck manifold
M . The sheaf CkE) of germs of Ck sections of E is a fine sheaf.

Proof. Let {Ui }i∈I be an open cover of M and {ϕi|i ∈ I} be a partition of unity
for M subordinate to the cover {Ui }i∈I .

1

Define αi : C
k
E → C

k
E by αi([f ]) := [ϕi|U ]f where f ∈ Ck(U,E)

1The existence for such an partition of unity is a basic result from Topology.
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Lemma B.22. Let G →M be a fine sheaf where M is paracompact 2.
Then Hq(M,G) = 0 for all q ≥ 1.

Proof. Since Hq(M,G) :=
⋃•

U open cover ofM Hq(U ,G)/∼, it is enough to show that
Hq(U ,G) vanishes for all open covers U . But since M is paracompact, it is suffi-
cient to prove it for all locally finite open covers.

From the Homotopy Lemma B.12 we know that for two cochain maps

ψq, φq : Cq(U ,G)→ Cq(U ,G),

and a cochain homomorphism

hq : Cq(U ,G)→ Cq−1(U ,G)

satisfying

hq+1 ◦ d+ d ◦ hq = ψq − φq.

The induced maps ψq, φq : H∗(U ,G) → H∗(U ,G) are equal3. If we choose ψq :=
idq and φq := 0, then the induced id on cohomolgy vanishes. Hence Hq(U ,G) = 0
and therefore Hq(M,G) = 0 .

It remains to define such a cochain homomorphism h and verify that the condi-
tion h ◦ d+ d ◦ h = id is satisfied.

We define hq+1 : Cq+1(U ,G)→ Cq(U ,G) by

(hq+1g)i0,··· ,iq :=
∑

l∈I

αl gl,i0,··· ,iq , (B.9)

where g := {gi0,··· ,iq+1 : Ui0 ∩ · · ·Uiq+1 → G | (i0, · · · , iq+1) ∈ I
q+1} and αl forms

the partition of unity subordinate U . Remark hq is well defined because U is
locally finite.
Recall that dq : Cq → Cq+1 was defined by

(dqf)i0,··· ,iq+1 :=

q+1∑

k=0

(−1)k fi0,··· ,îk,··· ,iq+1
. (B.10)

Now we will show the Homotopy Lemma condition h ◦ d+ d ◦ h = id : Cq → Cq,

2A topological space M is called paracompact if and only if every open cover of M has a
locally finite refinement.

3 For a cochain map ψ : C∗(G) → C∗(G′), f 7→ ψ(f) the induced map ψ : H∗(G) →
H∗(G′), [f ] 7→ ψ([f ]) = [ψ(f)] is a homomorphism too.
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for all q ≥ 1. To do so, we calculate first h ◦ d and d ◦ h.

(hq+1(dqf))i0,··· ,iq
(B.9)
=
∑

l∈I

αl (dqf)l,i0,··· ,iq

i j
=
∑

j0∈I

αj0 (dqf)j0,··· ,jq+1

(B.10)
=

∑

j0∈I

αj0

q+1∑

k=0

(−1)k fj0,··· ,ĵk,··· ,jq+1

(B.11)

(dq−1(hqf))i0,··· ,iq
(B.10)
=

q∑

k=0

(−1)k (hqf)i0,··· ,îk,··· ,iq

(B.9)
=

q∑

k=0

(−1)k
∑

j0∈I

αj0 fj0,i0,··· ,îk,··· ,iq

i j
=

q∑

k=0

(−1)k
∑

j0∈I

αj0 fj0,j1,··· , ˆjk+1,··· ,jq+1

=

q+1∑

k=1

(−1)k+1
∑

j0∈I

αj0 fj0,··· ,ĵk,··· ,jq+1

=
∑

j0∈I

αj0

q+1∑

k=1

(−1)k+1 fj0,··· ,ĵk,··· ,jq+1

(B.12)

Now we add the equation (B.11) and (B.12), substitute the indices j1, · · · , jq+1

back to i0, · · · , îk, · · · , iq and use the fact that αl is a partition of unity:

((hd+ dh)f)i0,··· ,iq =
∑

j0∈I

αj0(

q+1∑

k=0

(−1)k (dqf)j0,··· ,ĵk,··· ,jq+1
+

q+1∑

k=1

(−1)k+1 fj0,··· ,ĵk,··· ,jq+1
)

=
∑

j0∈I

αj0 fj1,··· ,jq+1

j i
=
∑

l∈I

αl fi0,··· ,iq = fi0,··· ,iq

(B.13)

i.e the Homotopy Lemma condition is satisfied. This completes the proof.

Example B.23. (Dolbeault Sequence)
Let E →M be a holomorphic vector bundle on a Riemann surface M . Using the
Snake Lemma B.16, we get from the exact Dolbeault sequence

0→ OE →֒ C
∞
E

∂
−→ C∞

KE
= Ω

(0,1)
E → 0
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the associated long exact sequence. Hence from this long exact sequence and the
previous Lemma B.22 we get the following exact (sub)sequences.

0→ H0(OE)
incl
−→ H0(C∞E )

∂
−→ H0(Ω

(0,1)
E )

δ
−→ H1(OE)→ H1(C∞E ) = 0 (B.14)

0 = Hq(Ω
(0,1)
E )

δ
−→ Hq+1(OE)→ Hq+1(C∞E ) = 0; q ≥ 1 (B.15)

From the exact sequence (B.15) we can deduce

Hq(OE) = 0 for all q ≥ 2.

And we can use these sequences (B.14), to conclude that the first Dolbeault

cohomology group coincides with the first sheaf cohomomolgy group4 H1(OE).

In detail: We know that for any sheaf G, H0(G) is isomorphic to the global
sections Γ(G). We also know that the connecting map δ from the exact sequence
(B.14) is onto. Hence the claim follows from:

H1
∂
(M,E) :=

Ω(0,1)(E)

∂(Γ(E))

=
Γ(M,Ω

(0,1)
E )

∂Γ(M, C∞E )

∼=
H0(Ω

(0,1)
E )

∂(H0(C∞E ))

=
H0(Ω

(0,1)
E )

ker δ
∼= H1(OE)

(B.16)

B.5 Resolution
⋆

correct ?Definition B.24. A resolution of a sheaf G is an exact sequence of sheaves of the
form 0→ G → G0 → G1 → · · · , where Hq(Gi) vanishes for all q ≥ 1 and i ≥ 0.

Definition B.25. A resolution of a sheaf G is called a fine resolution if and only
if each Gi is fine.

Theorem B.26. For every sheaf there is a fine resolution5.

4The generalization of this fact is known as the Dolbeault Theorem: H
p,q

∂
(M,E) =

Ω(0,q)(E)

∂(Ω(0,q−1)(E))
∼= Hq(OE), for more details see Gunning and Rossi, [GR, page 183f] or Griffiths

and Harris,[GH, page 45].
5We can find a proof in [GR, page 178].



150

Proposition B.27. A resolution of a sheaf G on a paracompact space M is fine
if and only if Hq(Gi) vanishes for all q ≥ 1 and i ≥ 0.

Proof. One direction follows immediately from Lemma B.22. The other direction
from the definition.

Example B.28. (The deRham Sequence)
Let M be a smooth manifold and V be a vector space over IR,C, or IH. Then
the deRham sequence

0→ V
incl
−→ C∞

V
d
−→ Ω1

V
d
−→ Ω2

V
d
−→ · · ·

d
−→ ΩdimM

V → 0,

is a fine resolution of the constant sheaf V := M×V with the discrete topology on
the fibres6. The constant sheaf was declared on page 126. If M is a paracompact
manifold, we deduce from Theorem B.30

Hq(M,OC) ∼= Hq
dR(M,C).

Example B.29. (The Dolbeault Sequence)
Let E → M be a holomorhic vector bundle over a Riemann surface. The Dol-

beault sequence

0→ OE
incl
→֒ C∞E

∂
−→ C∞

KE
= Ω

(0,1)
M → 0 ,

is a fine resolution of the holomorphic sheaf OE , i.e a fine resolution of the sheaf
of germs of holomorphic sections in E.

Theorem B.30. For a fine resolution 0 → G
h
−→ G0

h0−→ G1
h1−→ G2 → · · · of a

sheaf G over a paracompact space M , the cohomology group Hq(G) is isomorphic
to ker hq/Im hq−1, for all q ≥ 0. Where hq : H

0(Gq)→ H0(Gq+1) are the induced
maps.

Proof. First we are collecting some equations. For Ki := ker hi ⊂ Gi, we have
following exact sequences

0 −→ G
h
−→ G0

h0−→ K1 −→ 0 (B.17)

0 −→ Ki
incl
→֒ Gi

hi−→ Ki+1 −→ 0 for all i > 0 (B.18)

While short exact sequences are inducing long exact sequences we get from the
equation (B.17) the long exact sequence:

0 →֒ H0(G)
h
−→ H0(G0)

h0−→ H0(K1)
δ0
−→ H1(G)→ · · ·

· · · → Hq(G0)
h0−→ Hq(K1)

δq

−→ Hq+1(G)
h
−→ Hq+1(G0)

(B.19)

6We must pay attention, because both the constant sheaf and trivial bundle are denote by
the same symbol V . Even the underlining set is the same, they still differ by topology, which
could not enough emphasised.
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where δi are the connecting homomorphisms.
And, similarly from (B.18), for each i > 0 the long exact sequence

0 →֒ H0(Ki)
incl
−→ H0(Gi)

hi−→ H0(Ki+1)
δ0
−→ H1(Ki)→ · · ·

· · · → Hq(Gi)
hi−→ Hq(Ki+1)

δq

−→ Hq+1(Ki)
incl
−→ Hq+1(Gi)

(B.20)

Therefore our first equation to remember comes from (B.20):

H0(Ki) ∼= ker hi : H
0(Gi)→ H0(Gi+1). (B.21)

Since G0 is fine, we know from Lemma B.22 that Hq(G0) vanishes for all q ≥
1. Using this fact we get a bunch of exact (sub)sequences from the long exact
sequence (B.19).

0 →֒ H0(G)
h
−→ H0(G0)

h0−→ H0(K1)
δ0
−→ H1(G)

h
−→ H1(G0) = 0 (B.22)

0 = Hq(G0) −→ Hq(K1)
δq

−→ Hq+1(G) −→ Hq+1(G0) = 0 (B.23)

As a first result we get the claim for the case q = 0 :

H0(G) ∼=
(B.19)

ker h0 : H0(G0)→ H0(G1) (B.24)

and for the case q = 1:

H1(G) ∼=
(B.22)

H0(K1)

h0(H0(G0))
∼=

(B.21)

ker h1 : H0(,G1)→ H0(G1)

Im h0 : H0(,G0)→ H0(G1)
. (B.25)

Further from sequence (B.23) we get our second equation:

Hq(K1) ∼= Hq+1(G), q ≥ 1. (B.26)

Observe again all Gi are fine, i.e. Hq(Gi) vanishes for all q ≥ 1 and i ≥ 0. Hence
the (sub)sequences coming from (B.20) are

0 →֒ H0(Ki)
h
−→ H0(Gi)

hi−→ H0(Ki+1)
δ0
−→ H1(Ki)

h
−→ H1(Gi) = 0 (B.27)

0 = Hq(Gi)
hi−→ Hq(Ki+1)

δq

−→ Hq+1(Ki) −→ Hq+1(Gi) = 0 (B.28)

Therefore

Hq(Ki+1) ∼= Hq+1(Ki), q ≥ 1;

Hq(K0) ∼= H1(Kq−1), q ≥ 2.
(B.29)

Now, since we got all these equations, we are in the position to join everything
together:
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Hq(G) ∼=
(B.26)

Hq−1(K1)

∼=
(B.29)

Hq(K0)

∼=
(B.29)

H1(Kq−1)

∼=
(B.27)

H0(Kq)/hq−1(H
0(Gi))

∼=
(B.21)

ker hq/Im hq−1

(B.30)

B.6 Leray’s Theorem on Cohomology

Definition B.31. Let U := {Ui }i∈I be an open cover for M . U will be called a
Leray cover if and only if Hq(Ui0∩· · ·∩Uil ,G) = 0 for all q ≥ 1 and any i0, · · · , il.

Theorem B.32 (Leray). Let M be paracompact, G be a sheaf and U be a Leray

cover. Then Hq(U ,G) ∼= Hq(G).

Proof. First select a fine resolution 0 −→ G −→ G0
ho−→ G1

h1−→ G2 · · · of the sheaf
G over M . The existence is guaranteed by Theorem B.26. From Theorem
B.30 we know for the induced homomorphism hi : Γ(M,Gi) → Γ(M,Gi+1) that
Hq(M,G) ∼= ker hq/Im hq−1 for all q ≥ 1.
For any σ := Ui0 ∩ · · ·Uil , we get Hq(σ,G) ∼= ker hq |σ /Im hq−1 |σ from Theorem
B.30. And by hypothesis Hq(σ,G) vanishes for all q, i.e.

0 −→ Γ(σ,G) −→ Γ(σ,G0)
h0−→ Γ(σ,G1)

h1−→ · · ·

is exact for all σ. Therefore

0 −→ Cq(U ,G) −→ Cq(U ,G0)
h0−→ Cq(U ,G1)

h1−→ · · ·

is exact for all q ∈ Z. Grouping all these exact sequences together the following
commutative diagram appears:
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0 0 0

↓ ↓ ↓

0 −→ Γ(M,G)
h
−→ Γ(M,G0)

h0−→ Γ(M,G1)
h1−→ · · ·

↓ ↓ ↓

0 −→ C0(U ,G)
h
−→ C0(U ,G0)

h0−→ C0(U ,G1)
h1−→ · · ·

↓ d ↓ d ↓ d

0 −→ C1(U ,G)
h
−→ C1(U ,G0)

h0−→ C1(U ,G1)
h1−→ · · ·

↓ d ↓ d ↓ d

...
...

...

All columns and all row are exact, except the first row. Since the entire diagram
is commutative the desired isomorphism between Hq(G) and Hq(U ,G) follows
from a straightforward7 diagram chase.

B.7 Axiomatic sheaf cohomology theory

Last but not least we present an axiomatic definition of a sheaf cohomology the-
ory for sheaves of R-modules. Of course, Čech cohomology satisfies all these
axioms. It can be shown that on a paracompact Hausdorff space (e.g. a second
countable differentiable manifold), any two sheaf cohomology theories are canon-
ically isomorphic (cf. [Wa]). Therefore, this can be seen as a summary of the
really important properties of Čech cohomology.

Definition B.33. A sheaf cohomology theory for a topological space M with
coefficients in the sheaves of R-modules consists of the following objects.

a) For each sheaf G of R-modules over M and each k ∈ Z there is a R-modules
Hk(G) called the kth cohomology group.

b) For each homomorphism G → G′ of sheaves and every k ∈ Z there is a
homomorphism Hk(G)→ Hk(G′) of R-modules.

c) For each short exact sequence 0→ G′ → G → G′′ → 0 of sheaves and every
k ∈ Z there is a homomorphism Hk(G′′)→ Hk+1(G′).

The following axioms must be satisfies by a sheaf cohomology.

7 Even Gunning and Rossi, see [GR, page 189-191], only did it for q = 1
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1. (Functorality) For all sheaves G and every k ∈ Z, the identity homomor-
phism id : G → G induces the identity id : Hk(G) → Hk(G). Furthermore,
if the diagram

G −→ G′

ց ↓

G′′

commutes, then for each k ∈ Z so does the diagram

Hk(M,G) −→ Hk(M,G′)

ց ↓

Hk(M,G′′).

2. (Long Exact Sequence) If 0→ G′ → G → G′′ → 0 is a short exact sequence
of sheaves, the sequence

. . .→ Hk(G′)→ Hk(G)→ Hk(G′′)→ Hk+1(G′)→ . . .

is exact.

3. (Naturality) For each homomorphism of short exact sequences of sheaves

0→ G′′ → G → G′ →0

↓ ↓ ↓

0→ S ′′ → S → S ′ →0

the following diagram commutes for all k ∈ Z

Hk(M,G′′) → Hk+1(M,G′)

↓ ↓

Hk(M,S ′′) → Hk+1(M,S ′).

4. (Normalization) Hk(M,G) = 0 for all k < 0 and H0(M,G) = Γ(G). Fur-
thermore, if G is a fine sheaf, then Hk(M,G) = 0 for all k > 0.

The uniqueness theorem for sheaf cohomology theories over paracompact
spaces provides a simple method to prove that many of the classical cohomology
theories are isomorphic, even if at the first sight no sheaves are involved in their
definitions. For more details on this subject, see [Wa]. We will only explain one
important application, a proof of the deRham theorem.

Remark B.34. The Theorem B.30 showing that the cohomology of a sheaf on a
paracompact space can be calculated using a fine resolution holds for arbitrary
sheaf cohomologies. This follows from the fact that the proof only uses the axioms
given in this section.
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Fine resolutions are in fact a very important tool to define new sheaf coho-
mology theories! 8 One very important example is the singular cohomology for
sheaves. Using this cohomology theory, one can easily see that for an arbitrary
R module G, the “classical” singular cohomology coincides with the cohomology
of the corresponding constant sheaf G, i.e.

H∗
sing(M,G) ∼= H∗(G).

In particular, we have H∗
sing(M,Z) ∼= H∗(Z) where H∗(M,Z) is the integer singu-

lar cohomology of M and H∗(Z) is the cohomology of the corresponding constant
sheaf. Similarly, H∗

sing(M, IR) ∼= H∗(IR) and H∗
sing(M,C) ∼= H∗(C).

Another example is the deRham cohomology of sheaves over differentiable
manifolds. This theory uses the deRham sequence (see Example A.19 and B.28),
which is a fine resolution of the constant sheaf IR (or C). Taking a tensor product
of sheaves, this yields a fine resolution of all sheaves of IR and C modules. The
deRham Theorem follows immediately9 since

H∗
sing(M, IR) ∼= H∗(IR) ∼= H∗

dR(M, IR).

Here, the first isomorphism follows using singular cohomology for sheaves as
sketched above. The second isomorphism has already been proved in Example
B.28. (The same holds for coefficients in C or in arbitrary vector spaces instead
of IR.)

8It is remarkable, that Čech-cohomology is quite exceptional in the sense that no fine
resolution of the sheaf is needed for the definition of its cohomology, i.e. the cohomology is
defined using the sheaf alone! All other sheaf cohomology theories that can be found in [Wa]
for example are defined using some special choices of fine resolution.

9To be honest there is still some work to be done in order to show that the isomorphisms
preserve the algebra structures.
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Appendix C

The Riemann–Roch theorem

This chapter start with the formulation of the Serre duality theorem in the
language of sheaves.

We use the first statement of the Serre duality theorem, the fact that
H0(OE) is finite dimensional for any holomorphic vector bundle E, to prove
the existence of non trivial meromorphic sections of a holomorphic vector bun-
dle. This in turn is used to show that holomorphic line bundles can be de-
scribed by divisors. The second statement of the Serre duality theorem, that
H1(OE) ∼= H0(OKE∗) is used to formulate the Riemann–Roch theorem using
h0(KE∗) instead of h1(E). Another way to see this, is that the formulation of
the Riemann–Roch theorem with h1(E) is just a theorem about linear algebra
of sheaves, and that the Riemann–Roch theorem follows as a corollary of the
Serre duality theorem.

C.1 Serre Duality
⋆

neuThis chapter start with the formulation of the Serre duality theorem in the
language of sheaves.

Theorem C.1 (Serre Duality Theorem (sheaf formulation)). Let M be a com-
pact Riemann surface, E →M a holomorphic vector bundle. Then

i) H0(OE) is finite dimensional and

ii)

(H1(OE))∗ ∼= H0(OKE∗).

Proof. In Example B.23 we have seen that the long exact sequence of the short
exact Dolbeault sequence

0→ OE →֒ C
∞
E

∂
−→ C∞K̄E → 0
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and the fact that C∞E and C∞
K̄E

are fine sheaves imply

H1(OE) ∼=
Γ(K̄E)

∂̄Γ(E)
= coker ∂̄.

Hence the result follows with Theorem 6.24.

C.2 The Riemann–Roch theorem for line bun-

dles

Definition C.2. For a sheaf G of vector spaces we denote

hq(G) := dimHq(G), q ∈ IN,

and use the abbriviation hq(E) = hq(OE).

Example C.3. 1. If E is a holomorphic vector bundle over a compact Rie-
mann surface then the Dolbeault sequence yields hk(E) = 0 for k ≥ 2.

2. Holomorphic functions on a compact Riemann surface are constant. Thus
h0(M × C) = 1.

3. By Hodge decomposition we know that the real dimension of the space of
real valued harmonic 1–forms on a compact Riemann surface of genus g is
equal to 2g. Let ω = a + ib be a complex valued 1–form, and a and b its
decomposition into its real and imaginary part. ω lies in K if and only if
∗a = −b. Thus the elemts of K are the 1–forms ω = a − i ∗ a, where a is
a real valued 1–Form. ω is holomorphic if and only if dω = 0, that means
if and only if da = 0 and d ∗ a = 0. Thus the holomorphic sections of K
are of the form ω = a− i ∗ a with a real valued harmonic 1–form a. Thus
h0(K) = g.

Theorem C.4 (Riemann–Roch for line bundles). Let L→ M be a holomorphic
line bundle on a compact Riemann surface M . Then

h0(L)− h1(L) = deg(L)− g + 1,

or equivalently
h0(L)− h0(KL−1) = deg(L)− g + 1.

Remark C.5. If one defines the Euler characteristic of a sheaf F → M to be
χ(F) =

∑
k(−1)khk(F), then the proposition reads

χ(OL)− χ(OM×C) = degL,

since Hk(OL) = 0 for k ≥ 2 and χ(OM×C) = h0(M × C) − h1(M × C) =
h0(M × C)− h0(K) = 1− g, by Serre duality.
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Proof. The equivalence of the two formulations follows from Serre duality. The
validity of the for L = M × C follows then from the facts collected in Example
C.3.

For arbitrary holomorphic line bundles L we will proof the theorem by induc-
tion over the factors of the decomposition L = L(p1) . . . L(pr)L(−pr+1) . . . L(−pk),
Proposition 8.19.

First step. We assume that the theorem holds for a holomorphic vector
bundle L. Then the skyscraper sequence

0→ OL → OLL(p) → LL(p)
∣∣
p
→ 0

is exact, example 4.4 and E = LL(p). This implies the long exact sequence

0 −→ H0(OL) −→ H0(OLL(p)) −→ H0(LL(p)
∣∣
p
)

︸ ︷︷ ︸
=LL(p)

∣∣
p

−→ H1(OL) −→ H1(OLL(p)) −→ H1(LL(p)
∣∣
p
)

︸ ︷︷ ︸
=0

−→ . . . (∗)

H1(LL(p)
∣∣
p
) = 0 follows from the fact that the skyscraper sheaf of a vector

space is fine. Indeed let U be a local finite cover, and r the number of open sets Das k”onnte
woanders hin.

in U that contain p, and define

αi(f) :=






1

r
f, if π(f) = p and p ∈ Ui,

0 otherwise.

Then supp(αi) = {p} if p ∈ Ui, supp(αi) = ∅ if p 6∈ Ui,
∑

i∈I αi(f) = 0 = id(f) if
π(f) ∈M \ {p}, and

∑
i∈I αi(f) =

∑r
i=1

1
r
f = f = id(f) if π(f) = p.

Thus (∗) is an exact sequence that starts and ends with zero. Consequently
the alternating sum of the dimensions of the vector spaces involved is zero. Hence

0 = h0(L)− h0(LL(p)) + 1− h1(L) + h1(LL(p)),

which implies

h0(LL(p))− h1(LL(p)) = h0(L)− h1(L) + 1

= deg(L)− g + 1 + 1 = deg(LL(p)))− g + 1.

Second step. Now we want to prove the theorem for LL(−p). Therefore we
apply the skyscraper sequence

0→ OLL(−p) → OL → L
∣∣
p
→ 0.
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which yields

0 = h0(LL(−p))− h0(L) + 1− h1(LL(p)) + h1(L),

thus

h0(LL(−p))− h1(LL(−p)) = h0(L)− h1(L)− 1

= deg(L)− g + 1− 1 = deg(LL(−p)))− g + 1.

C.3 The Riemann–Roch theorem for vector bun-

dles

Theorem C.6 (Riemann–Roch for vector bundles). Let E be a holomorphic
vector bundle over a compact Riemann surface M . Then

h0(E)− h0(KE∗) = degE − (g − 1) rankE.

Proof by induction over rankE. There exists a holomorphic subbundle L ⊂ E,
by Corollary 8.2. Then E/L is a holomorphic vector bundle and rankE/L =
rankE − 1. By assumption the theorem is true for E/L. Now

0 −→ L −→ E −→ E/L −→ 0

is exact. This induces the long exact sequence

0 −→ H0(L) −→ H0(E) −→ H0(E/L)

−→ H1(L) −→ H1(E) −→ H1(E/L) −→ H2(L)︸ ︷︷ ︸
=0

Hence the alternating sum of the dimensions of the vector spaces involved is 0,
i.e.

h0(L)− h0(E) + h0(E/L)− h1(L) + h1(E)− h1(E/L) = 0

=⇒ h0(E)− h1(E) = degL− g + 1 + deg(E/L)− (g − 1)(rankE − 1)

=⇒ h0(E)− h1(E) = degE − (g − 1) rankE.
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coordinates
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Appendix E

Chern classes

We already have seen how to define the degree of a vector bundle over a Riemann
surface by using the trace of a Riemann curvature tensor. The degree defines a
(topological) invariant of the Riemann surface.

In a more general context one should consider the so–called chern classes of
a complex manifold.

In this section, let M be a complex manifold of dimension m, let E → M
be a complex vector bundle of rank r and denote by ∇ a complex connection,
i.e. ∇J = 0 for the complex structure on E. The absolute exterior differential
d∇ : Ωk(E) −→ Ωk+1(E) with respect to ∇ is defined by

(d∇ω)(X0, . . . , Xk) :=
∑

i

(−1)i∇Xi
(ω(X0, . . . , X̂i, . . . , Xk))+

+
∑

i<j

(−1)i+jω([Xi, Xj], X0, . . . , X̂i, . . . , X̂j, . . . , Xk).

For ψ ∈ Ω0(E) = Γ(E) we have d∇Xψ = ∇Xψ, and for ω ∈ Ω1(E) = Γ(T ∗M ⊗E)
the usual formula,

d∇ω(X, Y ) = ∇X(ω(Y ))−∇Y (ω(X))− ω([X, Y ]) (E.1)

holds. The curvature R∇ ∈ Ω2(End(E)) is defined by R∇ := d∇ ◦ d∇ |Γ(E). Thus

R∇(X, Y )ψ = ∇X∇Y ψ −∇Y∇Xψ −∇[X,Y ]ψ.

It is well known that R∇ satisfies the Bianchi identity

d∇R∇ = 0

where d∇R∇ := [d∇,R∇], i.e. (d∇R)ψ = d∇(Rψ)−R∇(d∇ψ).
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Exactly the same way as for holomorphic structures we can construct, given
a complex connection on the vector bundle E, a canonical complex connection
on E∗ via

(∇α)ψ := d(αψ)− α(∇ψ)

where α ∈ Γ(E∗) and ψ ∈ Γ(E). Similarly, given two complex connections,
∇1 and ∇2 on E1 and E2, we define complex connections on E1 ⊗ E2 and
Hom(E1, E2) = E∗

1 ⊗ E2 by

∇(ψ1 ⊗ ψ2) := (∇1ψ1)⊗ ψ2 + ψ1 ⊗∇
2ψ2,

(∇T )ψ1 := ∇2(Tψ1)− T (∇1ψ1),

where ψ1 ∈ Γ(E1), ψ2 ∈ Γ(E2) and T ∈ Γ(Hom(E1, E2)).
Let V be a complex vector space of dimension r. We define the elementary

invariant polynomial maps Pk : End(V )→ C by

det(X · Id−A) =
∑

k

(−1)kPk(A)Xn−k

= P0(A)︸ ︷︷ ︸
1

Xn − P1(A)︸ ︷︷ ︸
tr(A)

Xn−1 + P2(A)Xn−2 − . . .± Pr(A)︸ ︷︷ ︸
det(A)

where A ∈ End(V ). In the case of a 2-dimensional vector space V , this is just
the well known formula

det(X · Id−A) = X2 − tr(A)X + det(A)

for the characteristic polynomial of A. The polynomials defined this way are
Ad-invariant, i.e.

Pk(Ad(T )A) = Pk(TAT
−1) = Pk(A).

It can be shown that P1, . . . , Pr are algebraically independent and they gener-
ate the algebra of invariant polynomial maps End(V ) → C (cf. [KN]). The
homogeneous invariant polynomial maps P : End(V ) → C of degree k form
a vector space isomorphic to the space of invariant symmetric k-linear maps
P̃ : End(V ) × ... × End(V ) → C. To a symmetric k-linear map P̃ we assign
P (X) := P̃ (X, ..., X). With respect to a basis X1, ..., Xr of End(V ) and a dual
basis σ1, ..., σr we have

P̃ =
∑

I=(i1,...,ik)

aI σi1 ⊗ ...⊗ σik

with aI = P̃ (Xi1, ..., Xik). Thus, the corresponding P (X) = P̃ (X, ..., X) has the
form

P =
∑

I

aIσI .
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Conversely, given a homogeneous invariant polynomial map P : End(V ) → C
of degree k. Then P can be written in the form P =

∑
I aIσI with ai1,...,ik

symmetric in the i1, ..., ik. Now we define by P̃ =
∑

I=(i1,...,ik) aIσi1 ⊗ ... ⊗ σik
the corresponding invariant symmetric k-linear map. In the following we denote
by Pk not only the homogeneous polynomial, but also the invariant symmetric
k-linear map P̃k obtained by the polarization just described.

The kth Chern form of the complex vector bundle E with complex connection
∇ is the 2k-form defined by

ck := Pk(
i

2π
R∇ ∧ . . . ∧

i

2π
R∇) ∈ Ω2k(M).

The following formulas hold for the first and for the second Chern form

c1 =
i

2π
trR∇

c2 = P2(
i

2π
R∇ ∧

i

2π
R∇)

where P2(ω ∧ η)(X1, . . . , X4) =
∑

σ(−1)σP2(ω(Xσ(1), Xσ(2)), η(Xσ(3), Xσ(4))).

Theorem E.1. Let E be a complex vector bundle.

1. The Chern form ck is closed for any complex connection ∇ on E, i.e.

d(Pk(
i

2π
R∇ ∧ . . . ∧

i

2π
R∇)) = 0.

2. The Chern forms of two complex connections ∇ and ∇̃ are cohomologous,
i.e.

Pk(
i

2π
R∇ ∧ . . . ∧

i

2π
R∇)− Pk(

i

2π
R∇̃ ∧ . . . ∧

i

2π
R∇̃) ∈ dΩ2k−1(M,C).

Proof. 1. Follows from the Bianchi identity d∇R∇ = 0 by

dPk(
i

2π
R∇ ∧ . . . ∧

i

2π
R∇) = Pk(

i

2π
d∇R∇ ∧

i

2π
R∇ ∧ . . . ∧

i

2π
R∇)+

+ . . .+Pk(
i

2π
R∇ ∧ . . . ∧

i

2π
R∇ ∧

i

2π
d∇R∇) = 0.

2. Let B := ∇̃ − ∇. Then we have a curve connecting ∇ and ∇̃ in the space
of complex connections given by ∇t = ∇ + tB. For the curvature we have

R∇t

= R∇t0
+(t− t0)d

∇t0B + (t− t0)
2B ∧B.
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In 1. we have seen that the Chern forms ck(R
∇t

) are closed. Therefore
we can consider the curve (the factors i/2π are left out in this calculation)

[ck(R
∇t

)] = [Pk(R
∇t0 ∧... ∧R∇t0

)] + (t− t0)[Pk(d
∇t0B ∧R∇t0 ∧... ∧R∇t0

)+

...+ Pk(R
∇t0
∧... ∧R∇t0

∧d∇
t0
B)] + h.o.t. in (t− t0)

in the finite dimensional vector space H2k
dR(M,C). The derivative of this

curve at the point t0 is

∂

∂t
[ck(R

∇t

)]|t0 =

[Pk(d
∇t0
B ∧R∇t0

∧... ∧R∇t0
) + ... + Pk(R

∇t0
∧... ∧R∇t0

∧d∇
t0
B)]

= [d(Pk(B ∧R
∇t0 ∧... ∧R∇t0

+... + Pk(R
∇t0 ∧... ∧R∇t0 ∧B))].

Since the cohomology class of an exact form is zero, the curve [ck(R
∇t

)] is
constant in H2k

dR(M,C).

Definition E.2. Let E → M be a complex vector bundle over M . The kth

Chern class of E is defined by

ck(E) := [Pk(
i

2π
R∇ ∧ . . . ∧

i

2π
R∇)] ∈ H2k

dR(M,C)

where ∇ is an arbitrary complex connection on E. The total Chern class of E
is defined by

c(E) :=
∑

j≥0

cj(E) ∈ H2∗
dR(M,C).

The Chern class associates to each complex vector bundle over M an element
of the cohomology ring H∗

dR(M,C). The product in this ring is given by

[ω][η] := [ω ∧ η].

In fact, Chern classes live in the even part H2∗
dR(M,C) of the cohomology ring

which is commutative.

Proposition E.3. The Chern class c(E) = 1+c1(E)+. . .+cr(E) ∈ H2∗
dR(M,C)

of a rank r complex vector bundle E has the following properties:

1. f ∗c(E) = c(f ∗E) for a complex vector bundle E → N and f : M → N
(naturality).

2. Isomorphic vector bundles have the same Chern classes.

3. c(E1 ⊕E2) = c(E1)c(E2) for two complex vector bundles E1 and E2

(Whitney Sum Formula).
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4. c1(Σ) = −1 for the tautological bundle Σ→ CP 1 (normalization).

5. The kth Chern class of the dual bundle E∗ satisfies ck(E
∗) = (−1)kck(E).

6. The Chern class of the trivial bundle Cr = M × Cr satisfies c(Cr) = 1.

Furthermore, the first Chern class c1 satisfies

7. c1(E/E1) = c1(E)− c1(E1) for a complex subbundle E1 of E.

8. c1(E1⊗E2) = rank(E1)c1(E2)+rank(E2)c1(E1) for two bundles E1 and E2.

Proof. 1. We take the induced connection f ∗∇ on f ∗E characterized by

(f ∗∇)X(ψ ◦ f) = ∇df(X)ψ

for all ψ ∈ Γ(E) and X ∈ TM . Then Rf∗∇ = f ∗R∇ and the statement
follows.

2. Suppose we have an isomorphism T : E1 → E2 of complex vector bundles.
Then a complex connection ∇1 on E1 induces a connection ∇2 = T∇1T−1

on E2. For this connection we have R∇2

= T R∇1

T−1 and the statement
follows by Ad-invariance of Pk.

3. If we take as the connection on E1⊕E2 the direct sum ∇1⊕∇2 of the two
complex connections on E1 and E2 , then

R∇1⊕∇2

= R∇1

⊕R∇2

∈ Ω2(End(E1 ⊕ E2)).

From linear algebra we know

det(X Id−

(
A1 0
0 A2

)
) = det(X Id−A1) det(X Id−A2).

Hence, for our choice of connection on E1 ⊕ E2, the Whitney sum formula
even holds on the level of Chern forms. ⋆

details?

4. See next section, Remark 5.19.

5. Follows from the fact that the connection ∇∗ on the dual bundle E∗ defined
above satisfies R∇∗

= −(R∇)∗.

6. There is a flat connection ∇ on the trivial rank r bundle Cr. But R∇ = 0
implies c(E) = 1.

7. E/E1 is isomorphic to the orthogonal complement of E1 for any hermitian
product on E. Therefore, E is isomorphic to E1⊕E/E1 as complex vector
bundles and 3. yields the formula.
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8. Let ∇1 and ∇2 be complex connections on E1 and E2. The tensor product
connection ∇1 ⊗∇2 defined above satisfies

R∇1⊗∇2 = R∇1 ⊗ IdE2 + IdE1 ⊗R
∇2 .

Therefore

tr(R∇1⊗∇2) = tr(R∇1) rankE2 + rankE1 tr(R∇2).

Remark E.4.

1. Chern classes are real cohomology classes, i.e. c(E) ∈ H2∗
dR(M, IR). This

can be seen by taking an hermitian product < . > on E and a compatible
complex connection ∇, i.e. d < ψ, ϕ >=< ∇ψ, ϕ > + < ψ,∇ϕ >. Then
R∇ is skew-symmetric (i.e. < R∇ ψ, ϕ >= − < ψ,R∇ ϕ >) and we have

ck(E) = [Pk(
i

2π
R∇)] = [Pk(

i

2π
R∇)] ∈ H2k

dR(M, IR).

2. Topologists define Chern classes as integer cohomology classes. In fact,
one can give the following axiomatic definition: the Chern class is the
(unique) map assigning to a complex vector bundle E of rank r the class
c(E) = 1 + c1(E) + . . .+ cr(E) ∈ H2∗(M,Z) such that 1. through 4. of the
preceding proposition are satisfied (see [MS] for details).

3. The so called Pontrjagin class of a real vector bundle can be defined to
be the Chern class of its complexification. Since every second Chern class
of a complexified bundle is zero, the Pontrjagin class lives in H4∗(M,Z).
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The ∂̄–Lemma for g ∈ C1(C)

This appendix is devoted to the proof of the ∂̄–Lemma.

Theorem F.1 (∂̄–Lemma [GH, p. 5]). Let D ⊂ U ⊂ C be two open sets, D̄ ⊂ U ,
Ū compact and ∂D a 1–dimensional C∞–submanifold, g ∈ C1(U,C). Then

f(z) :=
1

2πi

∫

D

g(ξ)
dξ ∧ dξ̄

ξ − z

is well defined, f ∈ C1(D,C) and

fz̄ = g.

Lemma F.2 (Change of variables for polar coordinates).
A function f : C → IR is integrable over C if and only if (r, ϕ) 7→ rf(reiϕ) is
integrable over IR≥0 × [0, 2π]. Then

∫

C

fdx ∧ dy = −
1

2i

∫

C

fdz ∧ dz̄ =

∫

IR≥0×[0,2π]

rf(reiϕ)dr ∧ dϕ.

Proof. The map Φ: IR>0×]0, 2π[→ C \ IR>0, (r, ϕ) 7→ reiϕ is a diffeomorphism.
From z = x+ iy = r cos(ϕ) + ir sin(ϕ) it follows that dx = cos(ϕ)dr− r sin(ϕ)dϕ
and dy = sin(ϕ)dr + r cos(ϕ)dϕ, thus

−
1

2i
dz ∧ dz̄ = dx ∧ dy = rdr ∧ dϕ.

Since the sets omitted by Φ are of measure zero, the claim follows from the change
of variables formula.

Corollary F.3. Let f ∈ C(C) with compact support. Then f(z)
z−z0

is integrable for
any constant z0 ∈ C and

∫

C

f(z)
dz ∧ dz̄

z − z0
= −2i

∫

IR≥0×[0,2π]

f(reiϕ + z0)e
−iϕdr ∧ dϕ.
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Proof. The formula follows as in Lemma F.2 using the transformation (r, ϕ) 7→
reiϕ + z0. The latter integral exists because a continuous function with compact
support is integrable.

Lemma F.4 (Differentiation under the integral). Let V ⊂ C be compact and
U ⊂ C open and let f : U × V → C, (z, ξ) 7→ f(z, ξ) be C1. Then

g(z) =

∫

V

f(z, ξ)dξ

is C1 and

gx(z) =

∫

V

fx(z, ξ)dξ, gy(z) =

∫

V

fy(z, ξ)dξ

for all z = x+ iy ∈ U .

Proof. Fix z ∈ U ,let ǫ > 0 be small enough such that for h ∈ (−ǫ, ǫ), z + h ∈ U .
We have

gx(z) = lim
h→0
|h|≤ǫ

∫

V

f(z + h, ξ)− f(z, ξ)

h
dξ

if the limes exists. Since f is C1 in the first variable we get

∣∣∣∣
f(z + h, ξ)− f(z, ξ)

h

∣∣∣∣ ≤ |fx(z + h̃, ξ)|

for some h̃ between 0 and h, and

|fx(z + h̃, ξ)| ≤ max
|h|≤ǫ
|fx(z + h, ξ)|.

The function ξ 7→ max|h|≤ǫ |fx(z + h, ξ)| is a continuous function for any z ∈ C,
hence integrable over the compact set V . Applying the dominated convergence
theorem we get (since f is C1)

gx(z) =

∫

V

fx(z, ξ)dξ.

The continuity of gx follows from the dominated convergence theorem as well.

Lemma F.5 (Cauchy integral theorem for C1 functions). Let U ⊂ C be an
open set, f ∈ C1(U,C), D ⊂ U open, D̄ compact and ∂D a 1–dimensional C∞–
submanifold of C. Then

∫

∂D

f dz = −

∫

D

fz̄dz ∧ dz̄.
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Proof. By Stokes theorem
∫

∂D

f dz =

∫

D

d(f dz) =

∫

D

df ∧ dz =

∫

D

fz̄dz̄ ∧ dz.

Lemma F.6 (Cauchy integral formula for C1 functions). Let D ⊂ U ⊂ C be
two open sets, D̄ ⊂ U , f ∈ C1(U,C), Ū compact and ∂D a 1–dimensional C∞–
submanifold of C. Then

f(z) =
1

2πi

∫

∂D

f(ξ)

ξ − z
dξ +

1

2πi

∫

D

fξ̄(ξ)

ξ − z
dξ ∧ dξ̄,

for all z ∈ D.

Proof. Let Bǫ(z) = {w ∈ C | |z−w| < ǫ }. Apply Lemma F.5 to Dǫ := D \Bǫ(z)

and ξ 7→ f(ξ)
ξ−z

:

∫

∂D

f(ξ)

ξ − z
dξ −

∫

∂Bǫ(z)

f(ξ)

ξ − z
dξ =

∫

∂Dǫ

f(ξ)

ξ − z
dξ = −

∫

Dǫ

fξ̄(ξ)
dξ ∧ d̄ξ

ξ − z
. (∗)

Since fξ̄(ξ) can be continued to a continuous function with compact support on

C, the map ξ 7→
fξ̄(ξ)

ξ−z
is integrable by Corollary F.3. Thus

lim
ǫ→0

∫

Dǫ

fξ̄(ξ)
dξ ∧ d̄ξ

ξ − z
=

∫

D

fξ̄(ξ)
dξ ∧ d̄ξ

ξ − z
.

On the other hand ∫

∂Bǫ(z)

f(ξ)

ξ − z
dξ = 2πif(z).

Now
∣∣∣∣

∫

∂Bǫ(z)

f(ξ)

ξ − z
dξ − 2πif(z)

∣∣∣∣

=

∣∣∣∣

∫ 2π

0

i(f(ǫeit + z)− f(z))dt

∣∣∣∣

≤

∫ 2π

0

|f(ǫeit + z)− f(z)|dt

≤

∫ 2π

0

max
h∈[0,2π]

|f(ǫeih + z)− f(z)|dt

= 2π max
h∈[0,2π]

|f(ǫeih + z)− f(z)|

and limǫ→0 maxh∈[0,2π] |f(ǫeih+z)−f(z)| = 0. This and (∗) proves the lemma.
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Proof of Theorem F.1. We fix a point z ∈ D. Since g can be continued to a
continuous function with compact support on C the function g(ξ)

ξ−z
is integrable by

Corollary F.3. If supp(g) ⊂ D then

f(z) =
1

2πi

∫

D

g(ξ)
dξ ∧ dξ̄

ξ − z
= −

1

π

∫

IR≥0×[0,2π]

g(reiϕ + z)e−iϕdr ∧ dϕ.

Now we can differentiate under the integral (Lemma F.4):

fz̄(z) = −
1

π

∫

IR≥0×[0,2π]

gz̄(re
iϕ + z)e−iϕdr ∧ dϕ

=
1

2πi

∫

D

gz̄(ξ)
dξ ∧ dξ̄

ξ − z
, by Corollary F.3

= g(z)−
1

2πi

∫

∂D

g(ξ)

ξ − z
dξ, by the Cauchy integral formula (Lemma F.6)

= g(z), supp(g) ⊂ D. (∗)

We fix a point z ∈ D.
Additionally we know that f ∈ C1.
Now we chose ǫ > 0 such that B2ǫ(z) ⊂ D, decompose g = g1 + g2, such that

g1

∣∣
D\B2ǫ(z)

≡ 0 and g2

∣∣
Bǫ(z)

≡ 0. Then f = f1 + f2,

fi =
1

2πi

∫

D

gi(ξ)
dξ ∧ dξ̄

ξ − z
, i = 1, 2.

The map z 7→ g2(ξ)
ξ−z

is C1 on Bǫ(z) for any ξ ∈ D. Differentiating under the

integral (Lemma F.4) implies f2 is C1 and:

f2z̄(z) =
1

2πi

∫

D

(
(g2(ξ)

ξ − z

)

z̄

dξ ∧ dξ̄ = 0.

Since supp(g1) ⊂ D we can use (∗) to complete the proof:

fz̄(z) = f1z̄(z) + f2z̄(z) = g1(z) = g(z).



Appendix G

Some technical details about the
Abel map and Theta function

Let M be a Riemann surface of genus g, ∆ its fundamental domain, aj , bj , its
basis curves and ωj the dual holomorpic one forms to aj. The reader not familiar
with these picture should read the section differential topological background,
10.1.
Further let ζ ∈ Jac(M) and Ψ the abbreviation for Ψζ = θ(AP0(.)− ζ) and A the
Abel map without emphasizing the base point P0.

Lemma G.1. Let Pj ∈ aj and P ′
j the corrosponding point in a−1

j and Qj , Q
′
j

analog in bj respective b−1
j . Further R1, R2, R3 the vertexes of the fundamental

domain ∆ where aj lies between R1, R2 and bj lies between R2, R3. Note that
everything which works for a Q – couples works for R1, R2 and analogous with
the P – couples and R2, R3. See picture ??.

1. Ak(P
′
j) = Ak(Pj) +Bj,k

2. Ak(Q
′
j) = Ak(Qj) + δj,k

3. d log Ψ(Q′
j) = d logΨ(Qj)

4. d log Ψ(P ′
j) = d log Ψ(Pj)− 2πi ωj(Pj)

5. Ψ(P ′
j) = Ψ(Pj) exp(−2πi (Aj(Pj)− ζj + 1

2
Bj,j))

6.
∫
aj
d log Ψ(P ) = 0
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7.
∫
bj
d log Ψ(Q) = 2πi (ζj − Aj(R2)−

1
2
Bj,j))

8.
∫
aj+a

−1
j

(d log Ψ(P )Ak(P )) = 2πi (
∫
aj

(ωj(P )Ak(P )) +Bj,k)

9.
∫
bj+b

−1
j

(d log Ψ(Q)Ak(Q)) = δj,k 2πi (ζj −Aj(R2)−
1
2
Bj,j))

10.
∫
aj

(ωk(P )Ak(P )) = δj,k(Ak(R2)−
1
2
)

Proof. Take D(Z) = d log Ψ(Z) as abbreviation.

1. Ak(Pj)− Ak(P
′
j) =

∫ Pj

P0
ωk −

∫ P ′
j

P0
ωk =

∫ Pj

P ′
j
ωk = −

∫
bj
ωk = −Bj,k

2. Ak(Qj)− Ak(Q
′
j) =

∫ Qj

Q0
ωk −

∫ Q′
j

Q0
ωk =

∫ Qj

Q′
j
ωk = −

∫
aj
ωk = −δj,k

3. Ψ(Q′
j) = θ(A(Q′

j) − ζ). Using 2. this is θ(A(Qj) − ej − ζ) and by the
periodicity of θ this is θ(A(Qj)− ζ) = Ψ(Qj).

4. Since Ψ(P ′
j) = θ(A(P ′

j)− ζ). Using 1. this is θ(A(Pj)−Bj
− ζ) and by the

periodicity of θ this is exp(−2πi (Aj(Pj)− ζj)− πi Bi,i) θ(A(Pj)− ζ).
Since we are intressed in D(P ′

j) = d log Ψ(P ′
j) we calculate d log from the

exp term above:

2πi d(−Aj(Pj)+ζj−
1

2
Bi,i) = −2πi dAj(Pj) = −2πi d

∫ Pj

P0

ωj = −2πi ωj(Pj)

5. Ψ(P ′
j) = θ(A(P ′

j) − ζ) = θ(A(Pj) + Bj,j − ζ) = exp(−2πi (Aj(Pj) − ζj +
1
2
Bj,j))θ(A(R2)− ζ) = exp(−2πi (Aj(Pj)− ζj + 1

2
Bj,j))Ψ(Pj)

6.
∫
aj
d log Ψ(P )) = log Ψ(R2) − log Ψ(R1) = log Ψ(R2)− log θ(A(R1) − ζ)

2.
=

log Ψ(R2)− log θ(A(R2) + ej − ζ) = log Ψ(R2)− log θ(A(R2)− ζ) = 0

7.
∫
bj
d log Ψ(Q) = log Ψ(R3)− log Ψ(R2) = log Ψ(R3)

Ψ(R2)

1.
= −2πi (Aj(R2)− ζj +

1
2
Bj,j))
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8.

∫

aj+a
−1
j

(D(P )

∫ P

P0

ωk) =

∫

aj

(D(P )

∫ P

P0

ωk) +

∫

a−1
j

(D(P ′)

∫ P ′

P0

ωk)

4.
=

∫

aj

(D(P )

∫ P

P0

ωk)−

∫

aj

((D(P )− 2πi ωj(P ))(

∫ P

P0

ωk +

∫

bj

ωk

=

∫

aj

(D(P )

∫ P

P0

ωk)−

∫

aj

((D(P )− 2πi ωj(P ))(

∫ P

P0

ωk +Bj,k)

= 2πi

∫

aj

(ωj(P )

∫ P

P0

ωk) +Bj,k(2πi−

∫

aj

D(P ))

6.
= 2πi

∫

aj

(ωj(P )

∫ P

P0

ωk) + 2πi Bj,k

9.

∫

bj+b
−1
j

(D(Q)

∫ Q

P0

ωk) =

∫

bj

(D(Q)

∫ Q

P0

ωk) +

∫

b−1
j

(D(Q′)

∫ Q′

P0

ωk)

3.
=

∫

bj

(D(Q)

∫ Q

P0

ωk)−

∫

bj

(D(Q)δi,k

∫

bj

D(Q)

∫ Q′

P0

ωk − δj,k)

= δj,k

∫

bj

D(Q)

7.
= δj,k 2πi (ζj − Aj(R2)−

1

2
Bj,j)

10. 2
∫
aj

(ωk(P )Ak(P )) = 2
∫
aj

(ωk(P )
∫ P
P0
ωk) =

∫
aj
d(Ak(P ))2 = (Ak(R2))

2 −

(Ak(R1))
2 2.

= (Ak(R2))
2− (Ak(R2)−

∫
aj
ωk)

2 = 2Ak(R2)
∫
aj
ωk − (

∫
aj
ωk)

2 =

2δj,k(Ak(R2)−
1
2
)

September 19, 2006
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