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Chapter 1

Introduction

- holomorphic line bundles and sheaf theory from the point of view of differential
geometry...

- introduction to techniques of algebraic geometry of Riemann surfaces getting
more and more important in surface theory

- treatment of classical complex theory as a background for new quaternionic
theory (maybe the main motivation)

(“GLOOCLLQ Bememungen: Compact 2—dimensional = RS, Wwann =, wann
=, \/OT(IUSSQT}Z’LL?’LQQTL mmer in den Satz, oder 9LOD(IL€ “KQPitQLUOT(lUSSQ‘EZU’T’L—
gen”?, Testleser? S}OTQCHULCHQ FQ”L’T'ULQ”L'EQ?’L..,”)
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Chapter 2

Complex manifolds

The reader is assumed to be familiar with the basic notions on real and complex
manifold theory: We only review briefly the basic definitions without going into
details, for further references see for example [KN], [Wal, [EK], [We] and [Mi].

2.1 Almost complex structures and conformal
structures

Recall

Definition 2.1. Let V' be a real vector space. J € Endg (V) is called a complex
structure if J* = —Id.

Clearly, each vector space which admits a complex structure is even dimen-
sional and can be interpreted as complex vector space by defining the multipli-
cation with a complex number z = a + ib via z - v := av + bJv, v € V. This

1 0
complex vector space (C, 7). Given two complex vector space (V, Jy-) and (W, Jy)
a map A € Homg(V, W) is complex linear if AJy = Jy A (antilinear if AJy =
—JwA). We denote the space of complex linear (antilinear) homomorphims with
Hom  (V, W) (resp. Hom, (V,W)). Notice that there is a direct sum decomposi-
tion Hom(V, W) = Hom, (V, W) & Hom_(V, W), where A € Hom(V, W) can be
uniquely written as A = A, + A_ where Ay = %(A F JwAJy) € Homo (V, W).

Consider smooth maps f : U °CC — V where (V,J) is a complex vector

space. We have df = %dxjt g—i where x,y : U — IR are the coordinate functions.
Introducing the complex coordinate z = = + iy : U — C this reads as df =
%dz+ %, where % =f. = %(% - Jg—i) and % = f; = %(% + Jg—ch). On the
other hand we can decompose the real linear map d, f € Hom(C, V') in its complex
linear and its complex antilinear part. Using dz(J) = idz resp. dz(J) = —idz
one finds (df); = f.dz and (df)_ = fzdz.

way we identify IR? together with the complex structure J = (O _1> with the

9
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Thus, f : U C C — V is holomorphic, i.e. d,f € Hom(C,V) is complex
linear, if and only if df = (df), i.e. fz =0.

In particular, if f : U C C — C, f(x,y) = u(z,y) + iv(z,y) = (Ug’gy/g)’
then f is holomorphic if and only if

of of
:=0 <— —+J—=0
/ ox + oy
— (") =—g(Y)=( Y
Uy vy —y
=  u, =y, v, = —u, (these are the CAUCHY-RIEMANN equations).

Definition 2.2. A 2m—dimensional (real) manifolds M which is equipped with
an almost complex structure J, i.e.:

J € D(End(TM)) with J* = —1I.

is called an almost complex manifold. Furthermore, a map f : N — M between
almost complex manifolds (N, Jy) and (M, Jy,) is called almost complex if df o

Example 2.3. 1. As simplest example we clearly have C™ with the almost
complex structure J which is given by the multiplication with 4, i.e.

i 0 .0
px=ix=|" " |x xencr=cn
0 ...

Now, an almost complex linear map f : U C C™ — C™ satisfies idf = df7,
whence is a holomorphic map.

2. Let (M, g) be a 2-dimensional oriented Riemannian manifold. Let X €
T,M and define JX € T,M by

9(X,JX) =0, | X|=1|JX]|, X,JX are positive oriented if X # 0.

This defines an almost complex structure on M.

Notice that if we have a conformal change of metric then we obtain the
same complex structure.

Definition 2.4. A conformal structure on M is an equivalence class of confor-
mally equivalent Riemannian metrics, where

conf . 2u

g ~ g <= there exists u € C*(M) : g=eqg.
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Theorem 2.5.

1. Let (M, J) be an almost complex manifold. Then there exists a Riemannian
metric g on M, such that J is compatible with g, i.e. for all X € T,M:

9(JX,JX) = g(X, X). (2.1)
Moreover, if ([Z1]) then
and  g(JX,X)=0 forall X,Y € T,M.
2. If dim M = 2, then all such metrics are conformally equivalent.

Proof.

1. Choose any Riemannian metric h on M (compare Lemma B20). Define g

by g(X,Y) :=h(X,Y) + h(JX, JY). Check the details!

2. Sei X € T,M, X # 0. Then X,JX is a basis of T,M and ¢(X,X) =
pi(X, X). Thus g(JX, JX) = pg(JX, JX) and g = pg.

O
Thus, we have a 1:1 correspondence:

conformal structures )
on
and orientation

{almost complex structures on M?> } > {

2.2 Conformal maps

Definition 2.6. Let M and N be manifolds with conformal structures. A smooth
map f: M — N is called conformal if for all p € M and X, Y € T,M \ {0}:

dpf (X)] _ ldyf (V)]
] i

where [.| is defined by any metric of the conformal class.

Remark 2.7. 1. One can easily check that this is well-defined, that means
independent of the chosen metric in the conformal class.

2. A smooth map f: M — N is conformal if and only if for all X, YV €
T,M \ {0} with ga(X,Y) = 0 and [X] = [Y]: [d,f(X)] = [dpf(Y)| and
g (dpf(X), dp f(Y)) = 0.

pen

In particular, for f: M C"R2 =~ C s C this reads as
‘fl“| = ‘fy|7 <fz,fy> == O
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3. A smooth map f: M C C — C is conformal if and only if for all p € M
either f,(p) =0 or f:(p) = 0 since

AL fo= (fe = Tf)Fe = TF) = 1l = 1 * = T(fafy + fy o)
= fol? = |fy? = 2T Re (fufy) = |ful? = 1 fo|* = 2T (fo, fy)-
Definition 2.8. A map f: M C C — C is called antiholomorphic, if f, = 0.

Lemma 2.9. Any conformal map f: M — IR* on M C IR? open and connected
18 holomorphic or antiholomorphic.

Proof. First, recall that f,; = f;, = 4Af. Thus on each of the open sets
M, = {peM|d,f#0, f:(p)=0}

M- = {peMl|dyf#0, f.p) =0}
My = {peM|d,f=0, for all ¢ in a neighborhood of p }

the map f,; is zero. But f is smooth and M C M, U MyU M_ which gives
f. = 0. So f, is holomorphic (f; is antiholomorphic) and we can choose a
holormophic function g with g, = f, (a antiholomorphic function h with h; = f5).
Thus f = g + h (modulo constant). If M, # (. then f; = h; = 0 on M, but
then h is constant on M, and since h is antiholomorphic also constant on M.
Hence f = g + const, i.e. f is holomorphic. Similarly, f is antiholomorphic if

M_ #0. O

Remark 2.10. We have shown that any conformal map is harmonic. Moreover,
any harmonic map can be written as sum of a holomorphic and an antiholomor-
phic function.

2.3 Complex manifolds

In general, an almost complex manifold can not be made into a complex manifold.

Recall,

Definition 2.11. A manifold M is a complex manifold if there exists an almost
complex structure .JJ on M and an atlas with charts (U, @), ¢ : U — R*" = C™
which are almost complex i.e. they satisfy

dpoJ = Jyodp.

where the almost complex structures on C™ are identified by some fixed Jj.
If (M, J) is a complex manifold we call J the complex structure of M. A map
f: N — M between complex manifolds is called holomorphic if df (Jy) = Jndf.
A (complex) one dimensional complex manifold is called a Riemann surface.
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Remark 2.12. One can check that a manifold is complex if and only if the tran-
sition maps ¢ o1~ are holomorphic on C™ (where ¢, are chart maps).

Example 2.13. We will describe only as an example for a complex manifold the
complex projective space CP!, further and more advanced examples of Riemann
surfaces can be found for example in [FK].

Let M = CP!, ie. forv = (Zl) € C?\{0} we define the equivalence class
2

[v] = H € CP! by

V2

v~ <= AN e C =C\{0}:v =20\

Furthermore, we call [ (1) } = “00”, [ ? } = “0”. We have CP! = UyUU,, where

Up := CP"\{o0}, Uy := CP\{0}

In any equivalence class [v] € Uy there is a unique representant of the form

v = (Ull) € C? (and similarly for U,,). Thus we can define affine charts of CP*

by
1
wo: Uy — C, [i]—mz, Voo : Usy — C, [w]—wu

We have po(UyNUs) = @oo(UyNUs) = C*. Hence M is a complex manifold
since the transition map ¢o, 0 ¢p' : C* — C*, 2 — % is biholomorphic.

Notice that on M = CP! there are no distinguished points. In particular, the
points 0 and oo arise from our construction of CP! but are not canonically given
on CP.

Reversing the construction choose arbitrary points p and ¢ in CP!. Define
U, = CP'"\{p}, U, = CP'\ {q} and local coordinates z : U; — C and w : Uy — C
centered at p resp. q i.e. z(p) =0 and w(q) = 0.

As mentioned above there is a condition on the almost complex structure in
order to turn the almost complex manifold in a complex manifold. For manifolds
of arbitrary dimension it is given by the well known

Theorem 2.14 ([NN]). An almost complex manifold (M, J) is complex if and
only if the NIJENHUIS tensor

N(X,Y) :=2([JX,JY] - [X,Y] = J[X,JY] — J[JX,Y]) (2.2)

vanishes.

*

ansténdig
Ende fiithren!

zu
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Proof. A proof of this theorem can be found in Appendix 8 of part II of [KNJ
in the case that the almost complex structure is real analytic. KOHN’s proof,
[Kol, in the C*°—case uses an analogue of the HODGE-KODEIRA—decomposition
theorem. O

In fact, we will see later in the case of a Riemann surface that the vanishing
of the NIJENHUIS tensor is exactly the condition that a certain operator gives
a holomorphic structure on T'M, cf. Examples This way we will prove
latter using elliptic operator theory, cf. | that in the special case of a two—
dimensional manifold any almost complex structure is complex, without using
the NEWLANDER-NIRENBERG theorem.

Theorem 2.15. If dimgrM = 2 then
(M, J) is almost complex if and only if (M, J) is complex.
Proof. Using Theorem [ZT4] the statement follows directly since

N(X,JX) = 2([JX,J*X] - [X,JX] - J[X, J*X] - J[JX, JX])
2—[JX, X] — [X, JX]+J([X, X] - [JX, JX])) = 0.

- >
v~

=0

O

Another way to prove the theorem above is to use CHERN’s [Ch] elementary
proof of the existence of isothermic coordinates for 2—-dimensional real manifolds.
But this is equivalent to the existence of a complex structure:

Theorem 2.16. Let M? be an oriented manifold. Then the following statements
are equivalent

1. Any almost complex structure is complex.

2. Any Riemannian metric g on M 1is locally flat i.e. for all p € M there
exists a neighborhood U and a map u : U — IR such that § = e*“g is flat
on U.

3. For any Riemannian metric g and p € M there exists a neighborhood U of
p and a conformal diffeomorphism ¢: U — V C IR?.

4. For any Riemannian metric g and p € M there exists a neighborhood U of p,
an open set V. .C IR* and a conformal diffeomorphism p: V — U satisfying
\f12 = |f)% (fes fy) = 0. @ is called an isothermic parametrization of M
m p.
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Proof. (1) = (3): The Riemannian metric g induces by (1) a complex structure
i.e. locally a biholomorphic map . But either ¢ or ¢ is conformal.

(3) <= (4): If ¢ is a conformal diffeomorphism then ¢! is also conformal.

(3) = (2): Use the by ¢ on U induced metric, which is conformally flat, and
observe that the induced complex structures coincide which implies the conformal
equivalence of the metrics.

(2) = (1): Use the locally given flat metric to define an isometry which
can be chosen (change ¢ to @ if necessary) to be holomorphic. O
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Chapter 3

Vector bundles

3.1 Vector bundles and transition functions

For a differentiable vector bundle (E, M, 7) we will frequently use the short—-hand
notation £ — M. Recall:

Definition 3.1. 1. A complex vector bundle of rankr is given by E — M
where the fibers E, = n'(p) are r—dimensional C—vector spaces and the
trivialization maps are C-linear on the fibers.

2. We denote the trivial bundle by C" := M x C".
3. If U C M is an open set, then we define the set of sections on U by
I'(Ey) :={s: U — E,s smooth, mos=idy}.
In particular, we use the short—-hand notation I'(E) = I'(Ej,) for the set of

global sections of E.

4. A line bundle is a rank—1-bundle.

Remark 3.2. Clearly, the definition of vector bundles, and the following state-
ments can also be given more generally, for example for an arbitrary field IK or
for vector bundles over the quaternions.

Sometimes it is more convenient to define a vector bundle by prescribing its
transition functions. We give an outline of this construction.

Recall that a wvector bundle morphism from the vector bundles (Ey, ) to
(Esy, ma) over M is a smooth map ¢ : Fy — E, which takes the fiber over p to the
fiber over p and restricts on each fiber to a linear map ¢, : (E1), — (E2),.

Definition 3.3. Let {U,;}ic; be a trivializing open cover of a complex vector
bundle £ — M, i.e. there are bundle isomorphisms ®; : Ey, — U; x C". The
transition functions g;; : U; N U; — GL,(C) are defined by

gl](p)<v) = pr2<q)l'7p © q);;(p’ U))? pe Uz N Uja v E (Cra

17



18

where pr, denotes the projection of U; x C" onto the second factor C". We will
most of the timee identify g;; = @Z@;l.

Corollary 3.4. The transition functions of a complex vector bundle satisfy the
cocycle condition
9ij * ik = g on Uy NU; N Uy (3.1)

In particular,

gii = 1d, gji = ggl-

More generally, we give the
Definition 3.5. Let {U;} be an open cover of M and
gi; - U;NU; — GL,(C) smooth functions.
If {g,;} satisfy the cocycle condition ([BI) then we call {g;;} a I-cocycle.

Remark 3.6. We will later see the link to CECH cohomology theory, cf. Chapter
B, Example [B7

We may ask if a bundle is given uniquely by its transition functions.
Let ® be another trivialization with respect to the same open cover of M, i.e.
P, Ey, — U; xC". ® and ® induce a 0—cocycle {b;},i.emaps b; : U; — GL,.(C),
by
bi(p) == CTDW o CID;J}

Then the transition functions transform with

This motivates to define the following equivalence relation: Two 1-cocycles
{9i;} and {g;;} are equivalent if there exists a 0-cocycle {b;},b; : U; — GL,(C)
with (B2).

Theorem 3.7 (Uniqueness). Let E, E — M be complex vector bundles, and {U;}
an open trivializing cover of E and E. Then

E=E < {g;} ~ {3}

Proof. The correspondence between the isomorphism ¢ : E — E and the required
O—cocycle {b;} is given by

bi(p) = @iy 0 pp 0 O7

where ®, ® are the trivialization maps with respect to the cover {U;}. O
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Theorem 3.8 (Existence). Let M be a manifold, {U;} an open cover and {g;;}
a 1-cocycle with values in GL.(C). Then there ezists a complex vector bundle of
rank r with local trivialization maps such that the transition functions are exactly
the gi;’s.

Proof. Define E := (U,.; {i} x (U; x C")) / ~, where the equivalence relation is
given by

(i,p,&) ~ (. q;n) <= p=qeU;NUj;, &= gi(p)n-
Define the projection map 7 : E — M by 7([i,p,&]) := p and a bijection ; :
71 U;) — Uy x R™, ¥i([i,p, €]) := (p,€). There is a unique manifold structure
on E which makes each v); into a diffeomorphism. This turns 7 into a smooth
submersion. 0

Remark 3.9. We introduce some useful notations:

1. Given an open cover {U;} of M a section s € I'(E) is in local coordinates
given by
sy, = pryo®; o sly, : U; — C'.

The behavior under change of coordinates is

su,(p) = 9;i(p)su,(p) for p € Us N U,

where the g;;’s are again the transition functions.

This can be used to define global sections: Assume L to be a line bundle
and {s;} fixed local sections which trivialize the line bundle over U;. We
write a global section s on M by

s ={(U;, f;)} where f; : Uy — C and f; = pryo®; o s;

(sometimes even dropping the explicit specification of the trivialization in
mind). Since s should be a global section observe that the f; have to satisfy
the compatibility condition

fi =95l
Conversely, given {(U;, f;)} where f; : U; — C we like to define a line bundle
via the transition functions {g;;}, where f; = g;;fi. Clearly this is possible
if the {g;;}’s satisty the cocycle condition.

2. Let E be a complex vector bundle over M. Given a local frame s =
(S1,..+,8), i.e. S1,...,8,: U — E linearly independent sections in I'( Ey),
then an isomorphism ® : Ey — U x C" is given by

r

O (p,&) =Y sip) = s(p)§, peU, £€C.

=1



*
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3.2 Connections on vector bundles

Let M be a complex manifold of dimension m and let £ — M be a complex vector
bundle of rank . We denote by C*°(M) the set of smooth maps f: M — C and
by QF(E) the set of smooth k—forms with values in E.

Definition 3.10. 1. A linear map V : I'(E) — QY FE) is a connection if it
satisfies the Leibniz rule

V(f) = (V) f +odf,  feC™(M), ¢ el(E).

2. A connection which satisfies
VJ=0

is called a complex connection (where (VJ)y = V(Jy) — J(V) for ¢ €

The absolute exterior differential d¥ : QF(E) — QFL(E) with respect to V
is defined by

(dVw)(Xo, ..., Xp) = Z(—nivxi(w(xo, XL X))+
+ > (=1)Mw((X5 XG), Xo, o Xy X X, (3.3)

1<j

For ¢ € Q°(E) = T'(E) we have d{¢ = Vx1, and for w € QY(E) =T(T*M ® E)
the usual formula,

(X, Y) = Vi (@(Y)) = Vy (X)) = w([X, ) (3.4)

holds. The curvature tensor RY € Q*(End(E)) is defined by RY := d"¥ od" |r(p).
Thus

RY(X,Y)¢ = VxVyt) — VyVx) — Vixyi.

Examples 3.11. The usual constructions to create new vector spaces apply
also on vector bundles: Let E and E be complex vector bundles over M, {U;}
an open cover, {g;;} resp. {g;;} the transition functions, Jg resp. J; almost
complex structures and Vg resp. V connections of E resp. E. Then

1. E®E has transition functions (géj Q(Zj) , almost complex structure Jy 5
Jg @ Jg and connection V. p = Vg @ V.



21

2. E ® E has transition functions gij @ gi; and almost complex structure
T ® @) = (JeY) ® ¢ = ¥ @ (Jzp) (the latter identity is given by
the usual construction of the tensor product over C). Requiring a product
rule, the connection Vg 7 on F® E is canonically given by

Viei? @ 0= (Ve) @ p+ 19 ® (Vap), ©R¢ e (E® E).

3. Denote the non-degenerate pairing between the dual bundle £* and E by
<, >, le.
<o, >=ay), a € E* ¢ € E.
The dual bundle E* has transition functions (g;;)~' and almost complex
structure Jg+ = Jj, where the dual map is defined by the pairing <, >. The

canonically induced connection Vg« on E* is given by
(Ve-a)(¢) = d(oay)) — aVgy
or, using the pairing,
d<a,>=<Vga,p >+ < a,Vgi >

for any a € I'(E*), v € T'(E).

Notice, that for a line bundle L the bundle L* ® L is isomorphic to C. The
identification is given by

L*"®L=Hom(L,L)=End(L), a®1 — (p =< a,y > )

and

End(L) 2 C, Id— 1.

In particular, the constructions in (2) and (3) coincide for line bundles. *

stimmt das jetzt

4. Using (2) and (3) Hom(F, E’) = E*® E is a complex vector bundle with al- endlich?
most complex structure (Jyopp i 1)¢ = T(Jpy) = JzT4 and connection

(Viom(z.z) D) = V 5(TY) =T(V gip) where T € I'(Hom(E, E)), ¢ € T'(E).

5. A*(F) has transition functions AFg;;. Its complex structure is obtained by
Iareey (VLA AY) = (Jpi) Apa AL Aiby, where ¢; € E. The connection
Vak(g) on A¥(E) is again given by the product rule Vare) (Y1 AL AYy) =
Zi VAk(E)(wl VANPIWAN (VEQM) VANPIVAN @/)k) for vy; € F(E)

In particular, if F is a rankr vector bundle then A"(E) has the transi-
tion function det g;;. Notice, that A"(E) is a line bundle, it is called the
determinant bundle of E.

If £ = TM* then we obtain the vector bundle of differentiable k—forms:
A¥(TM*). The set of sections in this bundle is Q¥(M) = T(A*(TM*)).
Moreover, QF(E) = T'(AY(TM*) ® E).
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3.3 Example: the tautological bundle over CP"

Now, we define a complex line bundle over M by giving the transition functions

gooO:UvOmUvoo_> GLl((C):C*a gooO(|:i:|):Z7

% 1
Jooo : Up N Use — C7, goOo([w}):w.

They satisfy the cocycle condition since
z z z
1 Z -1
= e[ sl § =it

Z—l

and give hence a complex line bundle, the so—called tautological bundle.
On the other hand we can also give a line bundle over M by

Y = (v],C-v) C CP!' x C*, v e C*\{0}.

This gives also the tautological bundle (and so explains the name): Consider

the local sections
s0: Up = S, so([ﬂ):(ﬁ},(j)) (3.5)

iU =S sl =0 ] (0)) (36)

which define, as we have seen before, isomorphism @, : ¥y, — Uy x C and &, :
Yy, — Usx x C. Hence ¥ is a complex line bundle. But, the transition function
Goot = Poo®y ! : Uy N Uy — GLy(C) = C* is given by (without identifications)

geal| 3 Pl = w5 =pmton| 5] ()
S I Y (U P Rl ) PP)

= za, ae€C
ie.
z
gOOO(|: 1 })—27

* which is the transition function of the tautological bundle.

geht holomorph!
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Remark 3.12. As we will see later, compare Remark B.T9, any line bundle over
CP! is isomorphic to a line bundle whose transition functions are given by

1
gooO:UoﬂUoo_> GLl((C), 9000(|: ij ]):E, ]{]EZ

In fact, we will see that all of these line bundles are holomorphic line bundles.

As an application of the tautological bundle we can identify tangent vectors
of CP! with certain homomorphisms:

Lemma 3.13. The map
" T,CP' — Home(%,, C?/%,), v~ 9,
1s a well-defined IR ~linear isomorphism, where v is defined by
d(y) i= mpdy(v), for b €5,

Here 1) is any local extension of ¢ to a local section of X, and 7, the projection

of C* onto C*/%,.

Proof. 1. Let 1) € F(Z’U) be a local section with ¢)(p) = 0 and ¢ € % , alocal
frame, i.e. p(q) # 0 for all ¢ € U. Let o € T'(¥7|;) such that < a,p >=1.
Then ¢ = @\ where \ :=< a, 1) >€ C*(U,C), A\(p) = 0. Now compute

Tp(dph(v) = Tpdy(A)(v) = mp(dpp(v) Mp) +0(P)dpA(v))

= (m(p(p)) dpA(v) = 0. (3.7)

In particular, this shows that (1) is defined independently of the local
extension of 1: let t¥;,15 be two such extensions then Wp(dpzzl('u)) =
qp(dp@/lg(v))jf and only if m,(dy(¢y — ¥)(v)) = 0. But by assumption
¥ 1= 1y — 19 has a zero at p, which gives the claim with (B7). Further-
more, 0 is clearly a C linear map from 3, to C?/%,, i.e. " is a well-defined
map from T,CP! to Home (X, C?/%,).

2. The map "~ is IR-linear, and also injective: Let p € CP! and let z: U — C
w

be an affine chart, i.e. 27! (w) = L] . We choose the affine chart so that z

is centered at p, i.e. p € U and 271(0) = p.
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Assume that v € T,CP* with © = 0. Let £ = dyz(v) € C and ¢ € F(Z}U)
be the section ( [/Lf]) = (q}) Then

0

0(0) = mybl0) = ma( 0 27)0) = 7 () = (§).

0

This implies { = 0 since kerm, = C (1

>, hence v = 0. By a dimension

argument we are done.
U

Corollary 3.14. The map ~ : TCP' — Home¢ (X, C*/Y), v +— ¥ is a smooth
R -linear bundle isomorphism.

Proof. We already know that the above map is a IR-linear isomorphism fiberwise.
Let U be a trivializing open set in CP' for TCP' as well as for ¥ and C*/Y, i.e.
all the bundles can be trivialized over U. Let Xi, X5 be a frame for TCPllU, WY

and 1) frames of E}U resp. Qz/E}U. Then

X(p)(4(p)) = & (p)(p) for some map n; : U — C.

Let o € F((Qz/Z)*}U) with < o, 1) >= 1 then

(D) =< ap, D(P)(p) >=< ap, Xs(p)(1h(p)) >=< ap, Ty to(Xi(p)) > .

Thus n; : U — C is smooth since all maps on the right hand side depend smoothly
on p. 0

We only explained in detail CP! and how to construct the tautological bundle
¥ over CP! but it is clear that the same construction can be done for arbitrary
dimension n, i.e. we have ¥ — CP" given by Xy, = ([p], spanc p) C {[p]} x C"*!
where p € C"™! and [p] € CP" is its equivalence class. By similar arguments as
before, the tangential space of CP" is given by Hom¢ (X, C"™/¥%).

Now, if one is interested in smooth maps f from a Riemann surface M to
CP", then there is a canonical associated line bundle given by L := f*> c C",
ie. L, = (p,Ssp) C {p} x C"*. Conversely, any line bundle L C C"*' over a
Riemann surface M determines a smooth map f : M — CP™ by p — f(p) :=
pry L,. We sum up:

Proposition 3.15. Let M be a Riemann surface. There is a one—to—one corre-
spondence between,

maps f: M — CP" and line bundles L ¢ C™*.
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Remark 3.16. Again this generalizes to: a map from a Riemann surface into a
Grassmannian corresponds to a vector subbundle in a trivial bundle.

Definition 3.17. Let L ¢ C"" be a line subbundle over M. We define the
derivative § of L in C"**

Op(v)(¥p) = mp(dpb(v)), p € M, v € T,M, ¢ € I'(L),
where 7, : crtt - Q"H/Lp.

As for the map v +— © one can show that § € I'(Homg (T M, Home (L, C**'/L))).
In this sense, § measures the movement of the bundle L in C***. One easily ver-
ifies

Lemma 3.18. Let f: M — CP" and let L = f*>. Then
1. f*TCP" = f*Home(%, CP" x C"*'/%) = Home(L,C""' /L)
(where C"™ is the trivial bundle over M!)
2. df € T(Homg (T M, f*(TCP"))) = I'(Homg (T M, Home(L,C*"*' /L))

3. Under the map ~— the differential df corresponds to ¢, i.e.
d,f(v) = 0,(v).
Proof. (1) and (2) are clear. Let ¢ € I'(L) then ¢ = ¢ o f for some ¢ € ¥ and

B f(00(m) = df)e(F) = 716)ds6y(dpf (1))
= Twdp(w o f)(v) = dp(v) () (p)-

O

3.4 Further tools: Partition of unity and transver-
sality

For further statements on vector bundles we do need results on the existence of
global non—vanishing sections and on the zeros of “generic” sections. An impor-
tant ingredient to prove the existence of non-trivial sections in a vector bundle
and similar problems as the existence of connections, hermitian metrics, is the
following standard tool of topology:

Lemma and Definition 3.19. Let M be manifold and {U,};c; an open cover of
M. Then there exists a partition of unity subordinated to this cover i.e. maps
gi - M — IR, g; > 0, such that
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L. suppg; = {p € M | gi(p) # 0} C U,

2. for all p € M there exists a neighborhood W, C M so that
#{i € I[suppgiNW, # 0} < oo
and

3. Y ier9ilp) =1forallpe M.

Note that this implies | J;.; supp g; = M.

It is clear that this tool enables us to glue local data, which is obtained by
the local trivialization of the vector bundle, together to global ones:

Lemma 3.20. 1. On every complex vector bundle E — M there exists a non—
trivial section ¢ € T'(E).

2. On every complex vector bundle E-— M there exists a (complezx) connec-
tion.

3. On every complex vector bundle E — M there exists an almost complex
structure.

4. On every complex vector bundle E — M there exists a hermitian metric,
i.e. a smooth bilinear bundle map <,>: E x & — C which satisfies on each

fiber

(a) < P\, o >,= X <, >, u, forallp € M, 1, p € E, and \, u €
C.

(b) <Y, p>,=<p, 0>, foralpeM, ,pcE,.

(¢c) <, >,>0and < P, >=0 <= =0, forallpe M, ¢ €

E,.
Strategy of proof. Use a trivialization of F to pull back the desired objects from
UxCtoFE }U. The so obtained local objects can be glued together with a
subordinated partition of unity. The details of the proof are left as excercise. [

Moreover, if we prescribe local data of the vector bundle, in order to have
global data, we need certain compatibility conditions. Clearly, given local sections
on the open sets of an open cover there exists a global section extending those if
the given sections coincide on the overlaps (use the partition of unity). Now, we
ask if we can give local sections on the overlaps:
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Lemma 3.21. Let {U;}ier be an open cover of M and E — M a complez vector
bundle over M. Assume that there are given local section ;; : U, NU; — E. If
the ;s satisfy the cocycle condition

wij+wjk+wki =0 on UiﬂUjﬂUk (3.8)
then there exist sections p; € I'(U;, E) such that
wij = Y; — (,Dj on Uz N Uj.

Remark 3.22. In our spirit of avoiding sheaf theory we have to formulate and prove
statements directly which experts of sheaf cohomology clearly identify as special
cases of their theory. For example this lemma is a special case of the statement
that every fine sheaf has vanishing first cohomology, compare Appendix

Proof. Again, details are left as excercise: define ¢; by glueing 1, together with a
subordinated partition of unity, i.e. p; = > grtbix, and use the cocycle condition.
O

Furthermore, we are interested in the zeros of sections in a vector bundle.
Differential topology provides us with results on the zeros of “generic” sections.
For details on transversality compare for example [GP] and [Hi].

Definition 3.23. Let f : M — N differentiable and N € N a submanifold.
Then

1. f intersects N transversally if

dy f(TyM) + Ty N = Ty N for all p € f71(N).

2. If one considers the inclusion map incl : M — N, one obtains as special
case:

Two submanifolds M, N C N are transverse if

T,M +T,N =T,N for all pc M N N.

3. Again this specializes to: Two sections w,& € I'(E) in a vector bundle
E — M are transverse, if for all z = ¥(p) = ¢ (p),p € M:

dyp(T,M) + dyih(T,M) = T,E.

(In particular: if two sections don’t intersect at all then they are transverse!)

Theorem 3.24 (Special case of the transversality theorem). Given a section
v € T'(E), where E is a vector bundle over M, then any section ¢ € I'(E) can be
disturbed such that ¢ and ¢ are transverse.
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Corollary 3.25. Let M be a 2-dimensional compact manifold, L — M a complex
line bundle. If ¢ € T'(L) intersects the zero—section 0 € I'(L) transversally then
the zero—set =1(0) = {p € M | ¢ (p) = 0} is finite.

Proof. 1t suffices to show that the zero—set is discrete then it is finite by com-
pactness of M.

Let po € M with ¢(py) = 0 and O : E}U — U x C alocal trivialization around
po. This defines a map f : M — C with f(po) = 0 by ® o tp(p) =: (p, f(p)). By
transversality

dpow(TpoM> + dPOO(Tp0M> = TOpOL‘

Thus the map df is surjective hence f is a local diffeomorphism around py. In
particular, f(q) # 0 in a neighborhood of p, since f(py) = 0. O

Corollary 3.26. If E — M s a vector bundle over a 2-dimensional manifold
M of r =rank E > 2 then there exists a nowhere vanishing section.

Proof. By the transversality theorem we can assume that there exists a section
¢ € I'(E) which is transverse to the zero—section 0 € I'(E£). Since dim di,(T,M) =
dim d0,(T,M) = 2 and dim T, E = 2+ 2r > 4 it is impossible that 0 and ) inter-
sect. 0

Corollary 3.27. If E — M is a complex vector bundle of rank 2 > 2 then there
exists a line bundle L such that

F~«C'®L.

Proof. Let 1) be a nowhere vanishing section of E. Define a line bundle L :=
span ) which is isomorphic to C. Choose a hermitian form on F and define F
as the orthogonal complement of L with respect to this hermitian form. Thus
E=L®E>~C®a®E where E is a complex vector bundle of rank = r — 1. This
can be done inductively as long as rank E > 2. Splitting the last factor we obtain
a line bundle L. O

Corollary 3.28. Let M be a 2-dimensional compact manifold and E — M a
complez vector bundle over M of rank E =r. If E=C""' @ L then L = \N"E.

Proof. Let 11, ..., 1,_1 globally linearly independent sections framing C"'. De-
fine L - A"E by v e L, — {1(p) A... ANp_1(p) Nv € (A"E),. This defines a
bundle isomorphism. O



Chapter 4

Holomorphic vector bundles and
holomorphic structures

We will consider holomorphic vector bundles, in particular we are interested in
line bundles over Riemann surfaces. Hereby, we prefer to understand a holo-
morphic vector bundle as a vector bundle equipped with a certain operator, the
O-operator. In this chapter we explain how to construct this operator from holo-
morphic charts and vice versa.

4.1 Holomorphic vector bundles

We want to consider vector bundles which carry the structure of a complex man-
ifold. We define

Definition 4.1. 1. A holomorphic vector bundle is a triple (E, M, 7) with

(a) E, M are complex manifolds.

(b) m : E — M is a submersion such that the fiber E, = 7 !(p) is a
C—vector space.

(c) For all py € M there exist an open neighborhood U C M and a local
trivialization map, i.e. a holomorphic diffeomorphism

®:Ely — UxC

s pri

N e
U

such that @, : £, — {p} x C" is C-linear.

2. If U C M is an open set, then we define the set of holomorphic sections on
U by
H°(Ey) := {s: U — E,s holomorphic, 7o s =idy}.

29
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Again we use the short-hand notation H°(E) = H°(E,) for the global
holomorphic sections of F.

We construct vector bundles out of transition functions. We need a condition
on the transition functions to see when this bundle is holomorphic:

Theorem 4.2. Let E — M be a C-vector bundle over a complex manifold M
and {U;} an open cover. Then:

E — M is a holomorphic vector bundle if and only if the transition functions
gij - UinU; — GL,(C) are holomorphic.

Remark 4.3. 1. Assume L to be a holomorphic line bundle and {s;} fixed local
holomorphic sections which trivialize the line bundle over U;. Recall that
if s is a global section on M we have, Remark B9, s = {(Uj, f;)} where f; :
U; — C and f; = pryo®; o s;.

Thus s is holomorphic if and only if the f;’s are holomorphic.

Conversely, given {(U;, f;)} where f; : U; — C are holomorphic we obtain
a line bundle via {g;;}, where f; = g, f;, if the {g,;}’s satisfy the cocycle
condition.

2. Let E be a holomorphic vector bundle over M. Given a local frame s =
(s1,...,8,) then an isomorphism ¢ : £y — U x C" is given by

T

O (p, &) =Y _si(p) = s(p)¢, pEU, (€T

i=1
The frame s is holomorphic if and only ® is holomorphic.

Example 4.4 (The complex projective line). Clearly, the tautological bundle X
is a holomorphic line bundle over CP!: its transition functions are given by, cf.
.0

gooO:UvOmUvoo_> GLl((C):C*a gooO(|:Z:|):Z7

% 1
Jooo : Up N Use — C7, goOo([ }):w.

which are holomorphic maps. Similarly, the tautological bundle over CP" is a
holomorphic bundle.
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4.2 The canonical bundle

Let M be a n—dimensional complex manifold with complex structure J and 7 :
E — M be a complex vector bundle over M. We define for a 1-form w € Q'(E):

s w(X) = w(JX). (4.1)

Definition 4.5. The bundles A®»9 (M) are defined by:
1. For (p,q) = (1,0) resp. (p,q) = (0, 1) the fibers of AP9 (M) are given by

A(l’o)(M) = {w:T;M — C R-linear, w = iw} (4.2)

Az(ao’l)(M) = {n:1;M — C IR-linear, xn = —in},
where p € M. We call
w e T(AYO(M)) = QB (M) a (1,0)form
n e T(ACY(M)) = QOY(M) a (0,1) form.
2. The (p, q)—forms are defined by:

w € QPD(M) if and only if locally w = Z a; A G
J

where a; € AP(QLO(M)), B; € A(QOD(M)).
3. The canonical bundle resp. anti-canonical bundle are given by

K = A(”’O)(M) resp. K = A(O’”)(M).

For the rest of this chapter we assume M to be a Riemann surface
with complex structure J.

Remark 4.6. We restrict our considerations to Riemann surfaces only for conve-
nience; notice, that most of the statements can be made similarly for complex
manifolds with arbitrary dimension — in particular, a 0—operator can be defined,
also.
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The x—operator defined by ([B1l) over a Riemann surface is then the negative of
the usual HODGE star operator (which we will denote by %), compare Definition
0.

Remark that now

K, ={w:T,M — C linear, w = iw}, K, = {n:T,M — C linear, *n = —in}.

In particular, any (1, 0)—form can be written locally as w = fdz (resp. a (0, 1)—
form as n = fdz) for some C* function f which implies that A0 = A2 = {0}
(compare “Type argument”, cf. Corollary ET).

Now, we define the complex bundles K E and K E by the fibers

KE, = {w:T,M — E xw = Jygw},
resp. KE, = {n:T,M — E,xn=—Jymgn}

where the complex structure Jyi(g) on A'(E) is defined via

The bundles KE and KE are complex vector bundles with almost complex
structures Jxp = Javg) ke, Jrr = Javm|ge- We see this by identifying KE
with the tensor product K ® E, via ©(X) := (w ® ¥)(X) = w(X)v.

In the following we will identify the appearing complex structures in the fol-
lowing sense (w(X) is complex linear):

w(X)(Jpy) = Jp(w(X)Y)
(

Corollary 4.7 (“Type argument”). Let E,E be vector bundles over M with a
fiberwise bilinear map - : E x E — C. For any w € I'(KE), ® € I(KE), n €
I'(KE), 7 € (KE):

wAw=0, nAn=0,

where

WADX,Y) = w(X) 3(Y) - w(Y) - &(X).

Furthermore, if - is non—degenerate, then w A1 = 0 if and only if w =0 orn = 0.
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Proof.
wAO(X,JX) = w(X) o(JX)—-w(JX) O(X)
= Jw(X) o(X)—-Jw(X) ©(X)=0
Similarly, w A (X, JX) = —2Jw(X) - 7(X). O

Remark 4.8. In general, A"(TM*,C) =D, ,_, APD(M). Using this in the case
of a Riemann surface M where by type AZ9 (M) = A2 (M) = {0} we identify

KK = \*(TM*,C).

via the isomorphism
wRn—wAn. (4.3)

4.3 Holomorphic structures

Our aim is now to equip a holomorphic vector bundle with an d-operator such
that H(E) = ker 5’1“( By Vice versa, given such an 0-operator on a complex
vector bundle £ we will turn E into a holomorphic vector bundle.

First, recall the definition of the O-operator for complex—valued functions:

0:C>®(M,C) - T(K), of := %(df + i+ df),

where M is a Riemann surface. Of course there is a natural extension to maps
g: M — GL,.(C).

Now, any 1-form splits into a K~ and a K-component; computing the K-
component of df we obtain exactly 0f. The K-component gives also an operator
0:C>®(M,C) - TI'(K).

The significance of the d-operator in our considerations is clearly the following
property: f is a holomorphic function if and only if Of = 0.

Now, let £ — M be an holomorphic vector bundle. We like to define an
operator d : I'(E) — TI'(KFE) which again characterizes holomorphic sections
of the bundle. For a holomorphic frame s = (s1,...,s,) on Ey,U C M open,
s; : U — E, any section ¢ € I'(Ey) is given by

Y = s&, where £ : U — C".

Define ) )
N = 5(05).

0 is well defined, i.e. it does not depend on the choice of the frame s: If
S is another holomorphic frame, then there exists a holomorphic map g : U —
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GL,(C) with 3 = sg, ie. § = 2?21 s;gji- Notice that *dg = idg again is
equivalent to dg = 0.

Now, if 1) = s¢ is an arbitrary section, then

P = Qé, where é: g_lf.
Hence - - - - -
5(0¢) = 599(g7'€) = s9((9g~")& + g~ 0¢) = 5(0¢).

The 0-operator defined above satisfies the equation
A(WA) = (OY)A + I,
where A\ : U — C,U C M open. Furthermore, ker |z, = H°(Ey).

In general, we give the following

Definition 4.9. A holomorphic structure on a complex vector bundle £ — M
is given by a 0—operator, i.e. a map

d:T(E) - T(KE),

satisfying B B B
O(PA) = (O)A + ¥ (0A),
forall A\: M — C.

Remark 4.10. Both, the operator d on functions f : M — C (considering f as
a section in the trivial bundle) and the operator d on sections of a holomorphic
vector bundle E — M, are O-operators. Note, that for a given complex vector
bundle with d-operator we can define further d-operators by 9 + w with w €
['(K End(E)) (check that this defines in fact an d-operator!). Applying this to
the trivial bundle C and the constant map 1 : M — C, p — 1 we see that
04+ w)l=wl =w#0forwel'(KC)=T(K), w#0. In particular, for this
O-operator, “holomorphic sections”, i.e. maps f : M — C with (0 +w)f = 0,
are no more holomorphic functions in the usual sense. That means, the trivial
bundle, and so any holomorphic vector bundle, could be equipped with different
holomorphic structures depending on the chosen d-operator. In general, unless
otherwise stated, we will equip the trivial bundle always with the holomorphic
structure defined by the usual 0-operator on functions.
Note also, that any two 0-operators on E differ by w € I'(K End(E)).

Definition 4.11. Let E' — M be a complex vector bundle over a Riemann surface
with holomorphic structure 9. Define the DOLBEAULT cohomology groups

HJ(E) = ker 5}1“(15)’

and

HY(E) = T(KE)/dT(E).
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Our aim is to turn each complex vector bundle E with 0-operator into a
holomorphic vector bundle such that we can recover Hg(E) as the set of holo-
morphic sections of E, i.e. H)(E) = H°(E) while H}(E) will be the dual space
of H(KE) (SERRE duality theorem, compare [£24]). We skip the subscript 0 if
it is clear which 0-operator we have in mind.

First, we give a further example:

Example 4.12. Let V be a complex connection on the complex vector bundle
(E,J). We can decompose V into V = V' + V" where:

1 1

Notice that V' : I'(E) — T(KE) and V” : T'(E) — T['(KE). In fact, this

corresponds to a decomposition of Q!(E) into
QOYE)=T(KE)®T(KE).

Now, V” is a O-operator:

SAVARRES %(*V —JV) = —%(J* V+V)=-JVv’
and
2V () = V(YA + J* V(PA)
= (V)X +d\ + J(xVY)X + T« dA
= 2(V")\ + 200N,

Remark 4.13. In fact, any O-operator can be completed to a complex connection
V such that V" = 90 (later we will see, that for line bundles even flat connections
can be obtained). Observe also that if we equip E with the complex structure

—J then V’ gives a holomorphic structure on (E,—J).

We take this as occasion to define

Definition 4.14. 1. Let E be a complex vector bundle over M with complex
structure J. Then we denote by E the bundle £ equipped with the complex
structure —J.

2. An operator 0 : I'(E) — I'(K E) gives an anti-holomorphic structure on E
if 0 is an holomorphic structure on FE.

We proceed in collecting those examples of holomorphic structures we will use
later frequently:

Examples 4.15. 1. Recall the identification KK = Q?(M,C) via n ® w
n A w. We define a 9-operator on K, i.e. 0:'(K) — I'(KK) = Q?(M, C)
by

Ow = dw.
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This gives in fact a holomorphic structure:

OwN) = dw)) = (dw)) —wAd\ = (dw)X —w A (0N + ON)

wel(K)

= (dw)A—wA (ON) = (Ow)A + 0N @ w.
Written in local coordinates we obtain for w = fdz:
O(w) = d(fdz) = fzdz Ndz,
i.e. w is a holomorphic section in I'(K) if and only if f; = 0. This gives

HY(K) = {holomorphic 1-forms on M}. (4.4)

. Let By and E; be a complex vector bundles over M with holomorphic

structures 0, and 0,. Define an operator 0 on E = E; ® F5 by
5(@/)@)(,0) 251¢®<p+@/)®52<,0.
First, 0(¢¥ ® ¢) € T(KE) for all  ® ¢ € ['(E). Clearly, 9 is C linear and

W @e)A) = I (pA) = (D11) @ PA + ¢ @ (D) A + )
(O( @ @)X+ (¥ @ ©)IN.

Hence O gives a holomorphic structure on E.

. Again (2) gives a holomorphic structure on Hom(E, E) = E* ® E by

(OT)p = d(Tp) — T(DY), T € T'(Hom(E, E)), ¢ € T(E).

. Given 0 on the complex vector bundle E there is a unique 0 operator on

E* such that
0 <, >=<da,p >+ < a, 0 >, where a € I'(E*),v € [(E). (4.5)

(Here < a,? >: M — C and 0 is the usual holomorphic structure on
functions).

To define da by () for o € T'(E*) one has to check that (EL3) is tensorial
in 9. It is also easy to verify that 0 has values in I'( K E*) and satisfies the
required product rule.

Again, consider a holomorphic line bundle L — M and consider the trivial
bundle C together with the usual holomorphic structure dp = %(dcp—l—i*dcp),
¢ : M — C. Hence ([3) is nothing else but the condition that the 0
operators on L and L* give the canonical holomorphic structure on C by

the tensor product construction in (2).
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5. As a consequence of (3) there is a unique 0 operator on K* where K is the
canoncial bundle over a Riemann surface M equipped with the holomorphic
structure da = do, a € T'(K).

Since <,>: TM x K — C,(X,a) — a(X) is a non degenerate pairing
between T'M and K we can identify T'M with the complex dual bundle of
K, ie. TM = K*.

For w € I'(K) define n(X,Y) = 1(dw(X,Y) + idw(JX,Y)) for X,Y €
[(TM). Check, that n € T'(KK) (use dw(JX,Y) = —dw(Y, JX) which
comes from the fact that dw is a multiple of the volume form and the
corresponding equation for the volume form).

Consider now the induced two—form
n(X, JX) = %(dw(X, JX) + idw(JX, X)) — %(dw(JX, X) + idw(J2X, X))
= dw(X,JX).
But dw is the two—form which is induced by dw thus n = Ow. Since
Ox <Y,w>—<0yY,w>=<Y,0xw >

and

<Y, 0xw> = 0wX,)Y)=nX,Y)==(dw(X,Y) +idw(JX,Y))

1
2
= S (Xw(Y) - Yu(X) ~ (X, Y])

Fi(IX)w(Y) — iYw(JX) — iw([JX,Y])
= S (Xw(Y) - Y(X) — (X, Y))
+i(JX)w(Y) —i*Yw(X) — w(J[JX,Y]))
(X (Y) +iTX)(Y) ~ 2(w([X,Y]) ~ JITX, V)

N

(W(Y))— < %([X, Y]+ JJX,Y]),w >

= 1
= Ox <Yw>—-< 5([X,Y]+J[JX,Y]),W >

I
(o))
b3

one gets
OxY = %([X, Y]+ J[JX,Y)). (4.6)

Notice, that with (E6) the NIJENHUIS tensor of M (cf. Z2) becomes
1 1
—NXY) = =S (X, JY] = [X,Y] = JIX, Y] = J[TX,Y])
= OxY —d;xJY.

In particular, N = 0 if and only if 0 is a holomorphic structure.
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6. Let E be a complex vector bundle with holomorphic structure ? Assume
that L C E is a 0 stable complex subbundle, i.e. 0y € I'(KL) for all
1 € I'(L). Then there is an induced holomorphic structure on E/L given
by
d(yymod L) := (9)mod L.

7. Let f: M — N be a holomorphic map between complex manifolds M and
N, E a complex vector bundle over N with holomorphic structure 9 and
F = f*E be the pullback of E. We define the holomorphic structure on F
by

(an)p = (aif(X)w)f(p)’ peM,X e Tvaw € F(F)

8. Let M be a Riemann surface, f : M — CP" a holomorphic map and
L = f*¥ the associated line bundle. Then there is a unique holomorphic
structure on L™ = (f*¥)~! such that a|, € H°(L™') for all o € (C"*1)*.

Let a; € (C™™)* the coordinate maps.

4.4 Existence of (local) holomorphic sections

Now, our aim is to turn any complex vector bundle £ with holomorphic structure
d into a holomorphic vector bundle such that ker 9y = H°(Ey).

For this purpose we first claim:

Proposition 4.16. Given a holomorphic structure 0 : T(E) — T(KE) there
exists locally a flat complex connection V on E such that

V" =0.
Proof. Given any connection V and a local frame s we have
Vs = sw, where w € Q' (U, gL (C)) is the (local) connection form.
Now, V is flat connection if and only if

RY =0 <— dwo+wAw=0.

Since w decomposes into w = a+ 3 with o € Kql (C), 8 € Kl (C) we obtain
V’"s = s(3. Rewriting the zero—curvature condition on w in terms of o and 3 we
have

da+dB+aANB+BANa=0,

and, since do = da, df = 0p:

da+laApBl+08=0,
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where
[a ABI(X,Y) = [a(X), B(Y)] — [a(Y), B(X)].
Locally, this equation looks like
A; —[A,B]- B, =0
where
a=Adz, f=DBdz, A,B:U — ¢l (C).

Hence we have to solve a so called d-problem for A with given B : U — gl (C).
In the case of a holomorphic line bundle E, we only have to show that for any
g: U — C and any p € U there is a neighborhood V of p and amap f: V — C
such that
fe=9 onV.

This can be proven with methods of complex analysis, ¢f. Appendix [F

For the general case we refer to [BP], where one finds an elementary proof of
the existence of an holomorphic frame even in the case of a quaternionic vector
bundle with generalized 0-operator. The proof given there works literally for
complex vector bundles with 0-operator.

O

Notice that the local existence of the flat connection V = 0+ V' garantuees
that 9%y = 0 for all ¢ € T'(E) (type argument and (dV)? = 0).
Now, we turn to

Theorem 4.17. A complex vector bundle E together with a holomorphic struc-
ture O can uniquely be turned into a holomorphic vector bundle such that

ker 5}F(E) = H(E).

Proof. Locally, choose a flat complex connection such that V” = 9. Given again
an arbitrary local frame s and Vs = sw recall that

RY =1 = [wtwAw = rer@iaptemat 909/ GLe(C): } [} = w.
So we obtain a local V—parallel frame by 5 := s g~!. In particular,
95 =V"3=0.
Hence we have a local trivialization ® : By — U x C" of the bundle induced

by the local V-parallel frames 3 which satisfy in particular 95 = 0.
Given two V-parallel frames s and 5 = sg~!, the transition map

PO UNU — GL.(C),
is exactly ¢g. In particular, ¢ is holomorphic since

Js = (05)g + 5(0g).

*
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Chapter 5

Classification of complex line
bundles over a Riemann surface

We turn now towards a classification of holomorphic line bundles. The first step
in that direction is the classification of all complez line bundles over a Riemann
surface by their degree.

In the first part of this chapter we define the degree of vector bundles over
Riemann surfaces. We do not introduce here CHERN classes (compare Appendix
[E] for this general concept) but define the degree of a vector bundle by the integral
over the trace of the curvature tensor of any complex connection. Deriving then
the degree formula for complex line bundles over Riemann surfaces we see that
the degree is defined independently of the complex connection and delivers in fact
an integer. Moreover, we will see that the degree gives an isomorphism between
the set of all complex line bundles over a Riemann surface and the integers.

5.1 The degree of vector bundles

Definition 5.1. Let M? be a closed oriented 2-dimensional manifold. The degree
of a complex line bundle L is defined by

deg(L) := %/MRV, (5.1)

where RY is the curvature tensor of any complex connection V on M.

We will see in a moment that the degree of a line bundle is the number of zeros
(counted with orientation) of transverse sections so it is defined independently of
the chosen complex connection and is in fact an integer.

Example 5.2. A compact oriented Riemannian manifold (M?, g) has a canonical
compatible complex structure J € I'(End T M) ie. g(JX,JY) =g(X,Y). Let V

41
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be the LEVI-CIVITA connection of g then the curvature tensor is given by
R(X,)Y)=K(<Y,.>X-<X,.>Y),

where K is the Gaussian curvature of M. It is an easy exercise to check R(X,Y) =
—JKwy(X,Y) where w, is the induced volume form.

Thus, the GAUSS—BONNET theorem yields that the degree of the canonical
bundle K,; = T'M* satisfies

deg(Ky) =29 — 2 (5.2)
where g is the genus of M. In particular we have
deg(Kg2) = —2 and deg(Kr2) = 0. (5.3)
Before proving the degree formula for line bundles we give

Definition 5.3. Let L be a holomorphic line bundle over a Riemann surface,
Y€ H(L) and p € M. Let 1) = ¢g for some non—vanishing local holomorphic
section ¢ of L. The order of ¢ at p is defined as the multiplicity of the zero of g
at p, i.e.

ord, ¢ = ord, g.

Remark 5.4. Check that this is well-defined, i.e. does not depend on the trivial-
ization given by .

Theorem 5.5 (Degree formula). Let L be a complex line bundle over a compact
Riemann surface. For any section ¢ € I'(L) which is transverse to the zero-
section, we have

deg(L) = Z +1 (depending on the orientation).

zeros of ¥

If M is a compact Riemann surface and L is a holomorphic line bundle, then for
any holomorphic section ¢ € H°(L) we have

deg(L) = Z ord, 1.

p zero of v

Proof. We prove both degree formulas simultaneously. Since 1 is transverse to
the zero—section or a holomorphic section, its zeros are isolated points py, ..., pk.
For each p; we take neighborhoods B; diffeomorphic to a closed disc such that
By, ..., By are disjoint.

On the B;’s we take non-vanishing sections v; in L, which can be supposed
to be holomorphic in case of a holomorphic bundle. Define g;: B; — C by

V=195
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Then the only zero of g; in B; is p;. In the case of a holomorphic bundle L and
holomorphic ¢ and ;, g; must be holomorphic, too. Now we take a complex
connection V. In the holomorphic case we can choose a connection with V” = 9.
The connection forms w € QY (M\{p1,...,pr}, C) and w; € Q'(B;, C) are defined
by

vw:ww OnM\{pla"'vpk}a
V"@Dj = Q/Jj s Wy on Bj.

By taking the covariant differential of ¢ = 1); - g; we obtain
w=wj; + dg; -gj_1 on B;\{p,}. (5.4)

A short computation shows RY 1 = 1dw and RY ¢; = 1;dw; on M\{p1, ..., Dk}
and Bj, respectively. Using (B2l) we get

RY = dw = dw, on B;\{p;}.

For the degree of L we obtain by STOKES theorem

1
deg(L) = 5 /M RY
1 1
= — RY +— / RY
2m M\(B1U...UBy,) 2m ; B,

1 1
= — dw + — dw;

M\(B1U...UBy)
1 & 1
= — - = d(l )
1T ; /83]- CL)] w 2711 ;/BB] (Og<g.]))

The proof is finished once we understand the integrals = /. o8, d(log(g;))

In the case of holomorphic L and v, we have already seen that if we choose
a holomorphic 9;, then g; is also holomorphic and has a zero of the same order
m = ord,; ¢ as ¢ has at p;. Let g; = a,,2™ + Umye12™ .., m € IN at 0 in
a holomorphic chart z: U — M centered at p € M, then the Laurent series of
d(log(g;)) = dg;g; " is %j = %dz = ( + some holomorphic rest) dz.
Thus d(log(g;)) has residue m i.e. 5= faB (log(g;))

In the case of a transverse section 1 in an arbltrary complex line bundle L,
define v to be the closed curve obtained by taking the restriction of g; to 0B;.

By the integral transformation formula, we obtain

1 _ 1 1
" dg;g; " = - / ~dz,
9B; v
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i.e. the winding number of . Since v is a transverse section, g; is a local
diffeomorphism at p; and, without loss of generality, we can suppose that g; is a
diffeomorphism on B;. This implies that the winding number of  has to be £1
depending on the orientation of the zero p; of 9. O

Remark 5.6. In fact, the same proof works also for meromorphic sections instead
of holomorphic sections of a holomorphic line bundle. However, we will prove the
degree formula for meromorphic section later using the point bundles to enlighten
the mechanism of constructing holomorphic sections in a suitable vector bundle
out of meromorphic sections.

Corollary 5.7. Let L. — M be a line bundle over a 2-dimensional compact
manifold M. Then deg L € Z.

Proof. Recall, that there exist a section which is transverse to the zero—section!
(cf. Theorem B24) 0O

Corollary 5.8. Let L — M be a holomorphic line bundle over a Riemann surface
M. If deg L < 0 then L has no (global) holomorphic sections.

Now, its time to consider more generally complex vector bundles over a com-
pact Riemann surface. We define

Definition 5.9. The degree of a complex vector bundle E of rank r over M is

defined by
1
deg F := —/ trRY .
2 Sy

where RY € Q%(End(E)) is the curvature tensor of a complex connection on E.

Remark 5.10. If E is a complex line bundle, then End(E) = C, thus tr RY = RV
and both definitions of the degree coincide for line bundles.

The next lemma will show that the degree of a vector bundle is the degree
of its determinant bundle. Thus, the degree is in fact an integer and does not
depend on the chosen complex connection.

We state some properties of the degree of a complex vector bundle:

Lemma 5.11. Let E and E be complex vector bundles over a compact Riemann
surface M.

1. Isomorphic vector bundles have the same degree.
2. deg(E @ E) = deg(F) + deg(E).

3. The degree of the trivial bundle is deg C" = 0.
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4. The degree of a complex vector bundle is the degree of its determinant bundle
(cf. BID[®)), i.e. if E is a rank r bundle then

deg /' = deg A"E.
5. deg(X) = —1 for the tautological bundle ¥ — CP?.
6. deg(E/E) = deg(E) — deg(FE) for a complex subbundle E of E.
7. deg(E ® E) = rank(F) deg(FE) + rank(E) deg(E).
8. The degree of the dual bundle E* is deg(E*) = —deg(E).

Proof. 1. Suppose we have an isomorphism T: E — E of complex vector
bundles. Then a complex connection Vg on E induces a connection Vj =
TVET! on E. For this connection we have RVE = TRVET-! and the
statement follows by Ad-invariance of the trace.

2. If we take as the connection on F & E the direct sum V@ Vj; of the two
complex connections on F and F , then

RVEGBVE — RVE o) RVE c Q2(End(E S5 E))
thus tr(RYE¥Ve) = tr(RVE @ RVE).

3. There is a flat connection V on the trivial rank r bundle C". But RY =0
implies deg(C") = 0.

4. E = C"' @ A"E thus with (2) and (3) deg E = degC"™' 4 deg A"E =
deg A"E.

5. See Remark

6. E/ E is isomorphic to the orthogonal complement of E for any hermitian
product on E. Therefore, F and E® F/E are isomorphic as complex vector
bundles and (3) yields the formula.

7. Let Vi and V; be complex connections on £ and E. The tensor product
connection Vg ® V ; satisfies

RYENVE = RVE@Idg +1dg @ RVE .
Therefore
tr(RYVE®VE) = tr(RVE) rank z + rankp tr(RY2).
8. Let Vg and Vg be the complex connections on £ and E* defined by
d<a,p>=< Vg, >4+ < a, Vg >.
Then RVE* = —(RVE)* and deg E* = —deg E.
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5.2 Riemann—Hurwitz formula

We use the degree formula to compute the branch order of a holomorphic map
by its degree:

Definition 5.12. Let M, N be compact Riemann surfaces and f : M — N be
holomorphic. The degree of f is given by

1
d = #sheets = —— *
eg [ = Fsheets VOIN/Mwa

where wpy is the volume form of N.

Lemma 5.13. Let M, N be compact Riemann surfaces, f : M — N be holomor-
phic and L — N be a line bundle. Then

deg f*L = deg f deg L.
In particular:

Lemma 5.14. Let f : M — CP!' a holomorphic function and L = f*% the
associated line bundle. Then

deg L = —deg f.

Example 5.15. Let f : M — CP! a map of deg f > 0. Then the pullback
of the tautological bundle L = f*¥ has no holomorphic sections since deg L. =

—deg f < 0. In particular, it is more natural to assign to f the line bundle
L = f*¥7! which has the same degree as f.

Definition 5.16. Let M, N be Riemann surfaces.

1. Let w be a holomorphic 1-form. Let z be a coordinate around p with
z(p) = 0 and write w = g(z)dz (thus g is a holomorphic function in z, i.e.
gz = 0). Then the order of w at p is defined by

ord,(w) = ord, g.
2. The branch order of a holomorphic map f: M — N at p is defined by

bp(f) := ord,(df).
The branch order of f is defined by

b(f) =Y by(f).

peEM
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Remark 5.17. Recall the holomorphic 1-forms are exactly the holomorphic sec-
tions in the canonical bundle equipped with the holomorphic structure d, cf. (4.
The definition of the order of a holomorphic 1-form coincides with the given one
for holomorphic sections. In particular, it does not depend on the choice of the
local coordinate.

Theorem 5.18 (RIEMANN-HURWITZ formula). Let f : M — N be a holomor-
phic map between two compact Riemann surfaces. Then

b(f) =2(gn — 1 —deg f(gn —1)).

Proof. Consider df as map df : TM — f*T'N. We have xdf = Jydf and so
df € T'(Ky(f*TN)). There are canonical holomorphic structures on K, TN
and f*T'N hence Ky (f*(TN)) is a holomorphic vector bundle. In fact, df is a
holomorphic section in this bundle: It suffices to show that ddf(Y) = 0 where
df(Y) € T(f*TN) and Y € I'(T M) is a holomorphic section, i.e. 9Y = 0. But

Oxdf(Y) = S(dFC0), dF(V)] + T (), dr (V)
= %df([X, Y]+ J[JX,Y]) = df(0xY) = 0.

Since df € H°(Kp(f*(TN))) the degree formula yields deg(Ky(f*(TN)) =
> penr 0rdp df = b(f). On the other hand we can compute

deg(K(f*(TN)) = deg Ky + deg(f*TN).

Since deg(f*T'N) = deg f deg TN and deg TN = deg K3 = — deg Ky we obtain
the result, cf. (B2). O

5.3 Classification

Let M be a compact oriented manifold of dimension 2. The group of line bundles

L ={L — M : complex line bundle}/Isomorphism

is an abelian group with respect to ®. The identity element is the trivial bundle
C, and the inverse of a line bundle L is its dual bundle, L* =: L.
Using (8) of Lemma B.TT we have deg(Ly ® Lo) = deg(Ly) + deg(L2) and

deg: L—7

is a group homomorphism. Our aim is to show that it is an isomorphism.

Consider first the following example



48

Example 5.19 (Line bundles over CP'). As in Example we take the open
cover {Uy, Uy} of CPL. For k € Z, a holomorphic line bundle L% is given by

9oo0: UpNUs — C7, ﬁ] — 2"

We like to define a section s_* by {(Up, 1), (Uss, w %)} where once again we un-
derstand fy : Uy — C by fo( [ﬂ) =1land fy : Usx — C by foo! Llu]) = w* (the

notation will be explained later!) Then s_* is globally defined since on Uy N Uy,

el 3] = et L = = gl

Now, if k& < 0 then s2* is holomorphic and has one single zero of order —k at
oo and the degree formula implies that deg(L~%) = —k.

The pairing L% x LF — L7* @ L* = C given by (s, s) — s3F @ s is
non-degenerate, i.e. L% = (L¥)~1. Thus the bundle L* with transition function

1
gooOZUomUoo_)C*a |:Z:| = —
1 2k
has deg LF = —deg L% = k.
In particular, this proves that the tautological bundle ¥ with transition func-
tion goso(z) = 1 has deg(X) = —1 (compare Lemma BT, (5)).
*

gefallt mir nicht! ~— 777 REEEER EeERTe A8 MRS T = S N I\ Py

- Katrin of a holomorphic vector bundle £ — M, if it is meromorphic in every local
holomorphic trivialization of E. The collection of meromorphic sections of E is
denoted M(E). We will write ¢: M — E meromorphic, ¢ € I'(E) meromorphic
and so on. In particular, a meromorphic 1-form w is a section of K which can
be written locally as w = fdz with meromorphic function f.

Write the meromorphic section ¢ as 1 = g for some non—vanishing local
holomorphic section ¢ of L and let g(z) = apz® 4+ ap1 25 4 ... the Laurent
expansion of g in a local coordinate centered at p. Then the order of the mero-
morphic section 1 at p is defined by

ord, v =k =ord, g

Remark 5.21. If ¢» € H(F) then this coincides with Definition B3

Generalizing the strategy of constructing line bundles over CP! we obtain for
any k € Z a holomorphic line bundle of degree k:
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Definition 5.22. For a fixed p € M and k € Z we define the point bundle L(kp)
as follows:

Take a local chart z: U — C with z(p) = 0 and an open cover {Uy, Us} of
M defined by U; = U and Uy = M\{p}. By L(kp) denote the holomorphic line
bundle with transition function gy = 2*: U\{p} — C*.

We define the (“famous section’) sk of L(kp) by {(Uy, 2"), (Us,1)}. This
section has one zero of order k (if £ > 0) or a pole of order —k (if £ < 0) at p
and is holomorphic on M\{p}.

Lemma 5.23. The degree of a point bundle is given by deg L(kp) = k.

Proof. 1f k > 0 take the famous section 3’; which is holomorphic and has a single
zero of order k. The degree formula shows deg L(kp) = k.
Again, the map given by s, % X s — 5% ® s¥ is non-degenerate, and L(—kp)

is the dual of L(kp). In particular, deg L(—kp) = — deg L(kp) = —k. a

The main theorem of this section classifies all C* line bundles over a two—
dimensional manifold:

Theorem 5.24. Let M be a compact oriented two—dimensional manifold. Then
deg: L — Z 1is an isomorphism of groups, i.e. for any k € 7Z there exists a
unique (up to isomorphism) line bundle L over M with deg L = k.

Proof. For any k € Z there is a line bundle of degk, namely the point bundle
L(kp) for arbitrary p € M. In order to prove the injectivity of deg: L — Z
we show that L admits a non vanishing section if it has deg(L) = 0. We start
with a transverse section 1. Let z: U={w € C : |w| < 4} be a chart and let
Uy = {z : |z| < 1}. Without loss of generality we can assume that all zeroes
of ¢ lie inside of U;. (This can be arranged as follows. First, one constructs a
diffeomorphism which moves all zeros inside the disc Uy, for example, taking the
time-1 map of the flow of a suitable vector field. Then one takes the pullback of
L and v with respect to this diffecomorphism.) We take a non vanishing section
@ on U. Then there is a function g: U — C such that ¢ = ¢ -g¢g. A similar
argument as in the proof of the degree formula shows that deg(L) = 0 implies

dg
~ 9

0

for any closed curve v in U\U;. Therefore we find a function f: U\U; — C
satisfying e/ = g. Let 0: IR — IR be a C* function with ¢(x) = 0 for # < 2 and
o(z) =1for x > 3. Define f: U — C by f(2) = o(|2])f(2). Then

b= gp-ef on U
e on M\U

is a smooth section of L without zeros. O

*

unique up to...
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Corollary 5.25 (Degree formula for meromorphic sections). If M is a compact
Riemann surface and L is a holomorphic line bundle over M, then for any mero-
morphic section 1 € M(L) we have

deg(L) = Z ord, .
p zero/pole of ¥

Proof. Assume that 1 has a single pole at p € M of order k. Consider the tensor
product L ® L(kp). The degree is

deg(L ® L(kp)) = deg L + deg L(kp) = deg L + k.

Let s} be again the famous holomorphic section of L(kp) with a single zero of
order k at p. The section ¢ ® sk € I'(L ® L(kp)) is clearly meromorphic, but in p
the pole of 1 and the zero of s’; cancel. Thus ¢ ® SI; € H(L® L(kp)) and ¢ ® s’;
has the same zeros as 1 has. Applying the degree formula we have

deg L + k = deg(L ® L(kp)) = Z ord, ¢ ® slg = Z ord, 1

p zero of Y@sk p zero of 1

which gives

degL=—k+ > ord= >  ord,.

p zero of i p zero/pole of

Now, if 1 has further poles one considers the tensor product of L with the
corresponding point bundles at the poles. O



Chapter 6

Elliptic operators, Hodge
decomposition theorem and Serre
duality theorem

We give a short introduction to the theory of elliptic operators. Far away of

proving anything (this would require longer excursions to the theory of SOBOLEV

spaces) we formulate a fundamental theorem for elliptic operators which garantuees
solutions of certain differential equations. We will see how then the HODGE de-

composition theorem and the SERRE duality theorem follow from this general

statement.

6.1 Elliptic operators

We start with the “local” definition of elliptic differential operators on open sets

in R™.

Definition 6.1 (Local). Let U C IR™ be open and let V, W be finite dimensional
vector spaces over the field C or IR.

1. A linear differential operator of degree r is a map
T:C*U,V)— C*U,W)

of the form

T = Z at&g,

[t|<r
where a; : U — Hom(V, W) is a C*°—map for all multi-indices t = (t1,...,tn,),
|t| = Zz t; and 0y = P ol

t .
:):11 ..ozkm

o1
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2. The symbol of T at © € U is the map o(T,x): R™ — Hom(V, W) defined
by
o(T,2)(§) =D ()¢’

lt|=r

where £ € R™ and & = &1 ... - €l

3. The operator T is called elliptic at x € U if o(T, x)(&) € Isom(V, W) for all
¢ € R™\{0}. T is called elliptic if it is elliptic for all x € U.

Remark 6.2. Note that even in the case of complex spaces V' and W one only has
to plug in real vectors £ € IR"™\{0} in order to check ellipticity.

Example 6.3.

a) The symbol of the (classical) LAPLACE operator on functions A = Y™™ | %

is o(A,z)(&) = D", €. The operator is elliptic as its symbol is never zero
for all £ € R™\{0}. The quadric ) ;" & =1 is an ellipse.

b) The operator 25 — 59—; has the symbol o(Z; — aa_?;, z)(&) = & — &2, which
is zero on the so called characteristic directions &; = +&,. The operator is

called an hyperbolic operator and the quadric £ — €2 = 1 is an hyperbola.

o)

c¢) Similarly, the operator -

parabolic operator.

- E?_y? has the symbol & — &2 and is called a

d) The operator £ = (& + ia%) has the symbol o(Z)(&1,&) = (& + &)

and is elliptic.

The local definition of linear differential operators on open sets in IR" can be
generalized to linear differential operators on vector bundles over manifolds as
follows.

Definition 6.4 (Global). Let M be a C*-manifold of dimension m and let
E — M and F' — M be vector bundles over the field IR or C.

1. A linear differential operator of degree r is a linear map
T:T(FE)—T(F)

such that with respect to an open cover {U;} of M by chart neighborhoods
for M trivializing F and F' it is a linear differential operator of degree r
in the sense of the local definition above. That means, if E|y, = U; x V
and F|y, = U; x W with finite dimensional vector spaces V and W, the
restriction

Tly,: \COO(Ui, V)J—> pm(Ui, W)J

T(Ely,) I(Fly,)
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can locally be written as

T|Ui = Z ai@t.

[t|<r

2. Let SM* ={aeT*M | a(p) #0 for all p € M}. The pull back of E and
F' with respect to the projection 7 : SM* — M defines the bundles 7*F
and 7*F on SM*, e.g.

mE={(a,e) € SM*x E | 7wpry(a) =7g(e)} C SM* x E.
The symbol of T is the vector bundle homomorphism o(7T) : 7*E — 7*F
given by
1
o(T) ey, ¥p) := (ap, T (f"4)(p))
where f € C*(R) with f(p) = 0 and df, = «, and ¢ € I'(E) with
V(p) = ¥y
3. A linear differential operator T : I'(E) — I['(F) is called elliptic if the

symbol o(T') : 7*E — ©*F is an isomorphism of vector bundles.

Let U; be a chart neighborhood with coordinates (z1,...,x,,) trivializing £
and F' such that T is of the local form

T U, = Z ai@t.
[¢[<r
Using the generalized Leibniz rule (ab)®) = 3" i (];) @ pE=9) one easily sees that
0 [t] <r
h(f ), =
T { ALY (), [t =

for any f € C(U;) with f(p) =0 and ¢ € I'(E|y,). Thus, the symbol does not
depend on the choice of f and ¢ but only on df, = o, = &dry + ... + Enda,
and v, and the local and the global definition of the symbol coincide. Thus,
an operator T locally given by T|y, = th\ér a;0; is elliptic (on U;) if for all
¢ € R™\{0} and all p € U;

Z ai(x)E" € Tsom(V, W).
[t|=r
Example 6.5. 1. The Laplace operator
A = —div grad: C*(M) — C*(M)
on functions over a semi-Riemannian manifold (M ™" g) has the symbol
o(A) (s hy) = —g(atp, )y

This operator is elliptic in the case of Riemannian manifolds (k = 0). It is
not elliptic in the case of an indefinite metric g, i.e. if k # 0, n.
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2. Any linear first order differential operator
D:T'(FE)— I'(F)
between vector bundles £ and F on a manifold M satisfies a product rule

D(f¢) = fD() + Aldf @ ¢)
with A € I'(Hom(T*M ® E, F)). Its symbol is therefore
o(D)(ap, ) = Alap @ Py).
The next three examples are applications of this one.

3. The symbol of a connection V: I'(E) — I'(T*M ® E) on a bundle E is
a(V)(ap, ¥p) = ap @ 1hp.

Thus, a connection is only elliptic in case of 1-dimensional manifolds.
4. The symbol of d: Q¥(M) — QFFL(M) is

o(d)(ap, p) = ap Aty
So, d is only elliptic in case of 1-dimensional manifolds and k = 0.

5. The symbol of a holomorphic structure d: T'(E) — I'(A®Y ® E) on a
complex vector bundle E over an almost complex manifold (M, J) is

‘7(5) (ap, p) = Praom (ap) @ Y.

Thus, 0 is elliptic in case of a complex vector bundle over a Riemann surface,
because for any v € T*M we have pryon (o) = 5(a+i% a) # 0.

In particular, two different different 0-operators on complex vector bundle
have the same symbol (the symbol only depends on the complex structure
of M not on the holomorphic structure).

6.2 Fundamental theorem

(“Funaamentater Satz, den man ein I’U}T atle mal lernen SOLLtQ.’”)

It shows that elliptic equations on closed manifolds behave where much like
finite dimensional linear equations. The interesting point about this theorem
is that its statement contains nothing but C'*-sections of vector bundles. It
doesn’t need distributions, SOBOLEV spaces etc. For a slightly more elegant
formulation we recall that for a bounded linear operator with dimker 7" < co and
dim W/Im T < oo it makes sense to define coker 7' := W/Im T" and the indez of
T, ie. index(T) := dimker 7" — dim coker 7.
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Theorem 6.6 (Fundamental Theorem). Let M be a compact orientable C™ man-
ifold, E, F vector bundles over R or C on M. LetT: T'(E) — I'(F) be an elliptic
linear differential operator. If we choose a Riemannian metric g on M and fiber
metrics <,>g and <,>p on E and F, the following holds:

1. The formally adjoint operator T of T defined by

/<T*so,w>Edg:/ < 0. T > dg
M M

for all v € T(FE) and ¢ € ['(F) is again an elliptic linear differential
operator.

2. ker(T') and ker(T*) are finite dimensional.

3. The following direct sum decomposition is orthogonal with respect to the L?
scalar products on I'(E) and T'(F):

4. The linear equation Te = f has a solution if and only if f € (ker(T™))*.
5. The index of T depends only on the (homotopy part of the) symbol.

We don’t prove this theorem here. The reason is that even if the statement
doesn’t contain distributions or SOBOLEV spaces, we don’t know any way to
prove it without the aid of these standard tools from the theory of partial dif-
ferential equations. This theorem is included as an exercise on the last page
of [Wal. A proof is sketched in Corollary 2.5 of [Ka]. An honest proof (using
pseudodifferential operators) can by found for example in [Gi] or [We].

There is one disadvantage in the way the Fundamental Theorem is stated
above. The choice of metrics on M and on the bundles £ and F' is not really
natural. Even if in Riemannian geometry for example one normally has canonical
metrics, in conformal or complex geometry one normally hasn’t. That’s why we
give a reformulation of this theorem which doesn’t contain any artifical choice of
metrics.

The metrics g on M and < . >p and < . > define isomorphisms
E=DFE” Y=<, >pdg
and
F=DF” Y=<, >pdg

where D = AT M* is the density bundle of M and dg € I'(D) is the volume form
of (M, g). If we don’t have these metrics, we cannot use these identifications. But
we can use the bundles DE* and DF™ instead.

*

Beweis der ulti-
maten Version?
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Theorem 6.7. (“Ultimate Version of the Fundamental Theorem” ) Let M be a
compact orientable C*° manifold, E, F vector bundles over IK = IR, C on M. Let

T:T(FE) — I'(F) be an elliptic linear differential operator. Then the following
holds:

1. The formally adjoint operator T*: DF* — DE* of T defined by

/)<T%¢>:/§<%T¢>.
M M

for all v € T'(F) and w € T'(DF¥) is again an elliptic linear differential
operator.

2. ker(T') and ker(T™) are finite dimensional.

3. The pairing
ker(T™) x coker ' — IK

induced by

D(DF") xI'(F) - K (w,cp)r—>/M<w,<,0>

15 non—degenerate.

The same holds for the pairing

coker T* x ker(T) — K

induced by

I(DE*) xI'(F) - K (w,w)r—>/M<w,¢> .

4. The linear equation Te = f has a solution if and only if

/)<%f>:O
M

for all w € ker T™.

5. The index of T only depends on the (homotopy part of the) symbol.
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6.3 Laplace—Beltrami operator on hermitian vec-
tor bundles

As an demonstration of the universality of this theorem, we prove the HODGE
decomposition Theorem for differential forms on a Riemannian manifold
(M, g) with values in a real or complex vector bundle £ equipped with a metric
< . >p and a metric connection V. We recall just the basic definitions, for details
to the HODGE theory we refer essentially to [Wa] and [We].

First, let V be a IK—vector space , IK = IR, C, with dim V' = n and inner
product <,>. The inner product on V' can be extended to A(V') by setting the
inner product to zero for elements which are homogeneous of different degrees and
otherwise by extending bilinearly < vy A... Avg, wiA. .. Awy >= det(< v;, w; >).
Hence any orthonormal basis eq,...,e, of V induces an orthonormal basis of
A(V). An orientation of V is given by a volume form w € A"(V), i.e. a form
with < w,w >=1 (notice that A"(V') is one-dimensional, hence A"(V)\{0} has
two components, and there are exactly two possible choices of an orientation). If
w(er,...,en) =< w,e; A...Ae, >=1 then an orthonormal basis ey, ..., e, of V
is called positive oriented.

Definition 6.8. Let (V, <,>,w) be an oriented vector space. The HODGE star
operator * : AV — AV is defined by

xl=cer A...Nep, x(leg Ao . Ney) =€l
*x(er Ao Neg) =€ (epr1 A ... Neyp),

for any orthonormal basis e, ..., e, of V where e = w(ey, ..., e,).
Direct consequences of the definition are
Lemma 6.9.
1. % AR(V) — AnR(V)
2. wxn= (=1 e ANV)
3. {v,w) =x(wA*v), wA*v = (v,w)w, v,w E A*V.

Remark 6.10. Clearly, we can extend the definition of both, the orientation and
the HODGE star operator, to Riemannian manifolds by considering V' = T M*.
(M, g) is said to be orientable if there exists a global non—vanishing n—form
w € QF(M). The choice of a volume form w, on M gives an orientation. The %
operator operates on smooth k-forms on a Riemannian manifold M in an obvious
manner.

We now show that on a Riemann surface M the Hodge star operator x is the
negative of the star operator x defined in Definition 1l Let z = x + iy be a
complex coordinate, then by definition xdz = ¢dz. On the other hand we have
*dr = dy and xdy = —dx and thus xdz = dy — idx = —idz.
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From now on we assume that (M, g) is a n—dimensional compact and oriented

Riemannian manifold with volume form wy. Let E be a IK-vector bundle over
M, IK =R or C, with Euclidian or hermitian form A : £ x £ — C.

Definition 6.11. Let o = av, 8 = fp € QF(E), &,[ € QF(M), ¢, ¢ € T(E)
and define h on QF(E) by extending

ha, B), =< &, 3 >, h(¥, ),

Furthermore, we define h(a A (3) by the usual formula using h as product on E,
compare Corollary 7l In particular,

h(o A B) = a A B h(¥, ).

If we define xa := (x@)1 we have h(aAxf) =< &, B > wh(1h, p) = h(a, B)w,.
Hence, we can equip Q¥(F) with an inner product

(@)= [ ansn).

Let now V be a with A compatible connection on E, i.e. Vh = 0. Then there
* is an induced dv : QF(E) — QF1(E), compare ([B3), and we can define

Eindeutigkeitsfragen?

Definition 6.12. 1. The codifferential operator 6% : QF(E) — QF1(E) is
defined by
5V . (_1)n(k+1)+1 *dV %

2. The Laplacian resp. the LAPLACE-BELTRAMI operator A : QF(E) —
OF(E) is defined by
A=dV6Y +6VdY.

3. The harmonic k-forms Harm"®(E) are defined by
Harm"(E) := {w € Q"(F) | Aw = 0}.

Example 6.13. Let £ = M x C and h the usual multiplication on C valued
forms. Then Q*(E) = QF(TM* ® C) are the complex valued k forms and (,) is
the usual inner product on QF(E)

(mﬁ):j;aA*ﬂ

The exterior differentiation gives a flat compatible connection and we obtain the
usual LAPLACE-BELTRAMI operator on complex valued forms.

Some easy statements for the Laplacian and the codifferential operator are
given in
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Proposition 6.14.

1. (dVa,B) = (a,6VP) for a € Q¥(E), 3 € Q*UE).
2. a € Harm*(F) <= dva =0 and d¥ xa =0

3. %A = Ax

4. (Ao, B) = (a, AB).

5. A is elliptic.

Proof. 1. Since d¥ x 3 € Q" *(E) we have

¥ x = (—1)("”“)’g *xxdY % 3 = (_1)("*k)k(_1)n(k+2)+1 %6V
fd (_1)7]?24’1 *5Vﬁ

thus

(dVa,B) = /Mh(dva/\*ﬁ):/ dh(a AxB) — (=1)*h(a A dY * )

M

_ /M (~ 1R 10 A %6V 8) = (a, 67 ).

2. (Aa,a) = (6Va,8Va) + (dVa,dYa), which gives the assertion by the posi-
tive definiteness of (, ).

3./4. Simple calculation.

4. Asin the case of the Laplace operator on functions the symbol can be shown
to be

o (A)(ap, ¥p) = —glap, o)y,

Therefore, A is elliptic.
O

Corollary 6.15. If M is connected and f € Harm®(M) = Harm®(C) then f is
constant.

Proof. If Af =0 then df = 0. Since M is connected we obtain f = const. [
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6.4 Hodge decomposition theorem and Poincaré
duality

The fundamental theorem in this subsection will be the HODGE decomposition
theorem. In particular, this theorem guarantees solutions w of the differential
equation Aw = « for given k—forms « orthogonal to the harmonic forms. Fur-
thermore, we obtain the isomorphism between the k" DE RHAM cohomology
group and the harmonic forms.

Theorem 6.16 (HODGE decomposition theorem). Let M be a compact and ori-
ented manifold and E a hermitian vector bundle over M with connection V. Then
Harm®(E) is for each 0 < k < n finite dimensional and one has the following
orthogonal direct sum decomposition.:

QF(E) = Im A @ Harm"(E).

Consequently, the equation Aw = « has a solution w € Q*(E) if and only if the
k-form « s orthogonal to the space of harmonic k-forms.

Proof. The LAPLACE-BELTRAMI operator is a (formally) self-adjoint elliptic op-
erator

A: QF(E) — QFE)
for all £ € IN. Therefore, the fundamental theorem implies
dim Harm*(F) = dim ker(A: Q*(E) — QF(E)) < oo

and

QF(E) =Tm A @ ker A
and this direct sum decomposition is orthogonal. O

Corollary 6.17. Let V be a flat connection. Then there are the following or-
thogonal direct sum decompositions:

1. QF(E) =Im dvé¥ @ Im 6VdY @ Harm"(E)

2. QF(E) =1Im d¥ @ Im ¢V @ Harm"(E)
Proof. First,
ImA C ImdVé6¥ +Im¢%dY CImd¥ +Im6".
1. From Proposition we obtain Im dV6Y,Im 6VdY L Harm*(E) and
(VdVa,dV6V B) = (6Va, (dV)?6V3) = 0

since V is a flat connection.
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2. Similarly Im d¥,Tm §VdV 1L Harm*(E) and Tm d¥ 1 Im §VdV.
0

Theorem 6.18. Let M be a compact and oriented manifold and E a FEuclidean/
hermitian vector bundle over M with flat connection V. The k’th (complex) DE
RHAM cohomology group Hfg (E) = {closed k_forms}

= Teract ki Jorms} S tsomorphic to Harm"(E).

In particular, for all w € HY (E) there exists a unique n € Harm®(E) with
= w.

Proof. Consider the map p : H¥ (E) — Harm"(E) defined by [a] — g where
o = ag+ o, ay € Harm*(E), oy € Im A, is the unique decomposition of
a € QF(E) given by the HODGE decomposition theorem. Observe that the map
p is well defined and gives the sought isomorphism. O

Definition 6.19. The (finite) dimension by, (E) of the k' DE RHAM cohomology
class is called the k™ BETTI number, i.e.

bi(F) = dim HY (E).

Theorem 6.20 (POINCARE duality). Let M be a compact and oriented manifold
and E a Euclidian/hermitian vector bundle over M with connection V. There is
an isomorphism

Hip*(E) = Hyp(E)".

Proof. Define the bilinear pairing (, )ar : Hig(E) x Hiz"(E) — K

(o], [8))ar = / ha A B)

M

We have to show that the pairing (, Jqr is non singular then HA; (E) is iso-
morphic to the dual space of Hz"(E).

Let 0 # [a] € HE(E) and choose a harmonic representant . But then x«
is harmonic, too (recall A x o = xAa = 0), in particular xa is a dV closed form.
Thus [xa] € Hiz*(E) and (o, *a)qr = [ a Axa # 0. O

Corollary 6.21. Let M be connected and E a IK vector bundle over M.
1. bp(F) = b,_x(E).

2. Ho(T*M,R) = H%(T*M,R) = R.
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3. For given 3 € Hko (TM*,R) there exists a solution of Aa = 3 if and only
if for all v € Harm*(TM*, IR): (3,7) = 0.
In particular, for given h € C®(M) there exists a solution of Af = h if
and only if [,, h(x1) = [,, hwy = 0.

Definition 6.22. Let M be a compact Rieamnn surface. The genus g of M is
given by
bi(M)

L.
9=35 dimg Hiz(M,R) =
A further important application of the HODGE decomposition theorem is

Lemma 6.23. Let M be a Riemann surface. For the canonical bundle we have
dime HY(K) = g.

Proof. Let w = a+1i3 be a complex valued 1-form, and o and £ its decomposition
into its real and imaginary part. w lies in K if and only if xa = —( (* is the
negative of the HODGE star operator ). Thus the elements of K are the 1-forms
w = «a — 1 x a, where « is a real valued 1-Form. w is holomorphic if and only if
dw = 0, that means if and only if da = 0 and d * & = 0. Thus the holomorphic
sections of K are of the form w = a — i x a with a real valued harmonic 1-form
a.

By Theorem we know that the real dimension of the space of real valued
harmonic 1-forms on a compact Riemann surface of genus ¢ is equal to 2g. Thus

dime H(K) = dime Harm' (M, R) = % dimg Harm' (M, R) = g.

6.5 Serre duality theorem

We used the Fundamental theorem to prove Poincare duality by using the Lapla-
cian as elliptic operator. Exactly the same can be done if we consider 0 as the
elliptic operator, and we obtain for the DOLBEAULT cohomology group defined
by 0:

Theorem 6.24 (SERRE Duality Theorem). Let M be a compact Riemann sur-
face, E — M a complex vector bundle with holomorphic structure given by 0.
Then

1. HY(E) is finite dimensionall.

2. (H(E))* = H'(KE").
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3. There is a solution ) € ['(E) of the equation OY = o if and only if ¢ is a
section in I'(KE) satisfying

/ < p,w>=0 for allw € H'(KE™).
M

4. Two 0-operators on a complex vector bundle E have the same index.

Proof. We already know that O is elliptic. Thus the ultimate version of the

Fundamental Theorem B4, (2), implies that ker(9d) is finite dimensional and
Theorem [E7, (3), that the pairing ker 9" X coker & — C is non-degenerate.
Again, the dual operator 0*: I'(  D(KE)* )—T'( DE" ) is defined by
—— ~—~

—KKK-1E*=KE* =KKE*

/<8*w,¢>:/ < w, 0 >
M M

for all w € T'(KE*) and ¢ € I'(E). On the other hand consider the induced
holomorphic structure dxg- on K E*: The holomorphic structure on E* is given
by 0 < a,1) >=< Og~a, 1) > + < o, 0gtp > where 0 is the canonical holomorphic
structure on C valued functions. Tensoring C with K, which is equipped with
the holomorphic structure d, we obtain the equation

d<w, ) >=< Ogpew, ) >+ < w,0g) > .
Integrating this equation STOKES theorem implies
52 - _5KE*-

The ultimate version of the Fundamental Theorem B, (3), proves (2) while
Theorem B2, (4), implies (3). The last statement follows from the fact that the
index of an elliptic operator only depends on its symbol. O
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Chapter 7

The Riemann—Roch theorem

The last statement of SERRE’s duality theorem will be used to calculate the
dimension of the space of holomorphic sections of a holomorphic vector bundle
E — M. The RIEMANN—ROCH theorem relates the dimensions of the spaces of
holomorphic sections of L and K L~! with the degree and the rank of the vector
bundle E and the genus of M.

The RIEMANN-ROCH theorem gives estimates on the dimension of the space
of holomorphic sections in a given holomorphic vector bundle.

7.1 The residue pairing

Recall that a meromorphic 1-form w is locally of the form w = fdz where f is a
meromorphic function.

Definition 7.1. The residue of a meromorphic 1-form w on a Riemann surface
M is defined as
: /
Res,w = — [ w,
2mi J,

where v is a circle (in some coordinate) around p, small enough to ensure that w
is holomorphic inside v besides p.

Remark 7.2. 1. Since w is a holomorphic 1-form beside finitely many points,
i.e. w e HY(K|u{poles of w}) We have dw = 0 on M \ { poles of w } and the
definition of Res, w is independent of the choice of v, by STOKES theorem.

2. Choose non-intersecting discs U; around the poles pi, ..., p, of w and let
M =M\ (U,U...UU,). Then by STOKES theorem

2mi Yy Resp,w = /w:—/ w:—/dw:O.

M
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3. Let f: M — C be meromorphic and define the meromorphic 1-form

_¥
-

If f has the LAURENT expansion f = a2 + ap 125" ..., k€ Z at 0in a
holomorphic chart z: U — M centered at p € M, then

k-1
w= af = Mdz _(* + some holomorphic rest | dz.
f apzk + ...

W

z

Thus
Res,w = ord, f.

Proposition 7.3 (Residue pairing). Let M be a Riemann surface and L(p) be
the point bundle at p. Then there 1s a canonical isomorphism

Res: (KL(p)), — C, o, +— Res(a,) := Resp(ozs;l).

where o € HO(KL(p)}U) with a(p) = oy, p € U, U open, and 3;1 is the famous
section with pole of order 1 at p.

Proof. Let « € HY(K L(p)|,,) with a(p) = oy, Thus s, ! is a local meromorphic
1-form with at most one single pole at p and we can define Res(a;,) = Res,(as, ).
Notice that this is independent of the chosen « since ws,' € H°(K) for any
w € HO(KL(p)’U) with w, = 0 and hence Res(ws, ') = 0.

The so defined map is an isomorphism: Res(a;,) = 0 if and only if as;' €
HY(K) if and only if a;, = 0.

(The idea of the proof is clear: Given o, € K L(p), use a local trivialization
to identify o, with ap € C. Any holomorphic map with f(p) = ay is of the form
f(z) =ap+arz+... thus L =% £ ¢+ and Res(f) = qay).

z z

O

Definition 7.4. Let L be a holomorphic line bundle over the Riemann surface
M. The connecting homomorphism 6 : L, — H°(K L 'L(p))* is defined by

§(¢,) () := Res(¢pa,), where « € H' (KL 'L(p)).

Remark 7.5. Clearly, this definition comes from the more general frame work
of cohomology theory, compare Appendix [B Snake Lemma [BTI6 In general,
the connecting homomorphism turns a short exact sequence into a long exact
sequence on cohomology. Recall: An exact sequence is a sequence of groups
(vector spaces, vector bundles, presheaves, sheaves, ...) of the form

a3 Qp—1

Vi
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where oy, : Vi — Vi1 are homomorphism with ker oy = Im ay_1. To remind the
ideas of exact sequences we explain in more detail the short exact sequences: We
investigate under which conditions the sequence

05U L v 2Lwio.

is an exact sequence: Exactness at U requires that 0 = Im « = ker 3, i.e. the map
[ has to be injective. Hence, we can interpret U as subgroup of V' by considering
[ = incl as the inclusion map of U into V.

At V we need that U = Im incl = Im § = ker~. Hence v can be understood
as a projection map from V to Im v = V/U C W. By exactness at W the map
v is surjective since Im v = ker d = W. Hence, any short exact sequence can be

seen as a sequence
incl proj

05U —=VZV/U-O.

Return to the DOLBEAULT cohomology groups and the connecting homo-
morphism. We will show that the connecting homomorphism gives a long exact
sequence on DOLBEAULT cohomology. Consider first the maps

sp 1 HYLL(=p)) — H(L), ¢ 9 @ s}

(again szl) is “the famous section” with zero of order 1 at p) and the evaluation
map

ev, : I'(L) — L, ¥ — Y(p).

Consider the sequence (later we will see that this gives the skyscraper sequence
on the level of sheaves, cf. Appendix [A] Example [A-T9 H):

evp

0—= H(LL(~p)) —~ H*(L) —~ L,
Since ev,(¢ ® 311,) = 0 we have Im s, C kerev,. Furthermore, for ¢ € kerev,
define ¢ = ® s,". Then ¢ € H(LL(—p)) since 1(p) = 0, and s,(p) = 1, thus

the sequence is exact.
Similarly, there are maps

sp: HY(KL™ ") — H°(KL 'L(p)) and ev, : H*(KL 'L(p)) — KL—lL(p)yp.
They induce maps on the dual bundles and again we have an exact sequence
1 O 0 1 « b 0 —1Y\)*
(KL7'L(p)|,)" —> HY(KL™'L(p))* —— (H(KL™"))* —>0

Use the SERRE duality theorem, which gives an isomorphism H'(LL(—p)) =
(HY(K(LL(=p))™Y)* = (H°(KL™'L(p)))*, to define a map s, : H'(LL(—p)) —
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H'(L). Identifying (KL_lL(p)}p)* with L, via the pairing

KL7'L(p)|, x Ly —=C
l tractl:is)es

KL(p)|

p

we see that the induced map evy : L, — Hy(LL(—p)) is in fact the connecting
homomorphism § (use again SERRE duality for H'(LL(—p)) = H(KL'L(p))*).
In particular, we have again an exact sequence:

Lemma 7.6. The connecting homomorphism gives a long exact sequence on co-
homology

evp

Sp d=ev? sy
0 — H%(LL(-p)) — H"(L) —> L, —= H'(LL(~p)) —= H'(L) —=0

Proof. The remaining bit is to show the exactness at L,. First, for¢ € H(L), o €
H°(KL™'L(p)) we have

(6 0 ev,(1))(a) = 6(vyy) (@) = Res(vars, ') =0

since Yas,, !is a meromorphic 1-form with at most one pole at p € M (cf. Remark
2 (2)).

Now, let 1, € ker¢ and choose @Z) € I'(L) which is holomorphic on some
neighborhood U of p and extends 1,. We claim that

(b —p@st) =0 (7.1)

has a solution ¢ € TI'(LL(—p)). In fact, (L)) has a solution if and only if
* (0)s,* = Op has a solution. The SERRE duality theorem states that this

richtige Paarung? {5 equivalent to (51/;)3;1 L HY(KL™'L(p)). But for « € H*(KL™"L(p)) we have

[ @0sta = [ s+ [ @05t

= — . @Z)S;la: —2mi Res, (1pa,)

= —2mid(¢Yp)a =0

by the assumption v, € kerd. Thus there is a solution of (IZTl), in particular
V= (Y —p®s,) € H(L) with ev, () = 1), O
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7.2 The Riemann—Roch theorem

We introduce the following short—hand notation: For a holomorphic vector bundle
E — M we define

hY(E) := dim H(E).

The RIEMANN-ROCH theorem gives an equation on the dimension of the set
of holomorphic sections:

Theorem 7.7 (RIEMANN-ROCH theorem). Let E be a holomorphic vector bundle
over a compact Riemann surface M. Then

R (E) — h°(KE*) = deg E — (g — 1) rank E.
Proof. We will prove the RIEMANN-ROCH theorem in three steps.

1. Let L be a holomorphic line bundle of deg L = 0 with 0-operator d;. Then
L = C. On C there is the usual 0-operator on functions if we identify
sections in the trivial bundle with maps to C. In particular, index(dy) =
index(d). The only holomorphic functions on a compact Riemann sur-
faces are constant hence dim H3(C) = 1. Furthermore dim HJ(KL™') =

dim H)(K) = g. Thus using SERRE duality

dim HgL(L) — dim HgKrl (KL™') = dimkerd;, — dimker gz
= index(J;) = index(0)
= dim H3(C) — dim HY(K)
= 1-g
= degL — (g —1)rank L.

2. Let L be a holomorphic line bundle with deg L. = k. We prove the RIE-
MANN-ROCH theorem by induction on the degree of L. We consider first
the case k > 0. For k = 0 the RIEMANN-ROCH theorem holds by (1). Let L
be a holomorphic line bundle of degree k. Then deg LL(—p) =deg L —1 =
k—1, hence we can assume by induction that the RIEMANN-ROCH theorem
holds for LL(—p).

Consider the long exact sequence from Lemma [Z8 Using a linear algebra
argument we see that the alternating sum of the dimensions has to vanish,
i.e.

0 = dim H'(LL(—p)) — dim H(L) + dim L,

—dim HY(KL'L(p))* + dim H*(KL™*)*
= h%L) —deg LL(—p))+g—1+1—h"(KL™")
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thus
RO(L) — h°(KL™') =deg L — (g — 1) rank L.

Now, if L has negative degree k, then by induction we can assume that
the RIEMANN-ROCH theorem holds for LL(p). Consider again the long
exact sequence from Lemma [Z8 but for the line bundle LL(p). The same
arguments as before give

0 = dimH°(L) — dim H(LL(p)) + dim(LL(p)),
—dim HY(KL™Y)* + dim HO(K L™ L(—p))*

and thus the assertion for any line bundle.

3. Let now E be a holomorphic rank r vector bundle of arbitrary degree with
0-operator Og. We know that £ Zce C"' @ A"E where we remind that
the determinant bundle A"E is the canonical line bundle associated to E
with deg E = deg A"E. Now, 5g_1 @® Oarp gives a holomorphic structure
on C" ' @ A"E and thus index 0 = index(Jgr—1 @ Orrp). We obtain

h(E) — h*(KE*) = indexdp = index(Jgr1 @ Oprp)
= index(égfl) + index(Ozrg)
= WNCTY) = R(K(CT) T + AN E) - RU(K(ATE)T)
= (r—=1)—g(r—1)+degA"E — (g — 1)rank A"F
= (1=g)(r=1) +degE—(9—-1)
(1 —g)rank £ + deg F

("Das war elegant. Da 1St die Nachwelt dankbar! ) H

Example 7.8 (Degree of the canonical bundle). Applying the RIEMANN-ROCH
theorem to L = K implies h°(K)—h°(C) = deg K —g+1,since KL™! = KK ! =
C. Thus

deg K =2g — 2.

(as we have seen before, using the GAUSS-BONNET theorem).

Corollary 7.9. Let L — M be a holomorphic line bundle with deg L = d. Upper
and lower bounds on h°(L) are given by the following diagram.:
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dim HO(L)

canonical bundle

trivial bundle

More precisely,
1. h°(L) =0 for d < 0.
2.0<h(L)<d+1
3.0<d—g+1<h(L)<g for d>g—1.
4. (L) =d—g+1 ford>2g—2

Proof. 1. Degree formula.

2. Let n = h%°(L) > 1 and p € M. Then there exists a holomorphic section
with a zero at p of order at least n — 1: the space of holomorphic sections
which vanish at p is at least a hyperplane. Inside this hyperplane the space
of holomorphic sections which vanish at p of second order is again at least
a hyperplane, and so on.

Thus, the degree of L can be estimated by the order of zeros of ¢, hence
d>n—1.

3. If d > g — 1 then the RIEMANN-ROCH theorem gives
(L) =h" (KL Y)+d—g+1>d—g+1>0.

On the other hand, if d > ¢ then n = h°(KL™') > 1. Applying the
argument of (2) to KL~" we have

2g—2—d=deg KL ' >7i—1=h"L)—d+g—2.

4. If d > 2g — 2 then deg KL < 0 hence h°(KL™') = 0 and the RIEMANN-
RocH theorem gives the result.
O
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Remark 7.10. There is a better upper bound for h°(L): In fact the holomorphic
line bundles are in the grey shaded area for 0 < d < 2g — 2, i.e.

d
RO(L) < 5 T L

( “The RIEMANN—ROCH theorem holds literally JoTr quaternionic vector
bundales over compact Riemann surfaces. ”)



Chapter 8

Grothendieck splitting and
Kodaira embedding

In this chapter we give some applications of the RIEMANN-ROCH theorem . In
particular, every holomorphic vector bundle over a sphere splits into holomor-
phic line subbundles, cf. Grothendieck splitting, Theorem B, and any compact
Riemann surfaces can be embedded into a suitable projective space, KODAIRA
embedding theorem R2H and is hence algebraic, cf. Chows Theorem

8.1 Grothendieck splitting

We ask if we can split a holomorphic vector bundle over a Riemann surface
into holomorphic line subbundles.  For this, we need first a holomorphic line
subbundle of E which will be given if we know:

Theorem 8.1 (Existence of a non-trivial meromorphic section). Let E — M
be a holomorphic vector bundle over a compact Riemann surface M. Then there
exists a non trivial meromorphic section of E.

Proof. Consider the bundle EL(np). We estimate the dimension of the set of
holomorphic sections with the RIEMANN-ROCH theorem :

R’ (EL(np) > deg EL(np) — (g — 1)rank(EL(np))
= nrank £ +deg £ — (g — 1) rank E.
Hence, if n is sufficently large, then EF'L(np) has a holomorphic section ¢ and
¢ =1 ®s," is a meromorphic section of F with at most a pole of order n at

p. ]

This enables us to find a holomorphic subbundle, and in fact a holomorphic
flag:

73
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Corollary 8.2. 1. Every holomorphic vector bundle E over a compact Rie-
mann surface has a holomorphic line subbundle L.

2. A holomorphic vector bundle E of rank r over a compact Riemann surface
has a flag of holomorphic subbundles

O0—F b —>FEy— .. .—>FE_;—FE,
such that rank(Ey) = k.

Proof. 1. Let p; € HY(E ’U) be a set of local holomorphic sections on an open
cover U = {U;} of M . These ¢; define a holomorphic line subbundle L of
E. if span(yp;) = span(y;) on U; N Uj.
Let ¢ € M(E) be a meromorphic section of F and z;: U; — C holomorphic
charts on open neighbourhoods U; of the poles {p1, ..., p.} of ¥. If we add
Up =M\ A{p1, ..., pr} then {U;}o<i<, is a cover of M. Let n; := ord,, .
Then ¢y := z/;’UO and

p +— zi(p)"(p)
are local holomorphic sections, satisfying span(y;) = span(y;) on U; N U;.

2. If L C E is a holomorphic subbundle of E then E/L is a holomorphic
bundle. Thus (1) provides a holomorphic line bundle L ¢ FE/L, whose
preimage under the canonical projection 7: F — FE/L is a holomorphic
subbundle of E, rank(FE) = rank(L) + 1.

O

Lemma 8.3. Let

0 B, B, T 0 (8.1)

be an exact sequence of holomorphic vector bundles over a compact Riemann
surface M. Then there exists a connecting homomorphism & such that the long
sequence on cohomology

0— HY(Ey) —— H(E,) — H(E3)

HYE,) —— HY(Ey) —= H'(E3) —=0

15 exact.

Proof. We start by defining the connecting homomorphism:
Let ¢ € H(FE3). Then there exists a ¢ € I'(E,) with 7o = ¢. Consider
a=0p € I'(KE;). But ma = Omp = 0¢ = 0, hence a € T'(KE;). If ¢ projects
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also to ¢, i.e. m(¢p —¢) = 0 then ¢ — p € I'(&;) by exactness of the sequence.
Thus (¢ — p) € IT(E) a_nd a can be interpreted as o € 1(;(;?511)) = HY(E).
Hence, define § by: 6(¢)) = 0.

Next, we show that the sequence on cohomology is exact:
Clearly, the sequence (&Jl) induces a sequence

0—= HY(E,) —= H(E,) —= HO(E)

since the maps incl and 7 are holomorphic. But this sequence is also exact by
the exactness of (B]).

For the exactness of the sequence
HYE,) = HY(E;) —= HY(F3) —0 . (8.2)

we use the SERRE duality theorem:
The exact sequence (Bl gives an exact sequence

O Eék C * E; incl* Eik O .

The same argument as above gives the exact sequence
0 —> HO(E}) —— HO(E;) — HO(E})
which gives also the exactness of
0—— HY(KE;) —— H(KE;) — H°(KE})

Dualizing this sequence again and using H°(K E*) = H'(E)* we obtain the exact

sequence (B2).

Remains to check exactness at H°(E3). Clearly, if ¢» € Im 7 then ¢ = my for
¢ € HY(Es), and hence 69 = dp = 0. On the other hand, if d¢) = 0 then there
exists p € T'(Ey) with dp € OT'(E;) and mp = 1. Let ¢, € T'(E;) with dp; = dep.
Then the difference ¢ — 1 projects to ¥ and is holomorphic. O

Now, we need a condition when a vector bundle F splits holomorphically into
a holomorphic line subbundle L and a holomorphic subbundle @) :== E/L.

Lemma 8.4. Let L C E be a holomorphic line subbundle, Q = E/L. The
sequence

0—=Q 'L T =pip 2 C——s (8:3)
s a short exact sequence of holomorphic vector bundles. Furthermore, E = Q) &

L splits holomorphically, if 6(1) = 0 for the connecting homomorphism of the
induced long exact sequence on cohomology.
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™

Proof. First, ( JRy Q = E/L ——=( is a short exact sequence.

Dualizing and tensoring with L we obtain the exact sequence (B3). The induced
connecting homomorphism isamap 6 : C = H°(C) — H'(Q'L). Since §(1) = 0,
by exactness of the long exact sequence on cohomology there exists ¢ € H'(E~1L)
which maps to 1, in particular, 1) vanishes nowhere. Since the sequence on vector
bundles is exact we also know that ¢, & (Q~'L),. Thus EL™! = Q7'L & C¢
holomorphically. Since Cy = C we obtain, again by tensoring L and dualizing,
E=Q®L. O

Corollary 8.5. Let L. C E be a holomorphic subbundle and @ = E/L. If
HY Q7 'L) =0 then E splits into the holomorphic subbundles L & Q.

Lemma 8.6. Let f : L — E a holomorphic map between to holomorphic vector
bundles L and E over M. If f # 0 then

deg L < deg(fL)
where we denote by (fL) the line bundle induced by the image of L under f.

Proof. The zeros of f are isolated thus f defines a line bundle. Since any holo-
morphic section of L defines a holomorphic secton of (fL) the degree can only
increase. U

Lemma 8.7. Let E — M be a holomorphic vector bundle. Then
{deg L | L C E holomorphic line subbundle}

has an upper bound.
Remark 8.8. But there is no lower bound.

Proof. We will prove the statement by induction on the rank of £. Then rank1
case is clear.

Let H C E be a fixed holomorphic subbundle of codim = 1. Let L C E
a holomorphic line subbundle. If L is a holomorphic subbundle of H then by
assumption deg L is bounded from above. If not, consider the induced holo-
morphic map f : L — E/H given by L — E * E/H where E/H is a line
bundle. Then f # 0, so the induced line bundle is (fL) = E/H and hence
deg L < deg E/H. O

Now, we are able to prove

Theorem 8.9 (GROTHENDIECK splitting). Let E — CP! be a holomorphic
vector bundle of rankr. Then there is a splitting

E=@PLi degL; < ... <degL,,

=1
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where L; — CP*' are holomorphic line bundles. The sequence
deg Ly, ...,deg L,

1s a holomorphic invariant of E.

Remark 8.10. Note that d = deg E' = > deg L;.

Proof. Choose a holomorphic line subbundle of £ — CP! with maximal degree,
say deg L = N. (Recall, if L is a line bundle over CP! then holomorphically
L = L(kp) = L* where k = deg L). By the RIEMANN-ROCH theorem we know
that hO(L*) — h°(KL7%) = k + 1 for any k € Z. Since deg KL™" = -2 —k <0
for k > 0 we know that h°(KL~*) = 0 hence
hO(LF) =k + 1 for k > 0.

It suffices to show that E splits holomorphically into £ = LY & Q (Q =
E/LY). For that we claim H'(Q L") = 0.

Assume that HO(KQL™) # 0 (SERRE duality!). We proceed by induction

over the rank of F, thus we can assume that () splits holomorphically into line
subbundles @ = @:;11 L% where a,_1 > a,_2 > ... > ay. Hence

r—1 r—1
0#H(KQL™) = H(KL N L") =P HO (KL N)
i=1 i=1
and there exists j € {1,...,7 — 1} with H(KL~*%) # 0. Therefore —2 — N +
a; = deg KL=N7% > (. Consider the exact sequence

0 LN ¢ E Q 0.
It induces a short exact sequence

0—= L' —=FL N1 —=QL V" —=0

and thus the long exact sequence on cohomology
0—=H' (L") —HYEL NN — HY(QL N1)—HYL™).

Since deg L™' < 0 we have H°(L™!) = 0 and by SERRE duality and the RIE-
MANN-RocCH theorem —h'(L71) = —h%(KL) = h®(L™') — h%(KL) = deg L' +
1 = 0. Therefore, the long exact sequence on cohomology gives

HO(EL—N—l) ~ HO(QL_N_l).
Since there exists a j € {l,...,r — 1} with —2 — N + a; > 0 and hence
RO(L%~N=1) = a; — N > 2 we obtain

r—1
HO(EL—N—l) ~ HO(QL—N—l) _ @HO(Lai—N—l) 7& 0.
=1
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This leads to the contradiction since any non—vanishing holomorphic section of
H°(EL=™71) induces a non-trivial holomorphic map f : LV — E and thus
deg(fLN*T1) > deg LNt = N + 1 which contradicts the maximality of LY.

It remains to show that the sequence of the degrees is a holomorphic invariant.

Define a map
A(n) := R (EL™).

If E=@;_, L% is a holomorphic splitting then by introducing the map

x>0
z <0

we see
An) = hO(L“™) =Y H(a;—n)(a; —n+1)
Since A(a;) — A(aj +1) = r — j + 1 the map X\ defines a; but is itself defined

independently of the splitting.
O

8.2 Birkhoff factoriziation of loops

We show how the GROTHENDIECK splitting can be used in the context of factor-
izing loop groups.

Theorem 8.11 (BIRKHOFF factorization). Let g : C* — GL(n,C) a holomor-
phic map. Then there exist holomorphic A,B : C — GL(n,C) and integers
a < ...<a, such that

z 0 0
go=Ae |0 B
d zn

Proof. The map g defines a rankn vector bundle E over CP! if we interpret
g as transition function. Let Uy and U, be the usual neighborhoods of 0 and
00, and vy, Y holomorphic sections of the vector bundle E over Uy resp. Uy,
with 1y = ¥sg. Now, the vector bundle E splits holomorphically into line
subbundles, i.e. E = @ L*%. Thus, there exists a frame of local sections 1/?0,

2%

1eo such that ¥y = o

. The two frames can be transformed

2z
into each other, i.e. there exist holomorphic maps A, B : C — GL(n,C) with
Yo B = g, Veo A = 1. Hence g is of the sought form. O
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8.3 Holomorphic line bundles and divisors

As a further application of the existence of a meromorphic section we show the
existence of an isomorphism between the set of isomorphism classes of holomor-
phic line bundles, the so—called PICARD group, and the set of equivalence classes
of divisors. Hereby,

Definition 8.12. Let M be a compact Riemann surface. Then the formal sum
D = ZpeM nyp is called a divisor on M, if n, € Z and n, = 0 besides a finite
number of points p € M. The degree of a divisor D is defined as

deg D = an.

peEM

Definition 8.13. Let f be a meromorphic function on a compact Riemann sur-
face M. Then we associate to f the divisor

(f) =" _(ord, f)p.

peEM
Lemma 8.14. If f € M(M) then deg(f) = 0.
Proof. Remark [[Z, (2). O

Definition 8.15. The divisor group of a compact Riemann surface M is defined
as
Div(M)={D | D is a Divisor }/~

where Dy ~ D, if and only if there exists a meromorphic function f on M, such
that Dy — Dy = (f). Since deg(f) = 0 for meromorphic functions f, deg is well
defined on Div(M) and we define

Divy, (M) = deg™' (k) C Div(M)
for each k € Z.

In Definition we introduced the point bundles at p of degree k on a
compact Riemann surface M, called L(kp). We will associate a unique (up to
isomorphism) holomorphic line bundle to any divisor on M. Then we show that
this map induces an isomorphism between the divisor group Div(M) and the
PICARD group, i.e.

Definition 8.16. The PICARD group is defined by the isomorphism classes of
holomorphic line bundles, i.e.

Pic(M) = {holomorphic line bundles}/{holomorphic isomorphisms}.



80

First, we associate to every divisor a holomorphic line bundle by

Definition 8.17. Let M be a compact Riemann surface. Let D = Z?Zl n;p; be
a divisor on M, then we define

L(D) := L(nip1) ® ... ® L(ngpg)-
Remark 8.18. For any divisor D on M the equation deg(D) = deg(L(D)) holds.
Proposition 8.19. The map
L: Div(M) — Pic(M)

1s an isomorphism, if M is a compact Riemann surface. In particular, let ¢ be a
non—trivial meromorphic section and D its divisor. Then

L(D) = L as holomorphic line bundle.

Proof. L is a group homomorphism between the group of divisors on M with
respect to 4+ and the group of holomorphic line bundles with respect to ®. (Recall
that the tensor product of holomorphic line bundles commutes.)

Let D = Z?Zlnjpj be a divisor on M, and let s,’ € I'(L(n;p;)) be the
“famous section”, which is non zero and holomorphic on M \ {p;} and has a pole
of order —n; if n; < 0, or a zero of order n; if n; > 0 at p;. Then

— 1 nE
Y=s, ®...0s,"

is a meromorphic section of L(D).

If D =0in Div(M) then D = (f) for some meromorphic function. Then v/ f
is a non vanishing holomorphic section, thus L(D) = M x C. This means that L
is a well defined map of Div(M) to Pic(M).

If L(D) =0 in Pic(M) then L(D) = M x C holomorphically, thus the section
¥ is in fact a meromorphic function f on M, such that D = (f). Hence L is
one—to—one.

To show that L is onto, let L — M be a holomorphic line bundle. Then L has
a non trivial meromorphic section 1. This section defines a divisor D = (¢) =
Z?:o ord,, ¥, where {pi, ..., py} is the set of all zeros and poles of ). We have
to show that L(D) = L holomorphically. But

L ® L(-D)

has a non vanishing holomorphic section, namely ¢ ® ¢ ® ... ® ¥, where the
—ordy,
P = spjor v ¥ are the famous holomorphic respectively meromorphic sections of

L((—ordy, ¥)p;). Thus L ® L(—D) = M x C, consequently
L= L(-D) '~ L(D).
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8.4 Kodaira embedding theorem

We first show the existence of a holomorphic map between any Riemann surface
and CP!. The degree of this map is bounded by the genus of the Riemann
surface.

Moreover, one may ask, if it is possible to embed each Riemann surface into a
suitable projective space. The answer to this question is given by the KODAIRA
embedding theorem.

Let pe M and L = L((g + 1)p). Then deg L = g + 1 and by the RIEMANN—
RocH theorem

W(L((g +1)p)) = h'(L) > deg L —g +1=2.

Let ¥ be the famous section of L((g + 1)p), i.e. the holomorphic section with
a zero of order g + 1 at p and no other zero on M \ {p}. There is a linearly
independent section to vy, say 1, because h°(L((g + 1)p)) > 2. The sections ¥
and 1y define a meromorphic function f: M — C by the equation 1y = ¥ f, we
use the short—hand notation f = /1.

Assume that ord,v» > g + 1. Then ord, vy = ord, s for all ¢ € M, since
> goen 0tdg 2 = deg(L) = g + 1. Hence f is holomorphic. This contradicts the
linear independence of 9y and v,. Thus ord, ¥ < g + 1.

The fact that ord, f = ord, ¢» — ord, ¢; implies

—g—1<ord, f<g+1—9g—1=0.

Hence f is holomorphic on M \ {p} and has a pole of order at least 1 and at most
g+ 1 at p. Thus we have shown

Proposition 8.20. Let M be a compact Riemann surface of genus g. Then there
exists a holomorphic map

f: M — CP',

whose degree satisfies
1<degf<g+1.

In the case of genus g = 0 this implies that M is biholomorphic to CP!.

Definition 8.21. Let L be a holomorphic line bundle over a compact Riemann
surface with a non trivial holomorphic section, i.e. h°(L) > 0. Let H C H°(L),
dim H > 1, then

By ={pe M|y =0forallyeH}

is called the base locus of the linear system H, and p € By a base point. For
H = HY(L) we write By, and call p € B, a base point of L.
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Remark 8.22. By, = () is equivalent to the exactness of the sequence
H(L) — L, — 0
for all p € M.

Suppose now that deg L > deg K +1. Then deg KL~ ! =deg K —deg L < —1
and hence h’°(KL™') = 0. Thus the RIEMANN-ROCH theorem gives h’(L) =
degL—g+1>29g—1—g+1=g. Thus L has a non trivial holomorphic section.
Recall the long exact sequence on cohomology

0 — H*(LL(-p)) — H(L) — L, — H'(LL(~p))
But H'(LL(—p)) = H°(K(LL(—p))™!) by SERRE duality and deg K (LL(—p))™! =
deg K —deg L +1 < 0, thus H'(LL(—p)) = 0 and H°(L) — L, — 0 is exact.
Therefore, we have shown:

Proposition 8.23. Let L be a holomorphic line bundle over a compact Riemann
surface and deg L > deg K + 1, then B, = 0.

Lemma 8.24 (KODAIRA correspondence). Let L — M be a holomorphic line
bundle over M and H C H°(L) be a linear system with dim H > 2, then we can
define a holomorpic map f: M\By — CP" ! via f(p) = evi(Ly)

Proof. Since p-27- L,——( is exact for p € M\By the map evy : Ly — H*
is injective. Thus we have indeed a map f: M — P(H*) = CP" L. O

Geometrically, any point, which is not a base point, defines the hyperplane
H, of all holomorphic sections vanishing at p. Let a € P(H*) be the unique dual
form, such that ¢ € H,, if and only a(¢)) = 0. Then our map f is in fact the map
p— .

In local coordinates the picture is as follows: choose a basis sq,...,s, of H
and let p € M\By. Let ¢ be a local nowhere vanishing holomorphic section in
H around p. Then f; := % : U € M — C are holomorphic maps, and since p

fi(p)
is not a base point, : defines a point in CP™"!. Note, that this point is

fn(D)

independent of the chosen (. By the identification

<a,8 >
P(H*) =2 CP"', a+— :
< a, s, >

fi(p)

fa(p)

<evy(ap), 8i >=< ap, evy 5, >=< ay, 5{(p) >= fi(p) < ap, 0(p) > .

* .

we see that f(p) € P(H*) corresponds to since for o, € Ly
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Now, the natural question is whether this map defines an embedding. An
answer to this question is given by

Theorem 8.25 (KODAIRA embedding theorem). Let M be a compact Riemann
surface and L — M a holomorphic line bundle over M such that deg L > deg K +
2. Then the map

f 1M P(HL)") = CP*, ps f(p) = L

p

1s an embedding.

Remark 8.26. For any compact Riemann surface there exists a holomorphic line
bundle of arbitrary degree (take a point bundle!). Thus, any compact Riemann
surface can be embedded into a complex projective space.

Proof. Under the above assumptions we have h?( K L™!) = 0 and by the RIEMANN—
ROCH THEOREM hence h’(L) =d—g+1>29—2+2—g+1=g+1>1.
Furthermore, since deg L > deg K +2 > deg K +1 the bundle L is by Proposition
base point free. Thus the map f is well-defined by the above considerations.

Since M is compact it suffices to show that f is an injective immersion. Notice
that L = L} ¢ H°(L)* if and only if for 0 # o € L}, 0 # 3 € L? there exists
A € C\{0} with evy(a) = Aev;(3). But this is equivalent to

< a,(p) >= X < B,%(q) > forall vy € H(L).

Hence f is injective if there exists for all p,q € M, p # ¢, a holomorphic section
Y with ¢ (p) # 0 but ¢¥(q) = 0.

Let p,q € M be arbitrary. Since deg LL(—q) = deg L — 1 > deg K + 1 again
LL(—q) is base point free and there exists 1) € H°(LL(—q)) with ¢)(p) # 0. Define
¥ = s, € HO(L), where s} € H°(L(q)) is the famous holomorphic section which
vanishes only at ¢ and has order one at q. We see that ¢(q) = 0 but ¥ (q) # 0 if
p # q. Thus, f is indeed an injective map.

Now, if p = ¢, then 9 has a zero of first order at p. Since L is base point
free we can choose a basis s; = 1, s9,..., s, of holomorphic sections such that
s2(p) # 0. Define f; := 2 then

F=lfte o fun

with f; = zh, where z is a local holomorphic coordinate around p, and h is a
holomorphic map with h(0) # 0. Hence f](0) # 0 and f is an immersion. O

Theorem 8.27 (CHOWSs Theorem). Each compact complex submanifold of CP"
is the zero set of homogeneous polynomials, i.e. an algebraic curve.

Corollary 8.28. Fach compact Riemann surface is algebraic.

Proof. With KODAIRA’s theorem we can embed M into a projective space, hence
with CHOW’s Theorem it is algebraic. O

Quelle?
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8.5 The canonical curve

Theorem 8.29. Assume that M is a compact Riemann surface of genus g > 0.
Then the canonical bundle has no base points.

* Proof. Consider the sequence
0 — HO(K(~p)) — H'(K) — K,
Suppose p is a base point, then the map H°(K) — K, vanishes. Thus
0 — H(K(—p)) — H°(K) — 0.
We use the the RIEMANN-ROCH theorem to calculate

g = BY(K)=h"(K(—p))=h"(L(p)) + deg(K(—p)) —g+1
= h'(L(p))+29—3—g+1=h"L(p) +g—2.

Hence h°(L(—p)) = 2 and there exists a meromoprhic function of degree 1, i.e.
M = CP?, which contradicts g > 0. U

* Remark 8.30. Thus use K as embedding ...

canonical curve



Chapter 9

Mittag—LefHer distributions and
Welierstrass points

This chapter deals with some classical problems of Riemann surface theory. It
gives a link between the language of line bundles on the one side and the classical
theory based on the analysis of meromorphic functions in one complex variable
(“Funktionentheorie”) on the other side. Our treatment is quite short, because
this chapter mainly serves as a preparation for the next chapter. For a classical
treatment, see for example [Bo|] or [FK].

9.1 Meromorphic functions versus line bundles

In this section we briefly explain how global statements formulated in the lan-
guage of holomorphic line bundles and their sections can be stated using only
meromorphic functions. This classical approach has many advantages when deal-
ing with concrete calculations. An advantage of our approach is that it is more
invariant.

We have seen that any holomorphic line bundle L — M over a Riemann
surface admits a meromorphic section ¢ (see Theorem BII) and that

L= L(D)
where D = (1) is the divisor of ¥). Then
H°(L) = {f: M — CU{co} meromorphic with (f) > —D} =: Mp
and the isomorphism is given by
o€ H' (L) — @/t € Mp and its inverse is feEMp—-feHYL).

(“ Wir denken hier p € H(L), Sascha denkt hier f e Mp.")
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Similarly we have
HY(K L) = {w meromorphic 1-form with (w) > —D} =: Qp.
Here, the isomorphism is given by
weNp—v-w.
The divisor form of the Riemann-Roch theorem reads as

dimMp —dimQ_p =degD — g+ 1.

9.2 Mittag—Leffler distributions

Let L be a holomorphic line bundle over a Riemann surface. We see a MITTAG—
LEFFLER distribution of L as a collection of meromorphic sections ;: U; —
L having the same principal parts on the overlaps of the open sets U; of an
open cover of M. A solution for a MITTAG-LEFFLER distribution is a global
meromorphic section ¢ having the same principal parts as the ;’s:

Definition 9.1. Let £ — M be a holomorphic vector bundle over a Riemann
surface. A MITTAG-LEFFLER distribution on FE is given by

1. an open cover {U; };e; of M and

2. local meromorphic sections 1; € M(U;, E') which satisfy
W — z/;j}UmUj c H'(U;NU;, E).

A meromorphic section ¥ € M(FE) is called a solution of the MITTAG-LEFFLER
distribution (U;, ;) if
z/;]Ui —1; € HY(U,, E).

We call p € M a pole of the MITTAG-LEFFLER distribution (U;, ;) if p is a
pole of one of the 1);’s.

Note that

Lemma 9.2. On a compact Riemann surface there are only finitely many poles
of a MITTAG-LEFFLER distribution.

Proof. Let (1;,U;) be a MITTAG-LEFFLER distribution. By compactness of M
we can choose a finite subcover (V;);ecs of (U;)ier. Choose for each j € J an U,
with V; C U;; and define ¢; := ;. The MITTAG-LEFFLER distribution (y;, V)
has clearly finitely many poles.

But each pole p of the MITTAG-LEFFLER distribution (¢;, U;) is also pole of
(05, Vj):

If p is a pole of some ¢; then p € Vj for some j € J and ¢p; —; = 9;;, —; €
H°(U;; NU;, E). But this means that p is a pole of ¢}, too. O
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Now, the natural question to ask is when a given MITTAG-LEFFLER distri-
bution admits a solution, i.e. which further conditions we need to empose to the
given principal parts to obtain a global meromorphic section. To state a condition
we need the notion of residues of the poles of a MITTAG-LEFFLER distribution:

Definition 9.3. Let M be a compact Riemann surface. The residue of a MITTAG—
LEFFLER distribution of meromorphic differentials (U;, w;) is defined by

Res(w;) = Z Res, w;.

p pole of (w;);

Here, for each pole p of the MITTAG-LEFFLER distribution we choose one
U; with p € U; and evaluate the residue of the corresponding meromorphic dif-
ferential w; at the point p. Since the principal parts coincide on the overlaps of
the U;’s this is independent of the choice we made. Furthermore, the sum is well
defined, in fact, a finite sum, since on a compact surface there are only finitely
many poles.

Theorem 9.4. 1. There exists a canonical map
{(U;, ;) MITTAG-LEFFLER distribution} —— H'(E).
2. The MITTAG-LEFFLER distribution (U;, ;) has a solution if and only if
6(Ui, i) = 0.

3. If M is a compact Riemann surface then the MITTAG-LEFFLER distri-
bution (U;, ;) has a solution if and only if Res(< w,v; >); = 0 for all
we HY(KL™).

Proof. 1. Let ¢;; = ¢y —1; € I'(U;NU;, E). Then the v;;’s satisfy the cocycle
condition (BX). Thus there exist ¢; € I'(U;, E) such that

Vi = @i —@; on U; NU;,

compare Lemma BZIl By the assumption that (U;,1;) is a MITTAG—
LEFFLER distribution the 1);;’s are holomorphic sections and we have

Opi — Op; = Otby; = 0.

Since the 5%’5 Coincideion the overlaps U; NU; and &pi e I'(U;, KE) there
exists a unique a € I'( K E) with

We define
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This is well-defined, i.e. does not depend on the chosen ¢;’s: Assume that
bij = @i — @ with ¢; € D(Us, B) and let & € D(K E) with a[,, = 0;. But
then

Pi — i = ¢; —; on U; NUj,
hence there exists ¢ € I'(E) such that gp}Ui = @; — ;. Thus

al, =09 = dpl, +0p; = (9p +a)l,,

and () = 0(&).

. Let p € M(FE) be a solution of the MITTAG-LEFFLER distribution (U;, 1),

le. @; = w’Ui —p; € H°(U;, E). Since
Vi = — 1y = —(w‘Ui — ;) + (l/)}Uj — ;) = p; — i

we have 0(U;, ;) = 6(a) = 0 for (X}Ui = 9(—¢;) =0.

Conversely, let ¢;; = ¢; — p; and « € ['(KFE) such that a’U, = Jy; and
§(a) =0 € HY(E), ie. a =y for ¢ € I'(E). Thus dy; = a’U, = 5¢}UV,
ie. ¢; = @’U. — ¢; is holomorphic and

¢i—¢j:¢ijZ%—%:@’Ui—@z‘—(@}(]j—@‘):@‘—@zw

In particular, the meromorphic sections (¢; + ;) coincide on overlaps and
there exists hence ¢» € M(FE) with @ZJ}U = 1; + ¢;. Thus 9 is a solution of

the MITTAG-LEFFLER distribution since w’U — 1y =¢; € H'(U;, E).

. By the SERRE duality theorem we know that 0 = §(a) € H*(F) if and only

if [,, <wAa>=0forallwe H(KE™"). We calculate < w A a >:

Let p1, ..., pn be the poles of the MITTAG-LEFFLER distribution. Let My =
M\{p1,...,pn}, pi € T(U;, E) as usual with 1 = 0; — ; and a € I'(KE)
defined by oz}U_ = Jyp;. We have ¢; — ¢; € I'(U; N My, E) and 9; — p; =
; — @; on My NU; NU;. Hence there exists ¢ € I'(My, E') which satisfies
(p}UiﬂMo = ’l/}Z - QPZ

Now, < w,®; > is holomorphic for w € HY(KE™), i.e. d < w,; >= 0.
Thus on My N U;:

<wAha> = <w/\5<,0i>:—d<w,<pi>:—d<w,¢i—<,0U_mMO>
= d<w,<p’UmMO > .
Now we take a holomorphic chart z;: Vi, — C around every pole py,...,p,

such that zx(px) = 0 and there is i, € I with
BF ={pe Vi C M:|%n(p)| <e CU, forall 0 <e< 1.
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M, = M\(B!U...UB"). By STOKES theorem we have

/<w/\a>:—/ <w,<p>:Z/ <w,p>
M, =

oM. —1 Y OBF
n n
:§ / <W7?/1ik>—§ / <w7901k>
k=1 0B¢ k=1 0B¢

The last sum tends to zero for e — 0, because < w, ¢;, > is smooth on U, .
The first sum is

n n
Z/ <w,cp>:27riZRespk<w,wik>.
k=1 OB¢ k=1

Since [,, <wAa > tendsto [, <wAa > fore— 0, the integral over M
is zero if and only if Res(< w,9; >); =0 for all w € HO(KL™).
]

Remark 9.5. For (1) we again follow indirectly a strategy of sheaf theory: we
chase a diagram of cohomologies, cf. [B18.

Remark 9.6. *

das hier ist noch
ziemlich vergarbt

1. If deg ' > deg K, every MITTAG LEFFLER distribution with values in
M(FE) admits a solution. The reason is that KE~! has negative degree
and by SERRE duality 0 = HY(KE™') ~ H'(E).

2. If degE < deg K and 0 # £ € H'(E) then there are MITTAG LEFFLER
distributions without solution: If 0 # £ € H'(Oyp), then H'(E) = 0 implies
that there is a O-chain (¢;) € C%(U, M) such that & = [(¢; — ;)] in
H'(Op). Now, (1;) is a MITTAG LEFFLER distribution and the preceding
Lemma implies that there is no solution for this distribution.

One important special case are MITTAG LEFFLER distributions for meromor-
phic functions on CP!. Here, the line bundle is the trivial bundle L = C. Because
of 0 = degC > deg K = —2 we are in the case of the first remark and every such
distribution has a solution. (This can easily be seen directly. A solution can be
obtained by simply adding the prescribed principal parts. Compare the classical
MITTAG LEFFLER theorem dealing with the non-compact Riemann surface C,
see for example [Ah], [ET] and [Ral.)

Corollary 9.7.

1. A MITTAG LEFFLER distribution (f;) of meromorphic functions admits a
solution if and only if Res(wf;) = 0 for all w € H°(K).
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2. A MITTAG LEFFLER distribution (w;) of meromorphic differentials admits
a solution if and only if Res(w;) = 0.

Proof. The first is a direct consequence of the preceding theorem. For the sec-
ond part, the preceding theorem yields that (w;) has a solution if and only if
Res(aw;) = 0 for all « € HY(KK~!) = H°(C) = C. Since « is just a complex
factor, this is equivalent to Res(w;) = 0. So, there isn’t really much to show in
this case either. O

To see whether a MITTAG LEFFLER distribution of meromorphic functions
has a solution one has to check g linear equations, since dim H(K) = g where
g is the genus of M. So, in the case ¢ = 0, as we have seen earlier, there is
really no condition to be satisfied: any distribution of meromorphic functions has
a solution.

Example 9.8. (.. mag auch Sascha...") In the case g = 1, we have H°(K) =
Cdz, i.e there is only one condition a distribution has to fulfill in order to have
a solution. And this condition simply is that the sum of all residues has to be
zero. A consequence of this is that on complex tori there are no meromorphic
functions with only one pole!

We take n points ay, ..., a, on a complex torus C/I' and for every point we
prescribe the principal part of a meromorphic function

—1
1
j— J___ -
fi=>_ TR
k=N;,

Since H(K¢r) = Cdz, this MITTAG LEFFLER distribution has a solution if and
only if Res(fidz) =>"1 ,C., =0.

9.3 Abelian differentials

Abelian differentials constitute a classical part of Riemann surface theory. We
will only need them later for the study of the JACOBI variety. But the existence
of so called elementary Abelian differentials is a nice application of the results
obtained in the preceding section, that’s why they fit in here quit well.

Definition 9.9. Let M be a compact Riemann surface.

1. An Abelian differential of the first kind is an element of H°(K).

2. An Abelian differential of the second kind is a meromorphic section of K
without residues.

3. An Abelian differential of the third kind is a meromorphic section of K with
residues.
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An elementary differential of the second kind is a meromorphic 1-Form wl(?N)

having a pole of order N with Res, wl(?N) = 0 at p € M and being holomorphic
elsewhere. To show the existence for a fixed p € M we take a holomorphic chart
z: U — C with z(p) = 0. A MITTAG LEFFLER distribution of meromorphic

differentials for the open cover U; = U and Uy = M\{p} of M is defined by

N

ag
Wy = — and we = 0.
ok
k=2

Since there is no residue, the corollary of Theorem Bl implies that there is a
solution. This solution has the stated properties, i.e. a pole of order N at p and
is holomorphic elsewhere. Of course, such elementary differentials of the second
kind are by no means uniquely determined.

An elementary differential of the third kind is a meromorphic 1-Form wy,
having poles of order 1 at p,q € M with Res,w,, = 1 and Res,w,, = —1 and
being holomorphic elsewhere. Again, we use the corollary of Theorem Bl to prove
the existence of such differentials for two fixed points p # ¢q. We take two charts
21: U — C and 2: Uy — C with p € U; and g € U, such that Uy NU, = 0.
An open cover of M is defined by Uy, Uy and Us = M\{p,q} and a MITTAG
LEFFLER distribution is defined by

1 1
w; = — and Wy = —— and ws = 0.
21 22

Since the sum of the residues is zero, the distribution has a solution.

9.4 Weierstrass points of a holomorphic line bun-
dle L

In this section we define WEIERSTRASS points of arbitrary holomorphic line bun-
dles.

Definition 9.10. Let L — M be a holomorphic line bundle over a compact
n(n—1)

Riemann surface. The WRONSKIAN determinant W (v, ..., ¢,) € D(K =2 L")
of ¥y, ...,1¢, € T'(L) is defined by

(0 ("
by ... Oy,

Wy, ... 1) = det(a(k)wi),iil ..... n =
O =Napy .. 9y,

where 0 is induced by arbitrary d-operators on K and L.
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Remark 9.11. The WRONSKIAN determinant does not depend on the choice of
d, since any other d-operator 9 is of the form 9 = d + « with a € T'(K) (use
induction to calculate the WRONSKIAN for 0 + o).

Moreover, for any A € GL(n,C) and (¢1,...,¢,) = (¢1,...,1,) - A we have

W, ... b)) = det(A)W (1, . .., ).

Thus, up to a non-zero multiplicative constant it depends only on the subspace
spanned by the sections ¢y, ...,¥, € T'(L).

Lemma 9.12. The WRONSKIAN determinant of holomorphic sections is again
n(n—1)

holomorphic, i.e. for i1, ...,1, € H(L) we have W (iy, ..., 1,) € HY (K~ =2 L"),

Proof. Let V = 0+ 0 and w € Q*(M) the curvature form of V, i.e. RY 1) = wip.
We calculate for ¢ € H°(L) and a local holomorphic vector field X € H*(T M)

RY x¥ = Vx(ix¥)+ Vx(9sx¥) — Vux(0x¥) — Vix(0xv¥) — Vix,sx¥
= JOx(0x¥) + JOx(0xv) — Oyx (Ox1p) — Dyx (Ox V)

= 2J0x(0xv)
Thus wx,7x¥ = 2J0x0xv. Now, we see
5 5 | (0
ox (W = 0
(W (W1, v2)x) X osxr Oyxibe
Ot O Oy
OxOix1 Oyxiba|  |OsxtPr Ox0ixs
_ 0 (0 " (0 0
Jwx, xr Orxibe Orxtn Jwx jxs
__ [Jwxuxthr Oixe n {23 0 _ 0
0 (125 Oixtn Jwx, jxs
Use the same arguments for the general case. O

Lemma 9.13. Let 1, ..., 1, € H°(L) be holomorphic sections of a holomorphic
line bundle L — M. The sections are linearly independent if and only if the
WRONSKIAN determinant W (1, ..., 1,) does not vanish identically.

Proof. 1f the sections are linearly dependent, one of the columns in the determi-
nant is linearly dependent of the others and the determinant vanishes identically.
The other direction is proved by induction. For n = 1 nothing is to prove.

Suppose 1, ..., ¥, are linearly independent. We consider the equation
wl e wn—l (2
Db B e |,

Or=Napy .. 9Dy, 9Dy
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Developing this determinant with respect to the last column yields
10" Vo + a, 20" Do+ .+ a0p + agp = 0

with coefficients a, depending on the derivatives of the 1;’s. This equation is
a (n — 1)"-order ordinary differential equation with the principal coefficient
an_1 = W(1,...,1¥,_1). By induction, a,_; has only isolated zeros. The space

of solutions is (n — 1)-dimensional and ¥, ...,%,_1 are solutions. Thus, be-
ing linearly independent of the other sections, 1, can not be a solution, i.e.
W (1, ..., ¢) #0. O

Let L — M be holomorphic line bundle over a compact Riemann surface of
genus g and let H C H°(L) be a linear system of dimension n, i.e. a subspace
of the space of holomorphic sections of L. We take a basis ¢y, ...,1, of H. The
WRONSKIAN determinant W (v, ...,1,) is then a non-vanishing holomorphic

n(n—1)

section of K
basis.

L". Up to a constant factor it is independent of the choice of

Definition 9.14. Let L be a holomorphic line bundle over a compact Riemann
surface. Let H C H°(L) be a n-dimensional subspace. The WEIERSTRASS
divisor of H is the divisor W(H) = >~ ), mpp of the WRONSKIAN determinant
W (i1, ...,1,) for a basis ¢y, ..., ¥, of H. A WEIERSTRASS point of H is a point
p € M with n, # 0. n, is called its weight.

Remark 9.15. Counted with their weights, the number of WEIERSTRASS points
of a subspace H C H°(L) is

n(n—1)

degW(H)=degK 2 L"=n(n—1)(¢g—1)+ndegL.

Lemma 9.16. Let L — M be holomorphic line bundle over a compact Riemann
surface and let H C H(L) be a n-dimensional subspace of the space of holomor-
phic sections of L. For a fized p € M, there are numbers

0< <... <y,

such that for all» € H we have ord, ) = v; for onei € {1,...,n}. Furthermore,
we can choose a basis Y1, ..., ¥, of H satisfying ord, v; = v; for all 1.

Proof. Set Hy := H. We take v := mingecp, ord, ¢. The set of sections vanishing
to higher order than v is a hyperplane Hy C H;. We define v, := minycp, ord, ¢
and proceed inductively. Since H has dimension n, we obtain exactly n numbers.

O

Definition 9.17. The sequence v; < ... < v, is called the WEIERSTRASS gap
sequence of H at p € M. If v;,1 — 1; > 1 we say that there is a gap in the
sequence.
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Lemma 9.18. Let L — M be a holomorphic line bundle over a compact Rie-
mann surface and let H C H°(L) be a n-dimensional subspace of the holomorphic
sections of L. Then

n

,wn)=2(w—i+1)zz,ﬁ_w

i=1

ord,W (¢, . ..

where Yy, ..., Y, is a basis of H and v; < ...
sequence at p.

< U, 15 the WEIERSTRASS gap

Proof. Without loss of generality we can suppose that the basis ¢4, ..., 1, satis-
fies ord, ¢; = v; for all i. We can chose a local chart z: U — C with z(p) = 0 and
a local holomorphic section ¢ € I'(U, Or) with no zeros. There are holomorphic
functions f;: U — C with

Vi=¢-f;
for all 7. Normalizing the 1);’s we have the local representation

fi(z) = 2 + o(|2[")

for all . With these choices, the WRONSKIAN determinant becomes

fl fn
% % n(n—1)
Wy, ... ) = 9z 9z dz— 2 "
8(n71)f1 8(n71)fn
N 82(7171) . az(nfl)
Bie
A short calculation shows that
1 "1
271 ) 2v2
B = 272 B Zv3
Z*?’L+1 ZVn
where
1 1
B 141 Up
B = vi(vy — 1) Un(Vy — 1) + o(1).
vi-(mn—n+2) .. vy (U —n+2)

The determinant of B is non-zero, because it is the Wronskian determinant of
the linearly independent functions e”'”,....e""* evaluated at x = 0. Thus the
determinant of B has the given order. O
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Corollary 9.19. Generically (besides finitely many points) the WEIERSTRASS
gap sequence of a n-dimensional subspace H C H°(L) is 0,1,...,n — 1. WEIER-
STRASS points of H are exactly the points with gaps in the WEIERSTRASS gap
sequence.

9.5 Weierstrass points of Riemann surfaces

( “WQT,QTSITQ,JZPUTLLC'EQ Kommen mit der Flache. Gott hat die da amujgemaw”)

There are two bundles coming for free with each Riemann surface M: The
canonical bundle K and the trivial bundle C. We now apply the general theory
developed above to L = K. WEIERSTRASS points of this bundle are special
points of a Riemann surface. They can be characterized by a singular behavior
of the vanishing orders of holomorphic differentials. Generically, the vanishing
orders of holomorphic differentials at a point p € M are 0, ..., g—1 where g is the
genus of M. A WEIERSTRASS point is a point where this so called WEIERSTRASS
gap sequence has gaps, i.e. where there are holomorphic differentials with other
vanishing orders than the generic ones.

Another possible characterization of WEIERSTRASS points of Riemann sur-
faces of genus g > 1 is via meromorphic functions. A point p € M is a WEIER-
STRASS point if there is a meromorphic functions having a pole of order < g
at p and being holomorphic elsewhere. On other points, the possible orders of
meromorphic functions with a single pole at the point are g+ 1, g+ 2, g+ 3, .. ..

We take a basis wi, ...,w, of H*(K). The WRONSKIAN determinant

n(n+1)

Wi(w,...,w,) € H' (K 2 )

is not identically zero and up to a constant factor it is independent of the choice
of basis.

Definition 9.20. The WEIERSTRASS divisor W = ZpeM npp of a compact Rie-
mann surface is the divisor of W(wy, ..., w,) for a basis wy,...,w, of H*(K). A
WEIERSTRASS point p € M is a point with 7, # 0. 7, is called its weight.

Remark 9.21.

1. Counted with their weights, there are

n(n+1)

deg K 2 =(g—1)g(g+1)

WEIERSTRASS points. In particular, if M is the sphere or a torus, there
are no WEIERSTRASS points at all.
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2. Above we proved in a more general setting that generically the WEIER-
STRASS gap sequence of H°(K) is

0,1,...,9—1

and that WEIERSTRASS points of M are characterized by the property that
there are true gaps in the gap sequence.

Another characterization of WEIERSTRASS points in the case of a Riemann
surface of genus ¢ > 1 is in terms of meromorphic functions with a single pole of
a certain order at the point.

Let p € M be an arbitrary point on a compact Riemann surface. The consid-
erations of the first section applied to the point bundle L(np) over M yield

H°(L(np)) & M, ={f: M — CU {oo} : meromorphic with (f) > —np}.
The isomorphism is given by

o€ H'(L(np)) — ¢/ and  fro-f

where ¢ € H°(L(np)) is the unique (up to constant factor) holomorphic section
with ord, ) = n, which is non-zero on M\{p}.
For L((g + 1)p), the Riemann-Roch theorem implies that

dim HO(L((g +1)p)) > deg L((g + 1)p) =g +1 > 2.

Thus, there is beside the famous holomorphic section another holomorphic sec-
tion. These two section define always a meromorphic function f on M with a
pole of order < g 4+ 1 which is holomorphic on M\{p}. The question is: for a
fixed p € M, is there a meromorphic function f with a pole of order < g and
holomorphic in M\{p}?

On a torus, the answer is no, since the sum of the residues has to be zero.
In the case of genus g > 2, such meromorphic functions exist if and only if the
point p is a WEIERSTRASS point. (Remember that an the sphere, there is a
meromorphic function for each MITTAG LEFFLER distribution. In particular,
for any fixed point p there are meromorphic functions with one single pole of
arbitrary order at p. Nevertheless, there are no WEIERSTRASS points.)

Theorem 9.22. Let M be a Riemann surface of genus g > 1. A point p in M
1s not a WEIERSTRASS point if and only if for all numbers g+1,9+2,9+3,...
there is a meromorphic function f : M — C U {oco} with one single pole at p
and holomorphic elsewehre. Then point p € M is a WEIERSTRASS point if and
only if there is a meromorphic function f: M — CU{oo} with one single pole of
order < g and holomorphic elsewhere.
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Proof. The proof is a straightforward application of the corollaries of Theorem
and Lemma [@I8 Let p € M be a fixed point. Take a holomorphic chart
z: U — C with z(p) = 0 and the open cover U; = U and Uy = M\{p}. A
MITTAG LEFFLER distribution of meromorphic functions is defined by

fl:z% and fQIO

Any solution is a meromophic function with one single pole at p and holomorphic
elsewhere. Using the corollary of Theorem Bl we know that such a distribution
admits a solution if and only it satisfies the linear equations

Res,wif1 =0 .. Resp,wyf1 =0

where wi,...,w, is a basis of the holomorphic differentials H°(K). Above, we
have seen that we can chose such a basis with the property ord,w; = v; for all
i where 11 < ... < v, is the WEIERSTRASS gap sequence of H(K) at p. Thus,
the linear equations are equivalent to

Ay +1 = 0 e a,/g+1 =0

and the distribution (f;) of meromorphic functions admits a solution if and only
if these coefficient vanish!

The corollary of Lemma implies that p is not a WEIERSTRASS point if
and only if ; = ¢ — 1 for all 7. Then the distribution (f;) has a solution if and
onlyifa, =ay=...=a,=0.

Conversely, if p is a WEIERSTRASS point, then the coefficients of the distri-
bution (f;) can be chosen such that it has a solution with a single pole of order
< gin p. ]

9.6 Hyperelliptic surfaces

An elliptic surface is a Riemann surface of genus g = 1, i.e. a complex torus.

Definition 9.23. A compact Riemann surface M is called hyperelliptic if there
is a holomorphic map f: M — CP* of degree 2.

Corollary 9.24. Fach surface of genus 2 is hyperelliptic.

Proof. By Theorem there is a meromorphic function with pole of order < 2
at a Weierstrafl point. Since it can not have a pole of order 1 we are done. [

Example 9.25. Consider

P(z) =y* =114, (2 — a;), a; # aj,a; € C. (9.1)
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We like to show that this defines a compact hyperelliptic submanifold.
Consider the open subsets Uy = CP'\{cc}, Uy, := CP"\{0} in CP!, compare
Remark BT9). On

M= {([5] w e thx €152 = P

we see

2ydy — P'(2)dz # 0

(since P’'(z) # 0 for y = 0, otherwise clear) hence M, is a submanifold of Uy x C.
Now we treat the point co. Write w = % then

Y’ =P(z) <= vy’ =Qw) =121 - wa;).
Again,
Mo = ([2] et x5 = oy

is a submanifold of Uy, x C and M, and M, are glued together as a complex
manifold M via the isomorphism

My 3 (m y) soo(m) - ([le] =y) € My, m € Uy N U

The manifold obtained this way is a complex submanifold of O(d) where
O(d) is the holomorphic line bundle of degree d over CP'. Since O(d) is given
uniquely up to isomorphism, compare Remark BT9, we can see O(d) = L(doo)
with transition function

QOoo(ﬁ]) = 2¢, (ﬁ]) € UyNUs.
Define
so(m) - (m ) € My, suo m) - (Li} 2ly) € M, m € UpNUs

then we see that this defines a section of O(d) since the transition function is
given by s = 2%5..

Consider now the projection 7 : O(d) — CP?, ([ﬂ L Y) {ﬂ Then W}M

is a 2-fold covering of CP!'. The branch points are given by ai,...,as since
drm = dz = 0 if and only if f},’(dzy) =01i.e. y =0 resp. z= qa; for some i.

We obtain the genus of M via the RIEMANN-HURWITZ formula: The degree

of 7[,, is 2 and the ramification order b(r) = >_ ., ord, dm = 2d hence

1
gm = 56(7?) +degm(gepr — 1) =d — 1.
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A basis for the Abelian differentials of the first kind is given by

2F1dz

Y

Wy = , k=1,...,d—1,(on My).

This shows that w is holomorphic on M\{+oc}, but the transformation

wdkarl dw wdfkfldw

( -

J w2’ j

W =

shows that they can be extended to M., and are holomorphic at +oo as well.
In fact, any hyperelliptic surface can be written in the form (@1l); one only
has to replace 2d by 2d + 1 to allow oo as branch point.
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Chapter 10

Jacobi variety and the Abel-
Jacobi map

In this section our aim is to understand the connection between a compact ori-
ented Riemann surface of genus g > 1 and it’s attached JACOBI variety, which is
often abbreviated as the JACOBIAN. The JACOBI variety could be understood as
a g-dimensional complex tori. We will see that the JACOBI variety inherits many
of the properties of the Riemann surface and is a gratifying tool in the study of
the Riemann surfaces together with an attached line bundle. As we know from
section every holomorphic line bundle has a associated divisor and vice versa.
In the following section we will use this fact without mentioning it anymore.

To be more explicit we will see that the space of all holomorphic line bundle with
fixed degree, over a compact Riemann surface M of genus g > 1 is isomorhic to
the Jacobian C9/A, where A is a 2¢g IR-lattice. Further we will proof the ABEL
Theorem, which says that the degree zero PICARD group can be embedded into
the JACOBI variety. Translating this into the divisor language, it says something
about the determination of necessary and sufficient conditions for a divisor of
degree zero to be principal. At the end of this section we will proof the JACOBI
Inversion Theorem which says that the JACOBI variety as a group is isomorphic
to the group of divisor of degree zero modulo it’s subgroup of principal divisors.
Again translated into the divisor language it says that every point in the Jacobi
variety is the image of a integral divisor.

10.1 Differential topological background

From differential topology we know that every two dimensional orientable com-
pact manifold M has only one topological invariant, the genus g. Hence every
such manifold could be topologically identified with a sphere joined with g han-
dles.

m (M)
[m1 (M), w1 (M)]

H\(M,Z) = 7% =~
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We also know that for every compact topological space M of genus g > 1 there
exist a basis {ay, -+ ,a4,b1, - ,b,} for Hi(M,Z) where the a; and b; can be
identified with closed IR-curve in M where only a; and b; are intersecting onedl.
This basis is then called the canonical basis. FEven further there is a differential
choice. See picture ??7. Another important alternative for these basis curves we
get if we chose one point in the topological space M and require that all basis
curve will meet there and only there. If we cut the surface along this basis curves
we get the fundamental domain A.

From the Uniformisation Theorem we know that for any compact two dimensional
manifold M of genus g > 2 there is a Riemannian metric of negative constant
curvature, without loss of generality we can assume K = —1, i.e. The hyperbolic
space is the universal covering of all these surfaces, for a proof see [Sp|, page 430ff].
Each of these surfaces give us a tiling of the hyperbolic space by equilateral 4g-
gons, The fundamental domain can be understand as one of these 4g-gon where
each interior angle equals 27 /4¢g. Even further if M is a compact Riemann surface
it is biholomorphic to the H? /G, where G is the group generated by biholomorphic
maps from hyperbolic space to itself which fixes the vertexes of the tilingE
From algebraic geometry we know that on a compact Riemann surface Hj,(C)
HY(K) @ H°(K), where H°(K) are the holomorphic one forms and H°(K) the
antiholomorpic one forms H  Take the basis {wi,-++ ,wy} for the holomorphic
one forms as the dual to the canonical homological basis, i.e fai w; = 0;;. We
define the so called periods as 1I, ; = fbi w;. As we will see later these periods
carry very important data from the Riemann surface.

10.2 Riemann bilinear relations
Theorem 10.1 (RIEMANN bilinear relations). Let a, 3 € QY(M,.A) be closed

1-forms with values in an IR algebra A. Further let S: M — A be a complex
structure, i.e S? —id. Furthermore, let ay,...,a4,b1,...,b, € Hi(M,Z) a

basis. Then
0
forr= (Lo fo= L))

Proof. On the fundamental domain A, which is simply connected a|pn = dA

'to be precise it is the identification with a representant in the associated element of the
fundamental group 71 (M). In the following text we will identify them all and refer to them as
the basis curves, basis cycles or just by a; and b;.

2Again following Spivak [Spl, page 430ff] the maps are reflections on the polygon sides. It
could be that these group are the so-called Fuchsian group.

3w € H(K) is exact precisely when there is an holomorhic function g and dg = w. Since
every holomorhic function on a compact M is constant dg vansishes.
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where A: A — A is smooth. Thus

/Moz/\ﬁ:/AdA/\ﬁzfAd(Aﬁ):/aAAﬁ

g (10.1)
:;(/aiAﬁjL/biAﬁJr/ai1A6+/bi_1Aﬁ)
We caleulate [ AB along the a-cycles by parametrizing... *
/' AB + / AB = /01 A(,0)8(t,0)dt — /01 At 0)B(E, 1)dt o
_ /O 1 (A(t,0) — A(1,1)) B¢, 1)t 102)

~
== fbi @

el

Together with the same calculation for the b-cycle integrals we get the claim.
O

We obtain as simple conclusions:

Corollary 10.2. 1. If o, € H°(K) then

g
Z(/a/ﬁ—/a/ﬁ):o.
i=1 Yai b; b; a;
2. If a € QY(M, C) and da = 0 then
1 g
% Ma/\(x:Im (;/@ia/bia>.
In particular, if o € HY(K), a # 0, then
1 g
% M(x/\a = Im (;/@i(x/bia> < 0.

8. Ifae HY(K) and [, a« =0 foralli=1,---,g then a = 0.

Proof. 1. By type a A8 =0 thus [,,a A =0.
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2. Part one of the second claim follows from the following computations.

oS [of o5 o[- T T

(10.3)
Part two follows from the local fact: let @ = f,dz then
P QAANT =1 fofadz NdZ =2|fs)"dzAdy > 0. (10.4)
3. Clear.
O

10.3 The period matrix and the reciprocity for-
mula
A further important applications of the RIEMANN bilinear relations is that it

allows us to distinguish a certain basis of the holomorphic 1-forms adapted to
the basis of the homology.

Proposition 10.3. 1. Let w:= (wy,- - ,w,) be a basis for H'(K) and Ay =
fakg € C9 then A:= (A, ---,A,y) € GL(g,C).

2. There is a basis w = (w1, ,wy) for H(K) such that fai wip = 0;. This
basis is called canonically normalized or adapted.

3. Let a;,b; be the basis cycles, w the adapted basis of H*(K) and let By, :=
fbk w € C9 then B := (By, -+, By) € GL(g,C) is symmetric and Im B > 0.

Proof. 1. Let be >  cpAp = 0 then for o = )~ cpwy the integral fa, « vanishes.
So by Corollary LY, (3), « vanishes, and since w is a basis all ¢, vanish.

2. Take any basis w = (w1,...,w,) and define A = ([, w;) € GL(g,C). Then
@ = wA™! gives the sought basis.

3. B is symmetric by Corollary M2, (1), and Im B is positive definite with
* Corollary 2 (2).

check!
O—/wl/\w] (/wl/w] /wj/wz>
by, b
/wj /wz— ij — ',i'

(10.5)
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Let w be thesum Y29_, ¢;w; where all ¢; € R then 0 > Tm Y7 ., cx¢;Bi; =
- Zi,j:l crejlm By ;. Hence Im B > 0
0

Definition 10.4. Let a;,b; be the basis cycles, w the adapted basis of H(K)

and B = ( Sy g) € GL(g,C). The matrix (id,, B) € Mat(g x 2g,C) is
k=1,

called the from M. ’

Lemma 10.5. Given p,q € M there is an unique elementary meromorphic dif-
ferential of 3™ kind, i.e. a meromorphic differential with only 2 poles of order 1
and residues +1 and —1, and

/ g = 0 (10.6)

Proof. The existence already was proven in Section uniqueness follows from

the condition ([ILH). O %

Theorem 10.6 (Reciprocity formula). Let aq,...,a,4,b1,...,b, the basic cycles
and let wy, the unique adapted elementary meromorphic differential of the 3™

kind. Then .
/ Wpg = 270 / Wy
by P

Proof. Recall the crucial step in the proof of the RIEMANN bilinear relations:
Write wp = dA on the simply connected fundamental domain A where A is
holomorphic. Then

g
/Awkzg /wk/wpq—/wk/wpq:/wpq

On the other hand
q
/ Awy, = 2mi(Res, (Awy,) + Res,(Awy,)) = 2mi(A(p) — A(q)) = 27?2'/ W
oA p

U
Lemma 10.7. The columns in (id,, B) are R linearly independent.

Proof. 0 = > cper + > diBy. Since Im B > 0 all dj, vanish, hence all ¢; too. O

10.4 Jacobi variety
Recall the definition of the Picard group, K106k

Pic(M) = {L — M holomorphic line bundle}/holomorphic equivalence.
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This group is isomorphic to the divisor group and is abelian (use tensor product
as group action) hence a Z-modul. The degree map deg : Pic(M) — Z is a
surjective group homomorphism and we can define Picg (M) = deg™* (k). Picy(M)
is an affine Z—subspace with underlying subgroup Picy(M).

Our aim is to find an analytic description of Pico(M).

Recall the basic definitions of homology theory: the closed cycles are given
by Z1(M,Z) := free Z—modul generated by all loops in M. Define the pairing

HYL(M,C) x Zi(M,Z) — C, ([w],7) /
Definition 10.8. v € Z;(M, Z) is called homologeous to zero, v ~ 0, if and only
if

/w =0, forall [w] € Hjp(M).

.
The first homology group is defined by

H\(M,Z) = Zy(M,Z)] ~
We cite the well known

Lemma 10.9. Let M be a compact, oriented 2—dimensional manifold of degree
g. Then
H\(M,Z) = 7.

Theorem 10.10. The map j : Hi(M,Z) — H°(K)™' = (CY), [] — j([y]) where
i) = [ o

maps Hi(M,Z) to a lattice in C9.

Proof. Let w = (w1, ...,w,) the basis of H°(K) adapted to ay, ... ,ag,bl, . .,bg.
Then H°(K)™! = CY via w and j([a], [b:]) = (I,, B). By Proposition L3, (3),
the image of the a and b cycles under j are 2¢g IR linearly independent Vectors
since Im (j[a;], [b:]) = (0,Im B).

O

So we can define

Definition 10.11. The JACOBI variety of M is the torus defined by
Jac(M) = C?/j(H1(M, Z)).

The lattice j(Hi(M, Z)) is called the period lattice.
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10.5 Abel map

We define now the ABEL map which maps a zero divisor into a point of the
JACOBI variety. Since the group of zero divisors is isomorphic to the PICARD
group, cf. 7?7, we obtain an injective group homomorphismus of the PICARD
GROUP to the JACOBI variety. We will see that the Riemann surface can be
embedded holomorphically into the JACOBI variety via the ABEL map.

Theorem 10.12 (ABEL’s Theorem). The ABEL map
A : Divo(M) — Jac(M), D — A([D])

where
anpk [an/ ]>P0€M,

18 well-defined and an injective group homomorphism.

Proof. First, A is independent of p, since fp? € j(H(M,Z)). We need to show
that D = (f) implies A([D]) € j(Hi(M,Z)). Since D is a zero divisor we
can assume without loss of generality that D = (f) = Y. ,(pi — ¢;) where
Di # G, Piyq; € M. We consider the logarithmic derivative of f, i.e % which is a
meromorphic 1-form with poles of order 1 and residue at p given by the order of
the pole/zero of f at p. Thus, using the unique meromorphic differentials of the
3" kind we can write 4 as

!
I <
7 = priqi + chwk.
i=1 k
Since we integrate a logarithmic derivative we know that f fb Y e omiZ.

Thus there exists integers n;, m; € Z with

2w n; = f Z/ Wpigi T ch/ Wy =
aj

and if
2w my = —:27TZ/ wpqu+27ri2nk/ W
b, | b : b
Using the reciprocity formula we get with m = (mq,...,my),n = (n1,...,ny) €
79

Pk
Z/ w =TIdm — Bn € j(H,(M,Z)).
k dk

But the left hand side is exactly the matrix of A([D]) using the chosen basis of
H°(K) to identify H(K)~! = C¥.
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Remains to prove the injectivity of the ABEL map, so assume that A([D]) =0
for the divisor D = " (p; — ¢;). We need to show that there exists a meromorphic
function f such that (f) = D. Using the above considerations we easily see
how to define f: Define first the logarithmic derivative of f as the meromorphic
1-form n =" | Wy — 270y 9_, njw; and integrate

) = exo( [ )

Po

By construction, f has divisor (f) = D.

Remark 10.13. Short—version of the second part of the proof, compare [GH]

(CPl — (Alf - )\0) — A()\lf — /\0)

Our next project is to show that the ABEL map gives a holomorphic embed-
ding of the Riemann surface M into the JACOBI variety of M:

Theorem 10.14. Let M be a compact Riemann surface of genus g > 0. Then
the ABEL map

P
A: M — Jac(M), pr—>/ mod H,(M,Z)
Po

15 a holomorphic embedding.

Proof. Clearly, the ABEL map is a holomorphic map (it is defined as an integra-
tion). We show that A is an injective immersion then by compactness it is an
embedding. So assume p; # py and A(p;) = A(p2), i.e. A((p1 — p2)) = 0. By
ABELs Theorem there exists a meromorphic function f with the same divisor, i.e
(p1 — p2) = (f). Thus f: M — CP' is a meromorphic function of degree 1, i.e.
M = CP" which contradicts the assumption g > 0.

Next, dpA : T,M — Ty Jac(M) = H°(K)~! and for w € H°(K) we have

<dpAw>=d, < Aw >= dp/w = Wp.
Since K has no base points, cf. Theorem B2Y, A is an immersion. O

10.6 The Picard group and the Jacobi variety

Now, our aim is to show that the above defined injective group homomorphism
between the PICARD group and the JACOBI variety is in fact an isomorphism.
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We consider

Pico(M)

{all holomorphic structures on M x C}/holomorphic equivalence
{[0o + ] | a € T(K), Jp trivial holomorphic structure on M x C}

We investigate when two given holomorphic structures are equivalent: Let
[0y + a] = [0y] where o € T(K). In fact, this means that there exists a function
f e C>®(M,C,) such that
of

f
Clearly we can factor out the functions with zero winding number, i.e. f = €9

where g : M — C'. For these we obtain 5—ff = 0g.

50+ :50+Oé.

Lemma 10.15. Let o € I'(K).
H°(K) such that

Then there exists a unique holomorphic w €

a+Imd=o+1Ima.
Le.

HY(K)* =~ HY(K).

Proof.

{L — M holomorphic line bundle of degree 0} /holomorphic equivalence

*
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Chapter 11

Theta functions

We start with a general definition of theta functions on certain complex tori and
will later apply it to the special case where the complex torus is the JACOBI
variety of a Riemann surface. Theta functions have applications by solving Heat
equations and KdV. We will use them to construct meromorphic functions of tori
into complex projective spaces. Using the Abel map we obtain thus embeddings
of Riemann surfaces into complex projective spaces. We follow essentially [?].

11.1 Definition

Definition 11.1. Let B € GL(g,C), B = B, Im B > 0. Consider the g
dimensional torus C?/A where the lattice is defined by

A =spang{eq,...,eq, B_4,...,B_,} =77

where {ey, ..., e,} denotes the standard basis of C? and B_j := Bey, is the k-th
column of B. The theta function of C9/A is the map 6 : C9 — C defined by

(9(2’) — Z em(<n,Bn>+2<n,z>)’ ~ e Y.

nez9

We state first some simple properties

Lemma 11.2. 1. §:C9 — C s holomorphic and 6 % 0.
2. 0(z) =0(—=z) for z € CY.
3. 0(z) =0(z+ey) for z e CY.

4. 0(2) = exp —mi( By + 22x))0(z + B_y,) for z € CY

111
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Proof. 1. @ is absolut convergent on compact subsets K from CY since for

2./3.

z=x+iye K CCI

; _ _ 2
‘eﬂz<n,Bn>‘ —e r<n,Im Bn> <e we|n|

and

|€27ri<n,z>‘ — 6727r<n,x> < 6727r5|n\
for some constants ¢, ¢ depending only on K. Thus the theta function is
majorized by a convergent series and hence a holomorphic map. Since 6 is

a Fourier series with coefficients # 0 the series 6 # 0.
Simple calculation.

Calculating first the exponent of the addend of the theta function at z+B_,
we obtain

<n,Bn>+42<n,z+Bepy> = <n+e,Bn+e)>+2<n+e,z>
—22, — By,
thus
0(z+B) = Z i<, B> +2<n, 2+ Bey,>)
nez9

_ Z o<, Biv>+2<11,2>) i ~22— Biek)

n=n-+eEZ9

11.2 General nonsense: multipliers

Let 7 : M — M the universal covering map and I' = m1(M). Denote by I' x M —
M, (v,z) — ~x the deck transformation. Let V' — M be a vector bundle
over M and V' = 7"V the pull back of V' to the universal covering M. Then

V. =

Vﬂ'yx = VTI':E = V:v

Definition 11.3. Assume that V is trivializable over M, i.e. there exists a global
trivialization map ® : V' — M x C". There is a commutative diagram

C’r‘

/

V., = VW B, @5 e GL(CT)

C’r‘
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The multiplier of V with respect to ® is given by
0 :Tx M — GL(C"), (v,z) — P,
Notice that ¢(17, %) = ¢(11,722) (72, @), in particular @ (1,7) = 1.

If Vi ~ V5, are isomorphic vector E)undles and assume ‘N/l, ‘N/Q are trivializable
with trivalization maps @5 : Vi, — M x C". The so defined mulitpliers ¢, @9
satisfy

oy, ) = f(yx)er (v, ) f(z) ! for some map f : M — GL(C").

Thus we define an equivalence relation on multipliers varphi ~ ¢ if and only if
o(v,z) = f(vx)e(y,z) f(z)~! for some f: M — GL(C") . In particular we have
a well-defined map

{V — Mtrivializable} /Isom. — {multipliers}/ ~,
V — o

Conversely, let ¢ : I' x M — GL(C") be given. Then there exists a up to
isomorphism unique vector bundle V' — M which has ¢ as multiplier: it is given
by V := M x C"/ ~ where (z,£) ~ (y,n) if and only if y = vx and n = p(v, z)&.

*

We calculate the sections of this bundlei . holomorph?
Let v € I'(V) then 7*(¢)) =Y om € I'(V). Define f := ® o (7*¢) : M — C".
Then
f(7$) = q)w@bm = @Wq);l(q)md)m) = ‘P(% :zc)f(x)

Conversely, any f with the above transformation behavior gives rise to a section
in V', hence

L(V)2{f: M —C"| f(yz) = p(y.2)f(x)}.

11.3 Lefschetz embedding

We use the above general nonsense to see

Lemma 11.4. Let M = C9/A, A = spang{es,...,e,, B_1,...,B_,}, B€ GL(g,C),
BT = B, Im B > 0. Then there exists a unique holomorphic line bundle Ly, the
6 line bundle over C9/A, such that 0 £ 60 € H°(Lg).

Proof. Define the multiplier ¢ : AXCY — GL(C) = C, by p(ex, 2) = 1, o(B_, 2) =
e ™ B F221) - Since 0(ep+2) = 0(2) = ¢(ex, 2)0(2) and §(B_+2) = ¢(B_y, 2)0(2)
the theta functions is a holomorphic section of Lg. O %

und wieder: holo-
morph?
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Lemma 11.5. Let Ly — C9/A the 0-line bundle. Then
dim H°(Lp) = 1.
Proof. Let 6 € H'(Lg), 6 : C? — C and 6(z + e;) = 6(z). The Fourier series of

6 is hence
0(z) = E @, e2Ti<En>

Since 6(z, + B_y) = e~ Bk t22)0(2) one gets comparing the coefficients of

E :an€27rz<z+Bek,n> _ E ane—wz(Bkk+22k—2<z,n>)

that
an+ek€7ﬂ'i3kk — an€2ﬂ'i<Bek,TL>,
thus the coefficients a,, are determined by aq. This applies also to the Fourier

series 0 — agf thus the coefficients all vanish. O
Lemma 11.6. dim H°(L%) = r9.

Proof. The multipliers of the tensor product are given by

QOLT (ek’ z) _ 1’ QOLT (B,k, z) _ e*iﬂ'T‘(Bkk‘i’QZk).

The theta function of order r which are given by

07“,5 — E em(<B(n+%),s+rn>+2<z,s+rn>)

where s = (s1,...,8,), 0<s; <r—1are a basis of H°(L"). O

Theorem 11.7 (LEFSCHETZ embedding). Let C9/A the usual torus. Then there
exists an embedding

F:C//AN—CP¥' F=|F,...,Fy
where {F;} is a basis of HY(L?).
As applications of the LEFSCHETZ embedding theorem we mention
Corollary 11.8. 1. The LEFSCHETZ embedding F : C/A — CP? is given by
the WEIERSTRASS @ function F =1[1: p: ¢'].

2. Let M be a compact Riemann surface of genus g. Then we have the follow-
ing diagram

c A c F 39_1
M AbelJaC(M) Lefschetz(CP

Twistor
p3 =%

C HP!

immersion

cp?
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For the proof of the LEFSCHETZ embedding theorem we need the following

0(z1+a)
0(z2+a)

Lemma 11.9. 1. Given zy, z5 € CY9 the map a —
holomorphic

1s nowhere vanishing

2. If z— 6(5(4;;1;) is a nowhere vanishing holomorphic map then w € A.

Proof. 1. Let ag € C9 then there eixsts an open neighborhood U of ag,b € C9,
wiht 0(z, +b) #0, 0(z, —a—b) #0 for all a € U.

2. G(g(t;u) = ¢M? for some holomorphic function h on C9 with h(z + ep) —
h(z) = 2ming. Moreover, h(z + B.,) — h(z) + 2miw, = 2mimy. Since

0.,h : C9/A — Cis holomorphic we have Oh = const thus h = h0+2f:1 hizi
and h(z + er) — h(z) = hxy = 2ming. For the second kind of periods we
see h(z + By) — h(z) = > h;Byx = 2mim; — 2wimy,. We obtain wy =
— > n; B +my, and w = Bn + Idm, which means w € A.

U

Proof of the LEFSCHETZ embedding theorem. 1. Since F; : C9 — C, Fi(z +
v) = a(v, 2)F(z) the map [Fy,..., F,] is well-defined if L? has no base
points.

2. L? has no base points: Let a,b € C? and define
Oup(2) :==0(z + a)0(z + b)0(z — (a + b)).
First, 0, € T'(L?) since
0%1)(2—}‘6]9) = 0%1)(2)
— e_i”3(2zk+3kk)9ab(z)
Let zp € C%. We need to show that there exists a f € H°(L?) such that

f(z0) # 0. If (29) # 0 then 6, # 0 in a neighborhood of zy, in particular
there exist a,b € CY9 with 0,;(z) # 0.

Now let 6(z)) = 0. One knows that #(z) = 0 defines a hyperplane and
again there exist a,b € C9 such that 6,,(z) # 0.

3. F is injective: We need to show that F'(z;) = F(z) implies z; — 25 € A.
But F(z1) = F(z2) implies F(2z1) = pFi(z2) for p # 0. Since {F}} is a basis
we have 0,5(21) = pap(22) for all a,b € CY which implies

0(z1+a)  O(z+0)0(z22 — (a+0))
0z +a) 00z +0)0(z1 — (a + b))

Use Lemma IT.9

*

who knows?
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4. F is an immersion: For 2y € CY we have d,,F(CY) C Hom(X,,, CN*1/%_ )

Fo
if and only if J,, (C9) c CN*1/3 ) if and only if
Fy
FO azl FO aZng
rank | : : =g+ 1.
FN 821 FN azg FN

Suppose there exists ¢; not all zero such that coF'(z9) = > 7_; k0., F(20).
Then ¢o0ap(20) = Y 10, 0ap(20) for all a,b € C9. Thus

cof(z0+a)0(z0+b)0 (20— (a+b)) = Z cx(0,,0(20+a))0(20+b)0(20— (a+b)),

so finally ¢y = >~ (0., (In0(z0+a))+0., (In O(20+b))+9,, (InO(z0+(a—>))).
Let ¢ := > ¢,0,,0 i.e. ¢co=@(z0+a)+ p(z0+0b) + (20 —a—0b).

The map a — ¢(z9 + a) is holomorphic. Lemma thus implies that
o(z+ex) = o(z) and p(z + B_y) = ¢(z) — 2micg. The same trick applies
to dp which is holomorphic on C9/A, i.e. Oy is constant. Hence, writting
©=po+ . ez, we have p = g, thus ¢, = 0 and p = 0,¢q = 0.

O
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11.4 Theta Divisor

Since the theta function 6 is a holomorphic section in the theta bundle L, i.e.
6 € H(Lp), it is natural to investigate its divisor ©. Before we do so, we have
to note that the difference between divisors on Riemann surfaces and divisors on
general manifolds is that instead of points the formal sum goes over irreduzible
analytic codimension 1 subsets of the manifold.

Throughout this section get to know following objects with there properties and
there relationships:

1. The translation of the theta divisor in the JACOBIAN, O, := © + (¢ where
¢ € Jac(M), ©¢ is the divisor of a holomorphic section in the translated
line bundle T} Lp, which will be abbreviated by L¢, i.e. ©¢ = (8(z — ())
and 0(z — ¢) € H(L).

2. An other object is the map U, : p — 60(Ap,(p) — ¢) which is a section
in pullback A% (L), which we abbreviated often by W and its divisor D,
which is then a divisor on a Riemann surface.

3. Last but not least Wy := {Ap, (D) | D effective divisor of degree k} an
analytic subset of the JACOBIAN for each k. A effective divisor, also integral
divisor, is a divisor D = ) n,p; where all n; > 0.

Before we go into details we want note some technical facts, which are easy to
proof, see Appendix [G to make the rest of this section more instructive.

Lemma 11.10 (Technical). Let a;,b; be the basis curves of M. Let P; € a; and
Pj the corrosponding point in aj’1 and Q;, Q; analog in b; respective b;l. Further
Ry, Ry, R3 the vertexes of the fundamental domain A where a; lies between Ry, Ry
and b; lies between Ry, Rs. Note that everything which works for a () — couples
works for Ry, Ry and analogous with the P — couples and Ry, R3. See picture 7.

1. Ap(Pj) = Ar(P;) + Bjx
2. Ap(Q}) = Ap(Qj) + 0jix
3. dlog U(Q}) = dlog ¥(Q;)

4. dlog W(P)) = dlog V(P;) — 2mi w;(F;)
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D

. faj dlog¥(P) =0

7. [, dlog W(Q) = 2mi (¢; — A;j(R2) — 5Bj))

8. faﬁa;l(dlog U (P)Ak(P)) = 2mi faj (wj(P)Ag(P)) + 2mi By,

©

fbj+b;1(d10g T(Q)AK(Q)) = 8,5 2mi (¢ — Aj(Ra) — 5B;5))

10. [, (wr(P)Ak(P)) = 8;(Ax(R2) — 3)

Lemma 11.11. The function ¥ either vanishes identically on M or has exactly
g zeros counting the multiplicity, i.e. deg L = g.

To proof the lemma we need following fact from complex analysis: Let h be a
meromorphic function with M < oo poles and N < oo zeros, both counted with
multiplicity, then N — M = ﬁ fwdlog h(z)dz, where v is a simply connected
curve around the zeros and poles.

Proof. Suppose ¥ # 0. Remember the notation and the situation sketched in
the Riemann bilinear relation section, see e.g. the picture 77, i.e the number of
zeros in the fundamental domain A are

1 1 <
deg (W :—,/ dlog¥ = — / dlog V¥,
() 21 Jon 27”; aita; 4bi+b; !

where we can assume that no zeros occure on JA.
Using fact Bl and B from the technical Lemma [TT0 we get

/ dlog¥V =0 and / dlog\lf:2m'/wi:2m'.
brkb;l ari»a;l a;

Recapitulating we have
1 g
deg(V) = — 2mi =
eg(W) 2m'; T =g,

which is the claim.
O

Theorem 11.12. If M is a compact Riemann surface of genus g and A(M) ¢ O
then A(M) N ©¢ consists of g points, counted with multiplicities. Further, we
have deg D = g and A(D;) = ( — K, where k € Jac(M) is the vector of Riemann
constance.



119

Remark 11.13. The vector of Riemann constance x only depends on the base
point chosen for the ABEL-JACOBI map and the basic curves. The components

ar
Bkk—f—l Z/ wj Ak )

J#k

Remark 11.14. Before we start to prove Theorem we want to remember
some facts from complex analysis:

1. The Residium Theorem: Let h be a meromorphic function then Res, h =
5 f h, where 7, is a simply closed curve with goes around p but not

around any other pole.

2. Let h be a meromorphic function with a pole at p of residium 1 and f a
holomorphic function with no zero at p, then hf has a pole at p of residium

f(p).

3. Let A an-gon, further there are m < n interior points p; then for all interior
point py different from the p;s there exists m pathes from p, to the vertex
point of the n-gon such that the A decomposes into m parts T; where in
every part one and only one point p; lies in the interior, see picture 77.
As an application we have for a meromorphic function h with m < g poles

S NS WIS o RED oy it

j=1 iTa; i pEpoles

Proof. Since A(M) ¢ ©¢ its divisor is D¢ = >°%_| P;. From the Remark [T if
take h to be dlogW¥ and f to be A, we have

1 /a (dog V() A,(P)

271

M)

Ar(De) = ) Aw(F;) =

1

<.
Il

] \
—_

Z/+b+ +b.—1(dlog\II<Z)Ak(P))

Using fact B and @ from the technical Lemma [[TT10 we get

1

1 g
Ak(D<> = 2—7” Z / 271'2 w](P)Ak(P))+27TZ B]k+5]k 271 (C AJ’(R2>—§BJ'7]')>
j=1 7%

! For BOBENKO Ky, = i+ § Bk — 5 > itk faj wj f]iz wy. But, we have different definitions
for 0, wg, ... — they differ by the factor ﬁ -

xrect?
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Since its enough to compute the Ay (D.) modulo periods we could cancel the B,
term, i.e.

AUDY = Y [ (i(PIAUPY) + (G = Au(Re) = 5B

Using again the technical Lemma [TI0, fact [0, we get

AUD) = Y [ ((PIAUPY) + (AulFe) = 3) + (G = Au(Re) — 3Bua)
ik
-3 | P AP = 5 = 3Bas

Hence we have

A(D¢) = ¢ — r where ky = %(Bk,k +1)— Z/ (w;(P)Ax(P))
j#k %

O

Theorem 11.15. © = W,_, + k, where k is the vector of Riemann constance.

Proof. First we show that W, +x C ©. Let D = 7 P, such that A(M) ¢ O,
for ¢ := A(D) + k. Note these divisors are a dense subset, hence its enough to
show it for them. Since A(D) = ¢ — x and the Theorem [T A(D,) = ¢ — &,
we know D = D.. Hence

0=0(A(P,) — ¢) = 0(—A(D — P,) — r) = 0(A(D — P,) + x).

Since all divisor of W,_; are of the form D — P, we have W,_; +k C ©.
Conversly we show that © C W,_; + k. Let ¢ € © a zero.

Suppose there exist a point P € M such that 0(A(z) — A(P)—() # 0 in z. Define
D = Dypyc = (0(A(2) — A(P) — )) its divisor. Since P is a zero, D' := D — P
has degree g — 1. Again from Theorem we know A(D) = (A(P) +¢) — &,
ie. A(D") = A(D — P)=(— k. Hence ( = A(D’) + k which is the claim for this
case.

Remains the case that for all points P € M, 0(A(z) — A(P) — () = 0. Let
k be the least integer such that 0(A(Dy) — A(D;) — ¢) = 0 for all effective
divisor Dy, Dy of degree k. Since the ABEL-JACOBI map is onto for Div9 (M),
ie. O(A(Dy) — A(Dy) — () # 0, we know that £ < g. Now let Dy, D; be
effective divisors of degree k + 1 with 0(A(Dy) — A(Dy) — ¢) # 0. Suppose
Dy + Dy consists of 2k + 2 distinct points. For Dy =: Py + D, the map F': z —
0(A(z) + A(Dg) — A(D1) = ¢) # 0, e.g. F(Py) # 0.

Let D := D_apy)+a(Di)+¢ = (F) the divisor of F. Then from Theorem
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we know deg D = ¢ and since ¢ € O that A(D) = A(Dy) — A(D}) + ¢ — k.
Further F(P) = 0 for all P, € D since deg(Dy — P) = k, ie. F(P) =
0(A(Dy) — A(Dy — P1) — (). Hence there exists a divisor D of degree g — k — 1
such that D = D + D,.

Now we know A(D) = A(D;) —A(D{))+(—«r and A(D) = A(Dy)+ A(Ds), hence
¢ = A(Dy — D{)) + k and the degree is deg(Dy — D)) =g—k—1+k=g— 1.
Thus we have © C W,_; + k. O

Remark 11.16. The above Theorem relates the Theta divisor ©, a purley alge-
braically object, with another divisor W,_; on the JACOBIAN which involves the

geometry of the Riemann surface M and the geometry of the ABEL - JACOBI-map
A.

Using the relationship between the algebraic © divisor and the geometric W,_;
divisor we get following interesting

Theorem 11.17. A(K) = —2k, where K is the canonical divisor associated with
the canonial bundle K and k is again the vector of Riemann constance.

Proof. Let D > 0 be a divisor of degree g — 1. Since D > 0 we know h%(L(D)) >
1. Using RIEMANN-ROCH Theorem we have h’(KL(—D)) > 1, ie. K — D is
effective. Further we know that deg K = 2g—2, hence the degree of K —D is g—1,
ie. A(K—D)=A(K)—A(D) € Wy_y. Now then we have A(K)—-W,_1 C W,_;.
On the other side for D" ~ K —D we have A(D) = A(K)—A(D'") € A(K)—W,_4,
hence W,y C A(K) —W,_;. Summa summarum we have A(K)—-W,_; = W,_;.
From this together with Theorem [[T.TH and the fact that 6 is a even function we
get

@:nglﬁ-fi:—@:—Wg,1—H:ngl—A(K)—H:@—(A(K)—2/1)
Since © is not left invariant on the JACOBIAN, see [[LY, the claim is proven. [

Theorem 11.18. A(M) C O if and only if there exist a special divisor D > 0
of degree g such that A(D) = — k.

Remark 11.19. A divisor D is called special if h°(KL(—D)) > 0. The number
h°(KL(—D)) is also called the index of speciality and noted by (D). For a
special divisor D of degree > g — 1 we have by RIEMANN-RocH h°(L(D)) > 0
and for degree > ¢ the existence of a non-vanishing holomorphic section.

Proof. A(M) C ©¢ if and only if for all P € M we have A(P)—(,ie. (—A(P) €
© = W,_1+k. Since there exists a degree g—1 divisor D with A(D)+r = (—A(P)
the condition above is equivalent to the following. For all P there exists a degree
g divisor D' such that P € D’ and A(D) = ( — k. O

rest!?
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Corollary 11.20 (JACOBI Inversion Problem). If ¢ € Jac(M) and A(M) ¢ O,
then there exists a unique effective divisor D of degree g such that A(D)+ k = (.
Further D is given by the zero divisor of 0(A(z) — ().

Theorem 11.21 (Riemann’s Factorisation Theorem). Let f be a non constant
meromorphic function on M, with divisor D =%, _ | Py — >, _, Qx. Then there
exists a one form w € H°(K) such that for most ( € © we have

? TOO(A(2) — AP —
f(Z)IceXp(/Pow)IHQ((A((Z)) (Py) — ()

— A(Qr) =€)’

where Py is the base point chosen for the definition of the ABEL- JACOBI map.

*

abel section:

define Y1 Proof. Let f be a non constant meromorphic function on M and D := >, | P, —
> p1 Qp its divisor. Let further ¢ € © with

gg{U(YHw- UY’+/1— (Qr))-

k=1

We know from Theorem there exists a divisor Dy := Z?: (o,; such that
C = A(Do) + K.
Define a function on the fundamental domain A by

9Az AQk) ¢)

All Qo ; € Dy are zeros of (A(z) — A(FPy) —¢) and of §(A(z) — A(Qk) — (), since
0(A(Qu;)—A(Fr)—¢) = 0(A(Qo ;) —A(Fr) —A(Do) =) = 0(A(Do+ Py — Qo) +r)

this is zero because its argument is of the form W,_; 4+ x and this by Theorem
the theta divisor ©. Hence the divisor of F is

= P+rD) ~ (Y QD)= P -3 Qu=(f)=D
k=1 k=1 k=1 k=1

Since F'is defined on A we have to modify the map so, that it fits together on the
boundary. There is nothing to do on the b-sides, because for the corresponding
point R; and R; we know A(R) = A(R;) +¢; and 0(z) = 0(z + ¢;).

For the a-sides we have A(R}) = A(R;) + B; and the periodicity for 6, Lemma
fact Mand B, i.e. we get

F(R/) Hk; 16Xp(( 27”( ( j)_A](Pk)_gj)) F
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By the ABEL Theorem [ILTZ, since deg D = 0 and D = (f), we know A(D) € A,
i.e. A(D) = A(Zzzl Pk — 22:1 Qk) = Z?:l n;e; + 25:1 ijj' Hence

F(R}) = exp(—2mi(n; + Z m;Bi;)) F(R;)

i=1

g
= exp(—2mi Z m;B; ;) F(R;)
i=1

Now define a holomorphic one form by w = 2?21 mjw;, where the w; are the
ususal dual to the a;. Further define p(z) = [ ;O w, where P, is the base point of
the ABEL map.

It remains to show that exp(27i ¢(2)) is almost the missing multiplier for F' to
be f. Let see what happends on the a-sides using fact 2k

g R,
exp(2mi () = exp(2ri Y (s [ )

i=1 Fo

= exp(2mi (mjAj(R;g)))

M- 11

= exp(2mi (m;(Aj(Rg) + k)

J=1

= exp(2mi Y _(m;A;(Ry))) exp(2mi my,)

j=1
= exp(2mi p(Ry))
Hence exp(2mi ¢(z))F(2) does it for the a-sides. But the crucial point are the
b-sides, using fact [ we get
g

exp(2mi (R;,)) = exp(2mi Y _(m;A;(R;)))

<.
< |
—_

= exp(2mi (m;(A;(Ry) + Bjx)))

j=1
g9 g
= exp(2mi Y _(m;A;(Ri))) exp(2mi Y (m;B;x))
j=1 j=1
g
= exp(2mi p(Ry)) exp(2mi Z(ijj7k))
j=1
Since G(z) := exp(2mi ¢(z))F(z) and f(z) have the same divisor, G(z)/f(z)
is a non-vanishing holomorphic function, hence constant. Id est there exists a
complex number ¢ such that ¢ G(z) does it.
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Appendix A

Sheaves and presheaves

A short trip to history of mathematics: Sheave theory was invented by JEAN
LERAY. Being prisoned in 1940 by the Germans he changed his mathematical
field of interest from fluid dynamics to algebraic topology to make absolutely
sure that Nazis could not benefit of his research for purpose of war. He then
introduced sheaves and spectral sequences.

A good intuition of thinking of sheaves is as a way of organizing functions
and forms which satisfy local properties. Often sheaves are introduced in this
intuitive sense via presheaves, cf. for example [Mi], but one ends up with a
interminable definition of sheaves by adding to the presheaf definition a not very
illuminating sheaf condition. Following for example [Wal, [H] or [Gu] we prefer
the more elegant way of defining sheaves as in Definition [AJ] but have to work a
little to relate this to the intuitive ideas.

A.1 Sheaves

In this section, if not stated otherwise M can be an arbitrary topological space.

Definition A.1. e A sheaf of R—modules (over a fixed ring R) on M is given
by a topological space G and a continuous map 7: G — M such that

1. m is surjective and a local homeomorphism,

2. the stalk G, = 7~ *(p) over p € M is a R-module,

3. the maps
UG =9—6.a— Ao, for AeR,
peM

and

GxGoJGxG—-6  (fo9—(f—9)

peEM
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are continuous.

e A continuous map s: U — G satisfying m o s = idy is called a section of G
over the open set U C M. We denote by I'(U, G) the set of sections of G
over U and by I'(G) the set of global sections.

o A subsheaf of a sheaf G is an open subset F C G such that F, := F NG, is
for all p € M a submodule of G),.

Notice, that the topology on G induces the discrete topology on every stalk.

Remark A.2. A sheaf of abelian groups is clearly given by R = Z. Nevertheless,
one could define a sheaf of abelian groups or R-algebras by using only a modified
version (to the corresponding algebraic structures) of the continuity conditions
3) .

We denote by 0 the zero-section p — 0 € G,. Since 7 is a local homeomor-
phism, 7 is an open map and so is any local section of a sheaf G. If a local section
of G vanishes in one point p, it has to vanish completely in a neighborhood of p.
This follows from the fact that if two sections coincide in a point, they have to
coincide in a whole neighborhood of that point.

Example A.3. 1. Let G be a R—module (abelian group, R—-algebra) carrying
the discrete topology. Then G := M x G with the product topology is the
so called constant sheaf. One can interpret a section s € I'(U, G) as a map
from U — G by p — pry(s(p)).

2. Let G be an abelian group (R-module, R—algebra). Define

{0 P # Do

g = U G, where G, := G p=m.

peM

Equipping G with the unique topology making the projection a local home-
omorphism we obtain a sheaf, the so called skyscraper sheaf (“Out of the
drab skyline the group G rises majestically at the chosen point py”, [Mi]).

3. Recall the definition of a germ of a C* function in a point p € M where M
is a manifold: two local C* functions f and ¢ define the same germ at p if
they coincide in some neighborhood of p. We denote by [f], the germ of f
at p, i.e. the equivalence class of all local functions with the same germ at
p as f, and write

k. k :
C, := {germs of C" functions at p}.
For U C M open, f € C¥(U,IR), i.e. f:U — R is a C* function, we define

Up={l/lyIpeU}.
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It is an easy exercise to show that this defines a basis of a topology on

ck = U C;f

peEM

such that C* with the projection 7 : C* — M, [f], — p is a sheaf, the sheaf
(of germs) of C* functions.
Furthermore, the set of local sections of the sheaf of C* functions can be
identified with local C* functions: C*(U,IR) = I'(U,C*), f € C*(U,R) —
(s:U—=CFp—[fl, €CL).
As in the real case we define the sheaf of C-valued C* functions; similarly

one defines the sheaf of germs of holomorphic functions and of sections of

vector bundles. We will do this later as part of a general construction, cf.
Section

4. Let F be a subsheaf of G. Clearly, F is itself a sheaf over M with projection
map mr = 7g|F.
In particular, the zero—sheaf, defined up to isomorphism by M x 0, where 0
is the module consisting only of the identity element, is a subsheaf of every

sheaf.

5. Let F C G be a subsheaf. The quotient sheaf is defined by
(G/F), =G,/F, (use the quotient topology on G/F).

Definition A.4. A sheaf homomorphism of sheaves of R—modules G; to Gy on
M is a continuous map

a:G — G
such that
o O (x = T (A].)
and the maps
Oép - Oé‘glp : glp — g2p

are R—-homomorphism.

Remark A.5. Notice that ([AJ]) implies that « is a local homeomorphism from
Gy to Gs. Furthermore, for any sheaf homomorphism «a : G; — G, both ker o and
Im « define subsheaves (of Gy resp. G,) where the stalks over p are exactly the
kernel resp. image of the R-homomorphism .

Definition A.6. A sequence of sheaves

a; Qi1
_)gl_z>gz+1 Z—) gi+2—>“‘
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(where «; are sheaf homomorphisms) is called exact if ker o; 1 = Im «;.

A short exact sequence of sheaves is an exact sequence of sheaves of the form
0—G1 —Gs— G — 0.

Observe that a sequence of sheaves

o7 Q41
_)gl_z>gz+1 Z—) gi+2—>“‘

is (by definition) exact if and only if at each point p € M the sequence

(o7 Qi1
. _>gl'p —”;gi‘i'lp _)p gi+2p_>

on the stalks is exact.

To remind the ideas of exact sequences we explain in more detail:

Example A.7. Let 7, G, H be sheaves. We investigate under which conditions
the sequence

is a short exact sequence:

Exactness at F requires that 0 = Im o, = ker 3,, i.e. the map 3 has to be
injective. Hence, we can interpret F as subsheaf of G by considering [ = incl as
the inclusion map of F into G.

At G we need that F, = Im incl, = Im 3, = ker,. Hence v can be under-
stood as a projection map from G to Im v = G/F C H. By exactness at ‘H the
map 7 is surjective since Im ~, = ker d, = (H),. Hence, any short exact sequence
can be seen as a sequence

incl

0% FS g™ g/F —o.

A.2 Presheaves

Now we want to explain how sheaves can be used as a mechanism to pass local
information to global information. Given for example a vector bundle £ — M
over a manifold M we have the local sections Ck(U) := I'(Ey) as local data. In
particular, for any s € C&(U) and for any open subset V C U we have a map
5 € CE(V), given by the restriction § = s|y. We first formalize this to:

Definition A.8. Let M be a topological space. A presheaf of R—modules on
M consists of a collection of R-modules P(U) (for all open sets U C M) and a
homomorphisms p};: P(V) — P(U) (for all inclusions U C V C M of open sets)
such that
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1. P@®) =0
2. pY = idp () for any open set U C M and
3. plY = p; o py¥ for all inclusions U C V C W C M of open sets.

The maps p}; are called the restriction maps. We use the short—hand notation
flv = pl(f) for f € P(V). A homomorphism « of presheaves Py to Py is a
collection of homomorphisms ag : Py (U) — P2(U) (for U C M open) such that
for all inclusions V' C W C M of open sets the following diagram is commutative:

i
Pi(W) —— Pu(V)
wl w
w
Po(W) -2 Py(V)
Remark A.9. Again we can define presheaves of R—algebras.

Example A.10. 1. Let G be a sheaf. The sections of G define a presheaf, the
canonical presheaf ~

GofGby
G(U) :=T'(U, G) for open subsets U C M (and the restriction map p¥. is just the

usual restriction of a map U — G to V).

Let E — M be a (differentiable) vector bundle over IK on a differentiable mani-
fold. The presheaf of C*-sections of E denoted by Ck assigns to an open subset
U C M the IK-module

Ck(U) :=T*U,E)

(this was just our motivation to define presheaves!).
An important special case of this is the presheaf

O = Cx

where £ = APT M* QR FE.

Let E — M be a holomorphic vector bundle over a complex manifold. The
presheaf O of holomorphic sections of £ is defined by

OE(U) = HO(EU) = Fhol(Ua E)

for all open subsets U C M. In the case of the trivial bundle E = C, the presheaf
Op =: O is called the presheaf of holomorphic functions.

More generally, one can define the structure presheaf of a manifold M as the
presheaf of certain functions on M, depending on the structure (differentiable,
holomorphic, analytic) of the manifold.
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Let M be complex manifold We define the presheaf O* by
O'U)={fe0O)| f(p) #0forall pe U}.

Notice that O*(U) is a presheaf of abelian groups, each O*(U) being an abelian
group by pointwise multiplication.

Given an R—module V' we define the skyscraper presheaf by

V, Po c U
PU) =
( ) {07 Po ¢ U

with restriction maps

pi(v) = _, where v € P(U).
v {07 Po ¢ U

The constant presheaf of a commutative ring R is given by R(U) = R where the
restriction maps are the identity.
We like to give also examples for homomorphism of presheaves:

1. Given a vector bundle homomorphism « : £y — FE, we obtain an induced
homomorphism of presheaves o : Cz — Cg, by

ay : T'(Ewy) — T'(Eey), s—aos|y.

2. More generally, we obtain: if a : G — G5 is a sheaf homomorphism then
« induces a homomorphism of presheaves on the canonical presheaves & :

g~1 — Go.

3. Another homomorphism of presheaves is for example: @ =¥ O* where
exp(f)(2) = exp(2mif(2).
A.3 From sheaves to presheaves and back?

We already noticed that any sheaf G induces a presheaf G, the canonical presheaf,
by G(U) =T'(U,G). Now we ask if we can reverse this construction.

First, let P be a presheaf and let

75p = {germs of Pat pe M} = U PU)/ ~,

peU
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where the equivalence relation ~ for f; € P(U;), fo € P(Us) is defined by

fi~ fa <= there exists an open subset W C U; N U, such that p € W and
P (f1) = pig (F2)
= filw = folw.

As in the case of germs of C*functions we define the topology on P =
Upe v Pp — M by the basis given by

Up={lflp | peU}

where U C M open, f € P(U) and [f], is the germ of f at p. There is an
R-module structure on P, induced by addition and scalar multiplication on rep-
resentatives. So, P is a sheaf.

Definition A.11. The sheaf P is called the sheaf of (germs of) P.

Definition A.12. By this construction the presheaves in Example [AT0, (2), (3)
induce the sheaf C% of (germs of ) C* sections resp. the sheaf Og of (germs of)
holomorphic sections.

Lemma A.13. If o is a homomorphism of presheaves then a induces a sheaf
homomorphism on the induced sheaves via &([f],) = [ow (f)]p-

Now, given a sheaf G we have the construction

GG G

In fact, Cj >~ G: Let f € G(U) =T(U,G) be a representative of [f], € Cj then the
isomorphism is given by [f], — f(p) € G.

On the other hand, given a presheaf P consider
P s P s P

Is P = P? Let P(U) = R be a presheaf where I? is a commutative ring with

restriction maps p§, = 0 if V- C U. Then P = 0 hence in general

PP
Clearly, we have the following necessary conditions

Definition A.14. Let P be a presheaf. It is called complete if the following sheaf
conditions are satisfied:
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(S1) Let U = U,¢; Ui, f € P(U), where U; are open sets.

If flu, = py,(f) =0 for all i € I then f =0.

(82) Let U = U, Ui, fi € P(U;) where U; are open sets.

If f;

vnv; = filunu, then there exists a f € P(U) with fly, = fi.

These sheaf conditions are in fact sufficient:

Proposition A.15. If P is a complete presheaf then P = P via fePlU) w—
(p— [flp) € T(U,P).

Proof. The map i : f € P(U) = (p— [f],) € T(U,P) is injective:

Let s = u(f) € T(U,P) for some f € P(U) with s = 0. For p € U so
s(p) = [f], = 0 i.e. there exists an open subset U, C U with f}U = 0. But

U = UperUp, hence (S1) gives f = 0.

[ 18 surjective:

Let s € T'(U,P), then s(p) € 751,, i.e. there exists an open set U, and
f» € P(U,) with s(q) = [f,]q for all ¢ € U,. Let p,q € U and ¢ € U, N U,.
Then

[fola = 5(@) = [fdla-
Hence for each ¢ there exists an open set U; such that f,
by (S1)

’Uq = fq’Uq hence
fP’Umeq - fq,Umeq'
With (S2) there exists f € P(U) with py (f) = f, for all p € U hence:

[f]p = [fp]p = S(p) Le. H(f) = S.
O

Remark A.16. As already remarked in the beginning one can define a sheaf by
this construction: G is a sheaf if G = P for some complete presheaf.

Example A.17. a) The skyscraper presheaf (for a R—module V') is complete:

P(U) L V, Do € U
- Oa Do ¢ U

with restriction maps

U UV, Do c 0
pL(v) = -, where v € P(U).
v {07 Po ¢ U
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(S1) Let U = UU; and v € P(U). If pg ¢ U then v = 0. Assume that

v|,, =0 for all ¢ and let py € U;, C U for some ig. Then v b = So
ig

U;
in any case v = 0.

(S2) Let U = UU; and v; € P(U;) with vi’UﬂU- = Vj|ynp.- Hpo & U then
define v = 0 hence v’U_ = vi}U_. If pg € U then there exists iy with
po € Uiy. Define v € P(U) by v = vy,.

This is also clear if one realizes that the skyscraper presheaf is the canonical
presheaf of the skyscraper sheaf.

b) Let B the presheaf given by
B(U)={f:U — C| fis bounded and holomorphic.}

with canonical restriction maps. Let U; = {z | |z| < i},i € IN, and define
fi(z) = z, fi € B(U;). But C = UU; and there exists no f € B(C) with

Hence B violates (S2). This comes from the fact that B consists of functions
defined by a global property.

A.4 Sheaf sequences

Lemma A.18. Let P, % P, 2 Py where Py are presheaves satisfying (S1).
Then we have a sequence of the associated sheaves

PSP, Ly (A.2)
The sequence ([(A2) is exact if and only if for allU C M open:
1. BU oy = 0

2. if Bu(f) = 0 for some f € Py(U) then there exists an open covering U =
UU; such that f}U € Im ay,.

Proof. The sequence ([A2) is exact if and only if ker Bp =Im &, for all p € M.
So we only need to show that exactness of the sequence implies (1) and (2).

Let f € P1(U) then

[Bu(av (/)] = Balfl, =0, forallpeU

But then Byay(f) =0 at all p € U. (S1) gives f = 0.
Since By (f) = 0 we see 5([f],) = 0. Since the sequence is exact we have
[flp = &plgl, = [ag],. Hence there exists an open set U, with f}U = ozg}U . O
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Example A.19. 1. (DE RHAM sequence) Let M be a differentiable manifold

*

Diskusionsbedalélf !

of dimension m. The sequence

incl d d d
0—-R—=C¥5Q,5...502—0

is exact. This is a consequence of the Poincaré Lemma.

(DOLBEAULT sequence) Let M be a Riemann surface and £ — M a holo-
morphic vector bundle on M. Consider the sequence

0— 0p — D(E) 2% 0,

At T'(E) the sequence is exact since ¢ € O if and only if dp = 0. At
Ag’l) = C%¥, the exactness means the surjectivity of 0: For given a €
Cx.(U) = QOD(U,E) and p € U we can solve locally 0y = oz’U with
v € I'(U,E), p e U C U, see Chapter @l Hence Lemma gives the

result.

(Exponential sequence) Consider the sequence

incl exp

0—-Z—>0—0"—=0

on a complex manifold M where exp(f)(z) = exp(2mif(z)) and Z is the
constant sheaf. This sequence is exact:

Let g, € Oy. Then there exists g € O*(U) with [g], = g, on some simply
connected U. Choose a branch of logarithm and define f = ﬁlogg €
O(U), ie. exp(f), = gp- On the other hand if exp, f, = 0 ( “0” is the
identity element in the abelian group O*(U)!) then exp 27 f(z) = 1 for all
z € U and all representatives f on U. Then f is constant and, in fact, an
integer.

The presheaf Im exp satisfies not (S2): Let M = C\{0} = U; U Uy where
Uy=C\{zeR|2<0}, Uy=C\{z€ R |z>0}. Then U; NU; = C\IR.
Define f(z) = z, then fly, = expgr,k = 1,2 with g € O(Uy), ie. f €
Im exp and exp gl}UanQ = exp gg}UanQ but there exists no g € O(C\{0})
with expg = f.

(Skyscraper Sequence) Let M be a Riemann surface, E — M a holomorphic
vector bundle and L(—p) the holomorphic line bundle defined in Remark
RT3, (??). Let again s—! denote the meromorphic section with pole of order
—1 at p and which is holomorphic on M\{p} and let ¢ € O. Then

Yes e Ogr(—p) if and only if ¥ has a zero at p, cf. Example (A.3)

sheaf
001 def.
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Thus s!, the holomorphic section which vanishes only at p and with order
1, induces a map Opgr—p) — Op by (¥ ® s yYestest 2.

Now, the skyscraper sequence is the exact sheaf sequence

evp

O—>OEL(,p) ®—S>1 OE —>Ep—>0

where E), denotes the skyscraper sheaf with vector space E), at p and ev, is
the evaluation map, i.e. ev,(¢) = ¢(p) for ¢ € Op(U) and p € U.

In fact, for exactness we only need to show the injectivity of ®s! since the
sequence is exact at Op with ([A3).

Let (¢ ® ), (7; ® @) € Opp—p) and p = s71f, ¢ = s~1f. Then
o) ®s' =@ ® @) ®s'if and only if f = ¥f.

But then p @ g = ff '@ s f=vf@s ' =y ® .
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Appendix B

Cech sheaf cohomology

We consider sheaves as a tool to formulate local statements easily — however in
geometry one is usually interested in global information. We attach cohomology
modules to sheaves which measure more global information.

Assume that we can solve a problem locally, by finding a section in some
sheaf. But we are searching for a global solution, i.e. a global section of the sheaf.
The sheaf conditions (S1) and (S2) guarantee that a global section exists if the
local sections coincide on the overlap domains. We turn this into an algebraic
construction by given a homomorphism whose kernel is exactly the set of those
sections which agree on overlap domains.

B.1 Sheaf cohomology over open covers

Let M be a topological space, U = (U;);er an open cover. Let G be a sheaf over
M.

Definition B.1. The set of k—cochains (for G over the open cover U) is given by

C*U,G) = II 9sw,nu,..nu,.

i= (i, .nyin ) ETFH1
Remark B.2. A cochain f = (fi)icprr € CF(U,G) consists of
finin €GUN...NU,) =T(U;yN...NUy,, G).
The C*(U, G) are R—modules for k > 0. For k < 0 we define C*(U, G) to be zero.

Definition B.3. The coboundary operator d* on k-cochains is defined by

k+1

dk : Ck(Z/{’ g) — Ck+1(u7 g)7 (dkf)zolk+1 = Z(_l)szo ,,,,, z; ,,,,, Thy1 Uiom---mUi

k+1
j=0

137
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Lemma B.4. The d*’s are coboundary operators, i.e

d"dh =0
in particular Im d* C ker d**!.
Proof.
k+2
dk+1(dkf)i0...ik+2 = Z(_l)] (dkf)mz}lk_kg UigN--.NUsy o
=0
k+2
- 0 (D b
7=0 n<g

n—1 L
_'_ Z(_l) fio...i]'...in...ik+2 Uiom---mUik+2>
n>j

Definition B.5. The k™ coboundaries are defined by
B*(U,G) = Tm d* .

The k™ cocycles are

78U, G) = ker d*.
The k™ cohomology group is defined by

H*U,G)=Z"U,G)/B*U,G).

Remark B.6. The k™ cohomology group is in fact a module.

We consider some special cases just to get familiar with the notations:
Example B.7.
k=0: 0 — C°(U,G) % C (U, G),
(df)iy = (f; — fi)’UmUj e G(U;NU) for f = (fi)ier € C°(U,G), fi € G(Uy),

i.e. df =0 if and only if f; = f; on U; N U;.

Hence, if df = 0 then by (S2) there exists feGM)=T(M,G) (M=UU)
with f‘U = fi. Since B°(U,G) = 0 we can identify

H°U,G)=Z°U,G) =T(M,G).
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k=1: C'(U,G) % C2U, ),
(df)igie = (fie — fir + fij)’UimUijk cGU;NnU; NUy),

and df = 0 if and only if fix = fi; + fjx on U; N U; N Uy

We consider now the special case where M is a manifold, ¢/ an open cover

of M and G = (C®)*, ie. GU)={f:U — C\{0} | f € C~}.

Then we have a map
H'(U, (C*)*)—{C* isomorphism classes of C-line bundles}
defined by

[(9ij)] — L, where L is given by the transition functions g;;.

This is in fact well defined: Since each representative (g;;) of [(g;;)] satisfies
the cocycle condition (B), i.e.

9ij - 9k = gir on U; N U; N Uy,

each (g;;) defines a line bundle by Theorem B8 But if (g;;) € C*(U, G), (gij) ~
(Gi;) then there exists (f;)ier € C°(U, G) such that

9i5 = 9ii(df),; = [ 9ii (B.1)

(we have a multiplicative structure on G!). Theorem B shows that the
defined line bundle is independent, up to isomorphism, of the choice of the
representative.

Notice that up to now the map depends on the cover we have chosen.
A cover independent definition of the sheaf cohomology group will later
give an isomorphism between the first sheaf cohomology group and the
isomorphism classes of C line bundles over M. *

A similar construction can be done for holomorphic line bundles: There neu!
is a map from the first cohomology group of the sheaf of non—vanishing
holomorphic functions to the set of isomorphism classes of holomorphic

line bundles.

However, notice that for rank r vector bundles the situtation is more com-
plicated: one would have to replace C* by GL(r) and hence the argument
in (BJ) does not work (non—commutativity).

Lemma B.8. Let F and G be sheaves over M. Any sheaf homomorphism « :
G — F induces a map on cohomology o : H*(U,G) — H*U,F).

Proof. Define (a(f))ig....ir. := (fig....ir)- U
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B.2 Refinements

So far, our definition of cohomology depends on the chosen open cover. To find
an independent definition we consider how the cohomology module changes under
refinement of the cover. Hereby, we define a refinement as:

Definition B.9. Let & = (U;);er be an open cover. An open cover V = (V});es
together with a map ¢ : J — [ is called a refinement of U, short-hand V <, U, if
V; C Uy for all j € J.

Remark B.10. Any subcover of an open cover is a refinement. In particular, a

refinement can arise (counterintuitive!) by omitting some of the original open
sets and need not to come from a diminishment of the originally sets.

Lemma B.11. Given a refinement V <, U define t : C*(U,G) — C*(V,G) b

Then dot =1tod and there is an induced map
t:H*U,G) — H*(V,G).
Proof. Simple calculation. O

Lemma B.12 (Homotopy Lemma). Let s and t be homotopic i.e. there exists a
homotopy hy such that s —t = d* o hy + hjyq o d”, i.e

G)—=CH(U,G)

R

C* (V. G) 7= C*(V,9)

Then the induced maps on the cohomology group coincide.

Proof. Let f € H*(U,G). Then (s —t)f € H*(V,G) and for f € Z¥U,G), i.e
d*f =0, one has

(s —)(f) = d* 'hyf + hprd"f = d"hyf € Im d*' = B*(U, G).
O

Corollary B.13. Let V' < U with two refinement maps s,t : J — 1. Then the
induced maps on the cohomology group coincide.
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Proof. We only need to show that s and ¢ are homotopic. At the beginning some
abbreviations and definitions:

k

(A1 P jors 7= D (=1 FitGo)msio ti0)tGe) (B.2)
o

(dkf)m ikt (_1)j fzo gy b k41 (B 3)
=0

f(Kn) :fsjo,. S5yt i st B.4

f(l>n) :fsjo “Simart 8y st sty (B 5)

We take three steps to show that hy is a homotopy. First calculate h o d, second
d o h and third add them.

k
E2
(hk+1(dkf))j0,"'ajk = Z(_l)l (dkf)sjoa"',sjl,tjly“'7tjk

=0
P k l k+1
l n n
= ZO(_l) (ZO(_:[) f(lZn)+ ;1(_1) fst"“’Sjl’tjl’.“’t];tl’.“’tjk)
k l k k
_ Z Z(_l)l+nf(l2n) + Z Z(_l)l+n+1f(l§n)
=0 n=0 =0 n=l
(B.6)
k
_ E3) n
(A B joee = D DB )0 G
n=0
2 k n—1 k—1
— _1\" (1<n) —1) —
=21 (Zf +2_ (1) f)
n=0 =0 l=n
k n—1 k k
_ Z (_1)l+nf(l§n) +Z Z (_1)l+n+1f(l2n)
n=0 [=0 n=0 l=n+1

(B.7)
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k k
() A R )y T S (1) fry + 3 (1))

n=0 n=0

= > (fst0)rssln) Gt (Gr) = S0 s timsr )t )

(B.8)

B.3 Cohomology groups of a sheaf

Definition B.14. The k" cohomology group of a sheaf G is defined by

HYG) = |J H'WUG)/ ~

U open cover

where the equivalence relation is defined for [f] € H*(U,G), [g] € H*(V,G) by
[f] ~ [g] if and only if there exists a common refinement W <, U and W <; V
such that

sLf] = tlg] in H*(W,G).

Lemma B.15. Let U = {U;}ier be an open cover of M and V = {V;}es a
refinement of U, with refinement map t: J — I. Then the induced maps

t: H'U,F) — H'(V,F)
15 one—to—one and consequently
t: H'(U,F) — H'(F)
18 one—to—one.

Proof. Let f := (fiyi)ioinerz € Z'(U,F) such that t(f) € B'(V,F), i.e. there
exists a = (a;)jes € C°(V, F) such that

ft(jo),t(j1) = t(f)jojl = (a’jl - ajo)
VioMViy VioMViy

for j; and jo € J. From (df )u(jo),i(jy) = O follows

ajy = gy = fitio) (i) = JeGio)i + finin)
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on V;,NV;, NU; for all i € I. That means a;, + fuj,); = a5, + fi(jo)i on Vo NV, NU;.

Therefore there exists h = (h;) € C°(U, F), such that

hi = a; + fu),
V;NU; U;

But on U;, N U;, N'V; the O-cocycle h satisfies

hiy — hiy = aj + figyin — a5 — fegyio = Jeiyin T Jiot() = fioia-
Hence f = dh and f =0 in H (U, F).
Theorem B.16 (Snake Lemma). Let M be paracompact. Let

Ry A, J— )

be a short exact sequence of sheaves. Then there is a homomorphism 6 : H*(G) —
H*L(E), the so called connecting homomorphism, such that there is a long exact

sequence on cohomology

0—= H(E) —*~ H(F) — H(G)

()~ HY(F) 2= H'(G)

HY(E) = pY(F) L.

Proof. 1. Let U C M be open. We prove that

0—T(U,€) =T (U, F) 2~ T(U,G)

is exact. Let 8f = 0 then 3,f, = 0 for all p € U. With Lemma *
there exists an open neighborhood U, C U of p and ¢, € I'(U,,€) with Na  schon,

ae, = f}Up. For p, q € U we have a(ep—eq)’Umeq = (f’Up—f}Uq)’Umeq

=0. ich glaube

We already know that « is one to one hence e, = ¢, on U, NU,. With (S2) es, es

there exists e € I'(U, £) with ae = f on U, N U,,.

2. Let U be an open cover of M. Define C*(U,G) :=Im 8 C C*(U,G). Then

the sequence

0—— CFU, &) —2= CHU, F) —2= C* U, G) —=0

mufl wohl
bewiesen
werden...

is exact. In fact, we will show that any short exact sequence as above
induces a connecting homomorphism and a long exact sequence on coho-

mology.
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Now, d maps C*(U,G) to C**1(U, G) since df = Bd and we have

CEU, E) —2— C*U, F) —2—~ C*U,G) —= 0

] ] ]

0— CHH(U, £) —2> O (U, F) —= CH1(U, )

Let g € Z*¥(U,G), and f € C*(U, F) with 8f = g. Then, since dg = 0 also
Bdf = 0, hence there exists e € C*¥1(U, £) with df = ae (df € C* (U, F)
and exactness of the sequence). Since 0 = d(df) = dae = ade we have
de € kera =0, ie. e € ZFY(U,E). We define § : H*U,G) — H* (U, E)
by d(g) = e and have to show that this is a well-defined homomorphism
i.e. does not depend on the choice of f. Let hence f, f € C*(U,F) with
Bf = Bf = g and e,é € C*(U,&) with a(e) = df,a(é) = df. Then
f—f € kerB and it exists a é € C*U,E) with a(é) = f — f. Since
a(é)—ale) = df —df = d(f—f) = da(é) = a(dé) and « is one to one we see
€ —e = dé hence a coboundary. This shows that § : C*(U,G) — H* (U, E)
is well defined. Similarly one obtains B*(U, G) C ker § by diagram chasing.

Next, we need to show, that the diagram

H U, G) —= H (U, €)
t t
Hk(va g) —6> Hk—H(Va 8)

commutes for every refinement V <; U. If so then there exists an induced
map ¢ with

0——= H(&)—*= H(F) i>1f[0(g) s HY(E)—- -

Consider the following diagram

ckwW,e) ckw, F) cku,g)

cktly, &) cktlw, F) cktlw,g)

crHL(v, €) i w, F) s cH(v.9)
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Let g € C*(U,G) and e € C*L(U, E) given by a(e) = df where B(f) = g.
Then §(g) = e.

Define é = t(e) € C*¥T1(V, ). Again, é is a cocycle since t and d commute.
Define f = t(f) € C*(V,F) and § = t(g) € CF(V,G). We like to show:
5(3) = ¢

Since B(f) = B(t(f)) = t(B(f)) = t(g) = § it suffices to show a(é) = df.

But B
a(é) = t(ae) = t(df) = df.

Notice that this proof actually works for each homomorphism ¢ between
short exact sequences.

. Remains to show: If M is paracompact then H*(G) = H*(G).

Define C*(U) := C*(U,G)/C*U,G) with induced coboundary operator d.

Then the following sequence is exact
0 —— CHU, G) = C*(U, G) — CHU).

Hence we can apply (2) and have a connecting homomorphism and a long
exact sequence on cohomology. We want to show that H ¥(G) = 0 for all k.
For this purpose it suffices to show that for all g € C*(U, G) there exists a
refinement V <, U with t(g) € C*(V,G).

Choose first a refinement @ < U such that O, C O; C U; for all 5. Since M
is paracompact it is also possible to choose for each p € M a neighborhood
V, of p such that

(a) V, C O, for some i € I

(b) IfV;,ﬂOZ %then V;?C U,

(¢) V, C Nyer,U; and

(d) if p e U :=nN{,U;, then g}gp = B(f) for some f € F(V,).
Thus V = {V,,},en is an open cover of M. In fact V <; U with refinement

map t which maps V, to U, where U, € U and O, € O are chosen with
V, C O, C U,

Let now V,,,...,V,, € V with V. =nNV,, # 0. Then V,,NO,, # 0 and hence
Vpo C Up,. In particular, V,,, C NU,, = U. This gives

Vi
HDporpx = ooy = PV PV, (9)-

ja?
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Remark B.17. We emphasize the following facts which we already mentioned in
the preceding proof:

1. Given short exact sequences
0 —= CH(U, €) — CHU, F) —= C*(U, G)

for each k there exists a connecting homomorphism and a long exact se-
quence on cohomology.

2. Let t be a homomorphism between short exact sequences. Then § commutes
with ¢.

Example B.18.

Skyscraper sheaf H°(G) =V, H*(G) =0, k> 1.

Let £ — M be a holomorphic vector bundle over a Riemann surface M. We
claim that H*(Og) = 0,k > 2. Consider the exact sequence

0) Op Cs ol oy ju—

E

then there is the long exact sequence

0 — H'(0g) = H'(E) — H(CF) = O™ (E) —=Q0)(E) —0

H'(O*)=hol.

line

dles

B.4 Fine Sheaves

Definition B.19. A sheaf G over M is said to be fine if and only if for each
locally finite cover U := { U; }icr of M there exists a family { a;: G — G | @ €
I, a; sheaf endomorphism} such that

L. supp(ey) :=={p € M | ailg, #0} C U;

2. Zie[ ; = id

Remark B.20. This family is a partition of unity for G subordinate to the cover
U of M.

Lemma B.21. Let E — M be an arbitrary C* vector bundle over a C* manifold
M. The sheaf Ct) of germs of C* sections of E is a fine sheaf.

Proof. Let { U, }ic;r be an open cover of M and {;|i € I} be a partition of unity
for M subordinate to the cover { U; };er.
Define a;: Ck — CE by ai([f]) := [¢ilv]f where f € C*(U, E) O

'The existence for such an partition of unity is a basic result from Topology.
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Lemma B.22. Let G — M be a fine sheaf where M s pamcompactﬁ.
Then HY(M,G) =0 for all ¢ > 1.

Proof. Since HY(M,G) := Uy open cover of 1 H(U,G)/~, it is enough to show that
H(U,G) vanishes for all open covers Y. But since M is paracompact, it is suffi-
cient to prove it for all locally finite open covers.

From the Homotopy Lemma we know that for two cochain maps
W1, 07 CUU,G) — CUU, G),
and a cochain homomorphism
ht: CYU,G) — CTHU,G)

satisfying
hi o d+doh! =7 — ¢t

The induced maps 7, ¢?7: H*(U,G) — H*(U,G) are equalﬁ. If we choose 97 :=
id? and ¢? := 0, then the induced id on cohomolgy vanishes. Hence H?(U,G) = 0
and therefore HY(M,G) =0 .

It remains to define such a cochain homomorphism h and verify that the condi-
tion hod+ do h = 1id is satisfied.

We define h?: CTY (U, G) — C1(U, G) by

(hq+19)io,---,iq = Z@l Gio, - iq (B.9)
lel
where g := {gip,ig1: Uio N Uipy = G | (i0,- - ,igy1) € 177} and a forms

the partition of unity subordinate &. Remark h? is well defined because U is
locally finite.
Recall that d?: C? — (97! was defined by

g1
(dqf)io,“'yiq-&-l = Z(_l)k fi07...7i;€7...7iq+1- (BlO)

k=0

Now we will show the Homotopy Lemma condition hod +do h =1id: C9 — C1,

2A topological space M is called paracompact if and only if every open cover of M has a
locally finite refinement.

3 For a cochain map v: C*(G) — C*(G'), f — 9(f) the induced map : H*(G) —
H*(G"), [f] = ¥(f]) = [¢(f)] is a homomorphism too.



148

for all ¢ > 1. To do so, we calculate first hod and d o h.

(thrl(dqf Zo, I Z&l d f Lo, i

lel

= Zajo (dqf)jo,-“,jqﬂ (B 11)

joel '
g+1

I

- Zajo Z(_l)k fjow',j}c,"'aqurl
joel k=0

(dI~ 1(th A @ Z hqf oy i

“Hlg

k=0
q

uEse)

- 04]0 J0520,50 STkt 0
k=0

jo€l
q
i~]
— g E :aJO ]OJI: ':]k-&—l: “5Jg+1 (B'12)
jo€l
q+1
_} :_ k—i—l E
- ( 04]0 Jo,* “Jg+1
k=1 Jo€l
q+1
k+1 R
= ZO‘JO Z fjow--,jk,--quﬂ
_]06[ k=1

Now we add the equation (B.II) and ([B.I2), substitute the indices ji,- -, jg+1

back to ig,- -+, 1, -+, i, and use the fact that a; is a partition of unity:
+1 q+1
k+1 )
((hd _'_ dh ZO’ )2 Z &JO Z (dqf)]ov"' 7.]’Ak7"' 7]'q+1 + Z(_l) fjov"' 7jk7"' 7jq+1>
jo€l k=0 k=1
J~t
= Wy Fjvdors = D fig i = Fivi iy
Jo€l lel
(B.13)
i.e the Homotopy Lemma condition is satisfied. This completes the proof. O

Example B.23. (DOLBEAULT Sequence)
Let E — M be a holomorphic vector bundle on a Riemann surface M. Using the
Snake Lemma [B.16, we get from the exact DOLBEAULT sequence

0—0p—Cy -2cx, =0l 50
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the associated long exact sequence. Hence from this long exact sequence and the
previous Lemma [B.22 we get the following exact (sub)sequences.

0 — HYOg) ™ 5oy -2 HOQOY) 2 HY(Op) — HY(CX) =0 (B.14)
0=HIQWY) 2 H(Op) —» HPY(CR) =0; ¢>1 (B.15)

From the exact sequence (BIH) we can deduce
HY(Og) =0 for all ¢ > 2.

And we can use these sequences (BI4)), to conclude that the first DOLBEAULT
cohomology group coincides with the first sheaf cohomomolgy groupﬁ HY(Og).

In detail: We know that for any sheaf G, HY(G) is isomorphic to the global
sections I'(G). We also know that the connecting map ¢ from the exact sequence
(B.I4) is onto. Hence the claim follows from:

QONE)
I(I(E))
(M, Y)
OO0 (M,C)
~ M (B.16)
A(H(C))
~HYORY)
ker 6
>~ H'(Op)

HA (M, E) =

B.5 Resolution

Definition B.24. A resolution of a sheaf G is an exact sequence of sheaves of the
form 0 - G — Gy — G; — - -+, where HY(G;) vanishes for all ¢ > 1 and ¢ > 0.

Definition B.25. A resolution of a sheaf G is called a fine resolution if and only
if each G; is fine.

Theorem B.26. For every sheaf there is a fine resolution.

4The generalization of this fact is known as the DOLBEAULT Theorem: Hg’q(M, E) =

% >~ H(Og), for more details see GUNNING and RossI, [GR] page 183f] or Griffiths

and Harris, [GHL page 45].
®We can find a proof in [GR], page 178].

*

correct ?
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Proposition B.27. A resolution of a sheaf G on a paracompact space M 1is fine
if and only if HY(G;) vanishes for all ¢ > 1 and 1 > 0.

Proof. One direction follows immediately from Lemmal[B.22 The other direction
from the definition. O

Example B.28. (The DERHAM Sequence)
Let M be a smooth manifold and V' be a vector space over IR, C, or lH. Then
the DERHAM sequence

is a fine resolution of the constant sheaf V := M xV with the discrete topology on
the fibredl. The constant sheaf was declared on page If M is a paracompact
manifold, we deduce from Theorem [B.30

Hq(M7 OQ) = HgR(Ma Q)

Example B.29. (The DOLBEAULT Sequence)
Let £ — M be a holomorhic vector bundle over a Riemann surface. The DOL-
BEAULT sequence

OHOEEC?LC%OE:QE&’DHO,
is a fine resolution of the holomorphic sheaf Op, i.e a fine resolution of the sheaf
of germs of holomorphic sections in FE.

Theorem B.30. For a fine resolution 0 — G —= Gy ~% Gy 22 Gy — -+ of a
sheaf G over a paracompact space M, the cohomology group H(G) is isomorphic
to ker hy/Im hy_y, for all ¢ > 0. Where h,: H*(G,) — H%(G,11) are the induced

maps.

Proof. First we are collecting some equations. For IC; := ker h; C §;, we have
following exact sequences

0—G -G 2K —0 (B.17)
0— K 296 M Ky — 0 foralli >0 (B.18)

While short exact sequences are inducing long exact sequences we get from the
equation (B.I7) the long exact sequence:

0= H'(G) = H'(Go) = H(K:) == H'(G) — -

; " . (B.19)
- = HY(Go) = H(K1) — H™(G) — H""(Go)

SWe must pay attention, because both the constant sheaf and trivial bundle are denote by
the same symbol V. Even the underlining set is the same, they still differ by topology, which
could not enough emphasised.
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where §; are the connecting homomorphisms.
And, similarly from (B.I8), for each i > 0 the long exact sequence

0 — HO(K;) 2 HO(G) 25 HO(Kiph) - HY(Ky) — -

| \ 4 (B.20)
o HYG) 5 HY(Kp) 2 HITHC) 2% HITHG,)
Therefore our first equation to remember comes from ([B.20):
HO(ICZ) = ker hz HO(QZ) — Ho(gi+1). (B21)

Since Gy is fine, we know from Lemma that H%(Gy) vanishes for all ¢ >
1. Using this fact we get a bunch of exact (sub)sequences from the long exact

sequence (B.I9).

0 HY(G) = HO(Gy) o HOUKC) % HY(G) ' HY(G) =0  (B.22)

0= HYGy) — HI(Ky) = H™N(G) — HI™(Gy) = 0 (B.23)
As a first result we get the claim for the case ¢ =0 :
H°(G) = kerhg: H(Gy) — H°(G)) (B.24)
and for the case ¢ = 1:
H° k - H° H°
Hl(g) ~ (IC1> ~ er hy (791) - (gl> (B25)

2 ho(H(Go)) @z Im ho: HO(,Go) — H'(Gy)
Further from sequence (B.23) we get our second equation:
HYKC,) = H™Y(G), ¢>1. (B.26)

Observe again all G; are fine, i.e. H%(G;) vanishes for all ¢ > 1 and ¢ > 0. Hence
the (sub)sequences coming from (B.20) are

0 HOK;) 5 H(G) 25 HO(Kis) 2 HY(K) - HY(G) =0  (B.27)

0= HYG) 25 HY(Kiy) 2 HITYK,) — HIY(G) = 0 (B.28)
Therefore

HY(Ki1) = HIYN(K), ¢ >1;

HY(KCo) = HY (K1), q>2. (B.29)

Now, since we got all these equations, we are in the position to join everything
together:
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H(Kg)/hg—1(H"(G:))

i
o
~/ 1
=y 1T Kat) (B.30)
= kerh,/Im hy_y

B.6 Leray’s Theorem on Cohomology

Definition B.31. Let U := {U; }261 be an open cover for M. U will be called a
Leray coverif and only if H4(U;,N---NU;,,G) = 0 for all ¢ > 1 and any i, - - - , 4.

Theorem B.32 (LERAY). Let M be paracompact, G be a sheaf andU be a LERAY
cover. Then HY(U,G) = HI(G).

Proof. First select a fine resolution 0 — G — G, o, g tn, Gs - - - of the sheaf
G over M. The existence is guaranteed by Theorem From Theorem
we know for the induced homomorphism h;: I'(M,G;) — I'(M,G;1) that
HY(M,G) = ker hy/Im h,_4 for all ¢ > 1.

For any 0 :=U;, N --- U, we get H4(0,G) = ker h, |, /Im h,—; |, from Theorem
And by hypothesis H%(o,G) vanishes for all ¢, i.e.

0 — I(0,G) — T(0,Go) ~% T'(0,G1)
is exact for all 0. Therefore
0 — CUU,G) — CUU, Go) 2 CUU, Gy) 2 -

is exact for all ¢ € Z. Grouping all these exact sequences together the following
commutative diagram appears:



153

0 0 0
! ! !

0— T(M,G) -5 T(M,G,) 2% T(M,G) -
! ! !

0— C'U,G) = COU.Go) o O, Gr)
la ld ld

0— C'U,G) = C'U.Go) M U, G)
la ld ld

All columns and all row are exact, except the first row. Since the entire diagram
is commutative the desired isomorphism between H?(G) and HY(U,G) follows
from a straightforwardﬂ diagram chase.

O

B.7 Axiomatic sheaf cohomology theory

Last but not least we present an axiomatic definition of a sheaf cohomology the-
ory for sheaves of R-modules. Of course, CECH cohomology satisfies all these
axioms. It can be shown that on a paracompact Hausdorff space (e.g. a second
countable differentiable manifold), any two sheaf cohomology theories are canon-
ically isomorphic (cf. [Wal). Therefore, this can be seen as a summary of the
really important properties of CECH cohomology.

Definition B.33. A sheaf cohomology theory for a topological space M with
coefficients in the sheaves of R-modules consists of the following objects.

a) For each sheaf G of R-modules over M and each k € Z there is a R-modules
H*(G) called the k" cohomology group.

b) For each homomorphism G — G’ of sheaves and every k € Z there is a
homomorphism H*(G) — H*(G') of R-modules.

c¢) For each short exact sequence 0 — G’ — G — G” — 0 of sheaves and every
k € 7Z there is a homomorphism H*(G") — H*1(G").

The following axioms must be satisfies by a sheaf cohomology.

7 Even GUNNING and RossI, see [GR] page 189-191], only did it for ¢ = 1
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. (Functorality) For all sheaves G and every k € Z, the identity homomor-

phism id: G — G induces the identity id: Hk(g) — H"“(g). Furthermore,
if the diagram

G — ¢
N
g//

commutes, then for each k£ € Z so does the diagram
HYM.G) — H*(M,G')

N
H*(M,G").

. (Long Exact Sequence) If 0 — G’ — G — G” — 0 is a short exact sequence

of sheaves, the sequence
N Hk(g/) _ Hk:(g) N Hk(g//) _ Hk-i—l(g/) .

1s exact.

. (Naturality) For each homomorphism of short exact sequences of sheaves

0—-¢" -G — G —0
| Lol
0-8 -8 -8 —0
the following diagram commutes for all k € Z
}q.’<;(]\47 gl/) N Hk+1(M7 gl)
| |
H*(M,S8") — H"'(M,S).

4. (Normalization) H*(M,G) = 0 for all k < 0 and H°(M,G) = I'(G). Fur-

thermore, if G is a fine sheaf, then H*(M,G) = 0 for all k£ > 0.

The uniqueness theorem for sheaf cohomology theories over paracompact

spaces provides a simple method to prove that many of the classical cohomology
theories are isomorphic, even if at the first sight no sheaves are involved in their
definitions. For more details on this subject, see [Wa]. We will only explain one
important application, a proof of the DERHAM theorem.

Remark B.34. The Theorem showing that the cohomology of a sheaf on a
paracompact space can be calculated using a fine resolution holds for arbitrary
sheaf cohomologies. This follows from the fact that the proof only uses the axioms
given in this section.
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Fine resolutions are in fact a very important tool to define new sheaf coho-
mology theories!  One very important example is the singular cohomology for
sheaves. Using this cohomology theory, one can easily see that for an arbitrary
R module G, the “classical” singular cohomology coincides with the cohomology
of the corresponding constant sheaf G, i.e.

H’*

sing

(M, G) = H'(9).
In particular, we have H};, (M,Z) = H*(Z) where H*(M, Z) is the integer singu-
lar cohomology of M and H*(Z) is the cohomology of the corresponding constant
sheaf. Similarly, H3;, (M,R) = H*(IR) and H,,(M,C) = H*(C).

Another example is the DERHAM cohomology of sheaves over differentiable
manifolds. This theory uses the DERHAM sequence (see Example and [B28),
which is a fine resolution of the constant sheaf IR (or C). Taking a tensor product
of sheaves, this yields a fine resolution of all sheaves of IR and C modules. The
DERHAM Theorem follows immediatelyﬁ since

H*

sing

(M,R) 2 H*(R) & H;,(M,IR).

Here, the first isomorphism follows using singular cohomology for sheaves as
sketched above. The second isomorphism has already been proved in Example
B.28 (The same holds for coefficients in C or in arbitrary vector spaces instead

of IR.)

81t is remarkable, that CECH-cohomology is quite exceptional in the sense that no fine
resolution of the sheaf is needed for the definition of its cohomology, i.e. the cohomology is
defined using the sheaf alone! All other sheaf cohomology theories that can be found in [Wal
for example are defined using some special choices of fine resolution.

9To be honest there is still some work to be done in order to show that the isomorphisms
preserve the algebra structures.
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Appendix C

The Riemann—Roch theorem

This chapter start with the formulation of the SERRE duality theorem in the
language of sheaves.

We use the first statement of the SERRE duality theorem, the fact that
H°(Op) is finite dimensional for any holomorphic vector bundle E, to prove
the existence of non trivial meromorphic sections of a holomorphic vector bun-
dle. This in turn is used to show that holomorphic line bundles can be de-
scribed by divisors. The second statement of the SERRE duality theorem, that
HY(Op) @ H*(Okg-) is used to formulate the RIEMANN-ROCH theorem using
h°(K E*) instead of h'(E). Another way to see this, is that the formulation of
the RIEMANN-ROCH theorem with h'(FE) is just a theorem about linear algebra
of sheaves, and that the RIEMANN-ROCH theorem follows as a corollary of the
SERRE duality theorem.

C.1 Serre Duality

This chapter start with the formulation of the SERRE duality theorem in the
language of sheaves.

Theorem C.1 (SERRE Duality Theorem (sheaf formulation)). Let M be a com-
pact Riemann surface, E— M a holomorphic vector bundle. Then

i) H°(Og) is finite dimensional and
i)
(H'(Og))" = H*(Okg-).

Proof. In Example we have seen that the long exact sequence of the short
exact DOLBEAULT sequence

0— O0p —Cp -5 C2,— 0

157
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and the fact that Cz’ and C¥}, are fine sheaves imply
I'(KE)
Or(E)
Hence the result follows with Theorem G241 O

H'(Op) = = coker 0.

C.2 The Riemann—Roch theorem for line bun-
dles

Definition C.2. For a sheaf G of vector spaces we denote
h1(G) :=dim HY(G), q € IN,
and use the abbriviation h?(E) = h?(Op).

Example C.3. 1. If £ is a holomorphic vector bundle over a compact Rie-
mann surface then the DOLBEAULT sequence yields h*(E) = 0 for k > 2.

2. Holomorphic functions on a compact Riemann surface are constant. Thus
hO(M x C) = 1.

3. By HODGE decomposition we know that the real dimension of the space of
real valued harmonic 1-forms on a compact Riemann surface of genus g is
equal to 2g. Let w = a + ib be a complex valued 1-form, and a and b its
decomposition into its real and imaginary part. w lies in K if and only if
xa = —b. Thus the elemts of K are the 1-forms w = a — ¢ *x a, where a is
a real valued 1-Form. w is holomorphic if and only if dw = 0, that means
if and only if da = 0 and d x a = 0. Thus the holomorphic sections of K
are of the form w = a — ¢ * a with a real valued harmonic 1-form a. Thus
hO(K) = g.

Theorem C.4 (RIEMANN-ROCH for line bundles). Let L — M be a holomorphic
line bundle on a compact Riemann surface M. Then

RO(L) = BN (L) = deg(L) — g + 1,

or equivalently

RO(L) — h°(KL™') = deg(L) — g + 1.

Remark C.5. If one defines the EULER characteristic of a sheaf F — M to be
X(F) =Y. (—1)%h*(F), then the proposition reads

X(OL) - X(OMXC) =degL,

since H*(Or) = 0 for k > 2 and x(Ouyxc) = (M x C) — h'(M x C) =
hO(M x C) — h°(K) = 1 — g, by SERRE duality.
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Proof. The equivalence of the two formulations follows from SERRE duality. The
validity of the for L = M x C follows then from the facts collected in Example
o)

For arbitrary holomorphic line bundles L we will proof the theorem by induc-
tion over the factors of the decomposition L = L(py) . .. L(p,) L(=pys1) - - . L(—py),
Proposition

First step. We assume that the theorem holds for a holomorphic vector
bundle L. Then the skyscraper sequence

0— 01— OLrp) — LL(p)’p — 0
is exact, example ll4 and E = LL(p). This implies the long exact sequence

0— HO(OL) — HO(OLL(p)) - HO(LL(p)’p)

|

=LL(p)

— H'(O) — H'(Or1(p) — H'(LL(p)])) — ... (%)
N’

=0

H 1(LL(p)’p) = 0 follows from the fact that the skyscraper sheaf of a vector
space is fine. Indeed let U/ be a local finite cover, and r the number of open sets pas  xwonnte
in U that contain p, and define womnders hin-

a;(f) = %f’ if 7(f) =p and p € Uj,

0 otherwise.

Then supp(a;) = {p} if p € U;, supp(a;) = 0 if p ¢ U;, Zz’el a;(f) =0=id(f) if
m(f) € M\ A{p}, and 3,  ou(f) = 200, o f = f=id(f) if =(f) =p.

Thus (%) is an exact sequence that starts and ends with zero. Consequently
the alternating sum of the dimensions of the vector spaces involved is zero. Hence

0= h'(L) = K(LL(p)) +1 = h'(L) + h*(LL(p)).
which implies

h*(LL(p)) — h'(LL(p)) = h*(L) = h'(L) + 1
=deg(L) —g+1+1=deg(LL(p))) —g+ 1.

Second step. Now we want to prove the theorem for LL(—p). Therefore we
apply the skyscraper sequence

0— Orp—p) — Or — L}p — 0.
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which yields
0=A"LL(~p)) = h°(L) + 1 = h'(LL(p)) + h'(L),
thus
h(LL(=p)) = h*(LL(=p)) = h°(L) — h}(L) — 1
=deg(L) —g+1—1=deg(LL(—p))) — g+ 1.

O

C.3 The Riemann—Roch theorem for vector bun-
dles

Theorem C.6 (RIEMANN-ROCH for vector bundles). Let E be a holomorphic
vector bundle over a compact Riemann surface M. Then

R (E) — h°(KE*) = deg E — (g — 1) rank E.

Proof by induction over rank E. There exists a holomorphic subbundle L. C F,
by Corollary B2 Then E/L is a holomorphic vector bundle and rank F/L =
rank F — 1. By assumption the theorem is true for £/L. Now

0—L—F—EFE/L—0

is exact. This induces the long exact sequence

0 — H%L) — H°(E) — H(E/L)
— HY(L) — HY(E) — HY(E/L) — H*(L)

——
=0

Hence the alternating sum of the dimensions of the vector spaces involved is 0,
ie.
hO(L) — h°(E) + h*(E/L) — h*(L) + h*(E) — h*(E/L) =0
= h'(E) —h'(E) =degL — g+ 1 +deg(E/L) — (g — 1)(rank E — 1)
= h(E) — h'(E) =deg E — (g — 1) rank E.
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Appendix E

Chern classes

We already have seen how to define the degree of a vector bundle over a Riemann
surface by using the trace of a Riemann curvature tensor. The degree defines a
(topological) invariant of the Riemann surface.

In a more general context one should consider the so—called CHERN classes of
a complex manifold.

In this section, let M be a complex manifold of dimension m, let £ — M
be a complex vector bundle of rank r and denote by V a complex connection,

VJ = 0 for the complex structure on E. The absolute exterior differential
dv QF(E) — QFFL(E) with respect to V is defined by

(d¥w)(Xo, .., Xi) =D (=1)'Vx, (w(Xo, .., Xiy ., Xi))+
+Z ZJer X“X]X(),...,XZ',...,Xj,...,Xk).

1<J

For ¢ € Q°(E) = T'(E) we have d{¢ = Vx1, and for w € QY(E) =T(T*M @ E)
the usual formula,

¥w(X,Y) = Vx(w(Y)) = Vy (w(X)) - (X, Y]) (E1)
holds. The curvature RY € Q?(End(E)) is defined by RY := d¥ o d" |p(g). Thus
RY(X,Y ) = VxVy1h — VyVxt) — Vixye.
It is well known that RY satisfies the BIANCHI identity
dVRY =0

where d¥ RY = [dV,RY], i.e. (d¥R)Y =dY(RvY)—RY(dVv).

163
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Exactly the same way as for holomorphic structures we can construct, given
a complex connection on the vector bundle E, a canonical complex connection
on E* via

(Vo) = d(a)) — (V)

where a € T'(E*) and ¢ € T'(E). Similarly, given two complex connections,
Vi and V, on E; and E,, we define complex connections on F; ® E; and
HOHl(El, Eg) = Eik & E2 by

V(i1 @ o) := (V1) @ 1o + 10y @ Vg,
(VT)% = V2(T¢1) - T(V1¢1)>

where ’l/)l € F(El), wz c F(EQ) and T € F(Hom(El, Ez))
Let V be a complex vector space of dimension r. We define the elementary
invariant polynomial maps Py: End(V) — C by

det(X -Id —A) = Z(_l)kpk(A)ank

= Py(A) X" — PI(A) X" ' 4 Py(A) X" ? — ... £ P(A)
N—— S~—— SN——
1 tr(A) det(A)

where A € End(V). In the case of a 2-dimensional vector space V, this is just
the well known formula

det(X - Id —A) = X? — tr(A)X + det(A)

for the characteristic polynomial of A. The polynomials defined this way are
Ad-invariant, i.e.

P.(Ad(T)A) = P.(TAT ') = P.(A).

It can be shown that P,..., P, are algebraically independent and they gener-
ate the algebra of invariant polynomial maps End(V) — C (cf. [KN]). The
homogeneous invariant polynomial maps P: End(V) — C of degree k form
a vector space isomorphic to the space of invariant symmetric k-linear maps
P: End(V) x ... x End(V) — C. To a symmetric k-linear map P we assign
P(X) := P(X, ..., X). With respect to a basis X, ..., X, of End(V) and a dual
basis o1, ..., 0, we have

with a; = P(Xi,, ..., X;,). Thus, the corresponding P(X) = P(X, ..., X) has the

form
P = Z asorg.
I
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Conversely, given a homogeneous invariant polynomial map P: End(V) — C
of degree k. Then P can be written in the form P = Z[ aror with a;,
symmetric in the iy, ...,7,. Now we define by P = le(il ..... i) 0103 ® .. Q 0;,
the corresponding invariant symmetric k-linear map. In the following we denote
by Pk not only the homogeneous polynomial, but also the invariant symmetric
k-linear map P, obtained by the polarization just described.

The k' CHERN form of the complex vector bundle £ with complex connection
V is the 2k-form defined by

i i
ok = Pi(5— RYA...A %RV) c Q2 (M).

The following formulas hold for the first and for the second CHERN form

7
o = —trRY
! 2

1 1
=P(—RYA—RY
< 2(27T 2w )

Where Pg(w AN 7”])(X1, Ce ,X4) = ZU(_l)UPQ(w(XJ(l)a XO'(Q))7 77(XU(3), XU(4))).
Theorem E.1. Let E be a complex vector bundle.

1. The CHERN form cy is closed for any complex connection V on E, i.e.

i i
d(Pk(g RYNA...A gnv)) = 0.

2. The CHERN forms of two complex connections V and V are cohomologous,
1.€.

P(—RYAN..AN—RY) =P (—RYA...N—RY) €d* (M, C).
k(QTI'R A /\QWR) k(%R A A% ) € (M,C)

Proof. 1. Follows from the BIANCHI identity d¥ RY = 0 by

dP.(— RYA..N—RY)=P(—d"RVA—RVA...AN—TRY

k(%R A /\%R) k(% R /\QWR A /\27T )+
o4 P(— RN A —RYA—AVRY) =0.
+ + k(27TR A /\27r 2 )

2. Let B :=V — V. Then we have a curve connecting V and V in the space
of complex connections given by V! = V + ¢B. For the curvature we have

RY =RV +(t —to)dV" B + (t — t))’B A B.
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In 1. we have seen that the CHERN forms ck(th) are closed. Therefore

we can consider the curve (the factors i/2m are left out in this calculation)

[ (RY)] = [Po(RY A ARY ) + (t — t0)[Pe(dV " BARY A ARY)+
o+ PR AL ARY AdY B)] + hot. in (t — )

in the finite dimensional vector space Har(M,C). The derivative of this
curve at the point £, is

0 ‘
571ck(RY )l =
[P(dV°BARY AL ARY) + . 4+ PR A ARV AdV" B)]
— [d(Py(BARY A ARY +...+ P(RY° A... ARV AB))].
Since the cohomology class of an exact form is zero, the curve [¢,(RY')] is
constant in H2k(M,C).

U

Definition E.2. Let £ — M be a complex vector bundle over M. The k"
CHERN class of F is defined by

i i
cr(E) = [Pk(% RYA...A o RY)] € H¥(M,C)

where V is an arbitrary complex connection on E. The total CHERN class of FE
is defined by

o(E) =) ¢(E) € Hy;(M,C).

720
The CHERN class associates to each complex vector bundle over M an element
of the cohomology ring H},(M,C). The product in this ring is given by
[wn] := [w An.

In fact, CHERN classes live in the even part HZ5(M,C) of the cohomology ring
which is commutative.

Proposition E.3. The CHERN class ¢(E) = 14c¢,(E)+...+¢.(E) € H3(M,C)
of a rank r complex vector bundle E has the following properties:

1. f*e(E) = c(f*E) for a complex vector bundle E — N and f: M — N
(naturality).

2. Isomorphic vector bundles have the same CHERN classes.

3. c(Ey @ Ey) = c(E1)c(Es) for two complex vector bundles Ey and Es
(WHITNEY Sum Formula).
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4. c1(X) = =1 for the tautological bundle ¥ — CP' (normalization).

5. The k' CHERN class of the dual bundle E* satisfies cj,(E*) = (=1)*ci(E).

6. The CHERN class of the trivial bundle C" = M x C" satisfies ¢(C") = 1.
Furthermore, the first CHERN class ¢; satisfies

7. c1(E/Ey) = c1(E) — c1(Ey) for a complex subbundle Ey of E.

8. c1(Ey ® Ey) = rank(Fy)cq (E2) +rank(Ey)cy (Fy) for two bundles Ey and Es.

Proof. 1. We take the induced connection f*V on f*FE characterized by

('V)x(@o f) = Vg

for all ¢» € T(E) and X € TM. Then RV = f*RY and the statement
follows.

2. Suppose we have an isomorphism 7": E; — FE5 of complex vector bundles.
Then a complex connection V! on E; induces a connection V? = TV!T !
on F5. For this connection we have RY’ = TRY' T! and the statement
follows by Ad-invariance of Pj.

3. If we take as the connection on F; @ F5 the direct sum V' @ V? of the two
complex connections on F; and F5 , then

RYEV =RV @ RY € O*(End(E) @ E»)).
From linear algebra we know

A 0

det(X Id — ( 0 A,

)) = det(X Id —A;) det(X Id — As).
Hence, for our choice of connection on E; & E,, the Whitney sum formula
even holds on the level of CHERN forms. *

details?

4. See next section, Remark BT

5. Follows from the fact that the connection V* on the dual bundle £E* defined
above satisfies RV = —(RY)*.

6. There is a flat connection V on the trivial rank » bundle C". But RY =0

implies ¢(£) = 1.

7. E/E; is isomorphic to the orthogonal complement of E; for any hermitian
product on E. Therefore, E is isomorphic to £y & E/FE; as complex vector
bundles and 3. yields the formula.
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8. Let Vi and V5, be complex connections on E; and Es. The tensor product
connection Vi ® V4 defined above satisfies

RYV1OV2 = RV @ 1dp, +1dg, @ RY2.
Therefore

tr(RY'®V2) = tr(RV") rankg, + rankp, tr(RY?).

Remark E.4.

1. CHERN classes are real cohomology classes, i.e. ¢(E) € H¥(M,R). This
can be seen by taking an hermitian product < . > on F and a compatible
complex connection V, ie. d < ¥, p >=< Vi, > + < ¥,V >. Then
RY is skew-symmetric (i.e. < RV ¢, p >= — <, RY ¢ >) and we have

) = [Pl o= RV)] = [Pl RV)] € HI(M, ).

2. Topologists define CHERN classes as integer cohomology classes. In fact,
one can give the following axiomatic definition: the CHERN class is the
(unique) map assigning to a complex vector bundle E of rank r the class
c(E)=1+c(E)+...+ ¢ (F) € H*(M,Z) such that 1. through 4. of the
preceding proposition are satisfied (see [MS] for details).

3. The so called PONTRJAGIN class of a real vector bundle can be defined to
be the CHERN class of its complexification. Since every second CHERN class
of a complexified bundle is zero, the PONTRJAGIN class lives in H* (M, Z).



Appendix F
The 0-Lemma for g € C'(C)

This appendix is devoted to the proof of the O-Lemma.

Theorem F.1 (0-Lemma [GHI, p. 5]). Let D C U C C be two open sets, D C U,
U compact and 0D a 1-dimensional C*-submanifold, g € C*(U,C). Then

1 dé A dE
1) =g | 002

is well defined, f € C*(D,C) and
==y

Lemma F.2 (Change of variables for polar coordinates).
A function f: C — TR is integrable over C if and only if (r,@) w— rf(re'?) is
integrable over R>q x [0,27r]|. Then

1 .
/fdx/\dy: ——,/fdz/\de/ rf(re™)dr A de.
C 2i Jc R x[0,27]

Proof. The map ®: R+(x]0,2r[— C\ R, (r,¢) — re* is a diffeomorphism.
From z = x4 iy = r cos(p) +irsin(p) it follows that dz = cos(p)dr — rsin(p)dy
and dy = sin(p)dr + r cos(y)dy, thus

1
—?dz/\d,?: dz N\ dy = rdr N\ dep.
7

Since the sets omitted by ® are of measure zero, the claim follows from the change
of variables formula. 0

Corollary F.3. Let f € C(C) with compact support. Then % is integrable for
any constant zy € C and

dz Ndz ‘ ,
/ f(2) AL —2@'/ f(re" + zp)e *dr A dep.
C R20X[0,27T]

zZ — 20
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Proof. The formula follows as in Lemma using the transformation (r, ) —
re® + zy. The latter integral exists because a continuous function with compact
support is integrable. O

Lemma F.4 (Differentiation under the integral). Let V' C C be compact and
UcCCopenandlet f:UxV —C, (2,&) — f(z,€) be C'. Then

M@=LJ@®%
is CY and
%szﬁ%W& %@ZA@@M&

forall z=z+1iy € U.

Proof. Fix z € U let € > 0 be small enough such that for h € (—¢,¢), z+ h € U.
We have
JEELLERCLY
v h

9.(2) = 1111_{% §
|h|<e
if the limes exists. Since f is C! in the first variable we get

'f(z+h,§i)l—f(zaf)' < |fulz 4 h, )|

for some h between 0 and h, and

oz + ROl < max|fa(z 4 1, O]

The function £ — maxjy<c |fz(2 + h,§)| is a continuous function for any z € C,
hence integrable over the compact set V. Applying the dominated convergence
theorem we get (since f is C*)

%m:Ln@&m

The continuity of g, follows from the dominated convergence theorem as well. [

Lemma F.5 (Cauchy integral theorem for C' functions). Let U C C be an
open set, f € CY(U,C), D C U open, D compact and 0D a 1-dimensional C>—
submanifold of C. Then

fdz= —/ fzdz N dz.
oD D
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Proof. By Stokes theorem

/andZZ/Dd(fdz):/Ddf/\dZZ/szdz/\dz.

Lemma F.6 (Cauchy integral formula for C! functions). Let D C U C C be
two open sets, D C U, f € CY(U,C), U compact and OD a 1-dimensional C>—
submanifold of C. Then

f(z):i/ MO e L[ 168 e e

O

2w Jop € — 2 2mt Jp & — 2
forall z € D.
Proof. Let B(z) ={w € C | |z—w| < e}. Apply Lemma LR to D, := D\ B.(z)
and £ — 5(—2
/) /) /) dS/\dS
d¢ — d¢ = Ll =
/81:)5—2 : aBe(z)f—Z op. § — 2 / f§ -z *)

Since fg(§) can be continued to a continuous function with compact support on
C, the map & — iz) is integrable by Corollary Thus

lim/ 1) dgmlg /fg d§/\d§.

e—0
f© vy
/aBe(z)g_zdf—me(z).

On the other hand

Now

[ Eae—amige)
oB.(z) § —

| ittt ) = s

SA et + 2) — f(2)]dt
27r max € h —
sA ax | f(ee + 2) — f(2)|dt

he(0,27]

—9 ih _
 ma (e +2) — ()

and lim,_.o maxue(ooq | f (€€ +2)— f(2)] = 0. This and () proves the lemma. [
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Proof of Theorem[EQl. We fix a point z € D. Since g can be continued to a
continuous function with compact support on C the function 96) g integrable by

E—z
Corollary If supp(g) C D then

1 dé A dE 1 . .
f(2) —/Dg(f) T fZ——/R 0s }g(rewjtz)e’wdr/\dgo.

" 2mi E—z s

Now we can differentiate under the integral (Lemma [E24):

1 . A
fs(z) = ——= / gz(re" + z)e "dr A dp

T JR>x[0,27]

1 dé A dE
=— 1 g:(§) EN 5, by Corollary

2w Jp E—z
1 9(&) .
=g(z) — — =2 dg, by the Cauchy integral formula (Lemma [EL0)
2mi Jop € — 2

=9(2), supp(g) C D. (%)

We fix a point z € D.
Additionally we know that f € C*.
Now we chose € > 0 such that Bs.(z) C D, decompose g = g1 + g2, such that

gl}D\BQE(z) =0 and 92’36(2) = 0. Then f = f1 + fa,
1 dé N dE ,
P = 5 i , =1,2.
fimgr; | OFEE
The map z — g;f? is C! on B(z) for any £ € D. Differentiating under the

integral (Lemma [EX4]) implies f, is C! and:

foz(2) L/D((g2(£)>zd£/\d§_:0.

" omi E—z
Since supp(g1) C D we can use (%) to complete the proof:

J2(2) = fiz(2) + faz(2) = 91(2) = g(2).




Appendix G

Some technical details about the
Abel map and Theta function

Let M be a RIEMANN surface of genus g, A its fundamental domain, a;, b, its
basis curves and w; the dual holomorpic one forms to a;. The reader not familiar
with these picture should read the section differential topological background,

0T
Further let ¢ € Jac(M) and ¥ the abbreviation for ¥ = 8(Ap,(.) — () and A the
ABEL map without emphasizing the base point Fj.

Lemma G.1. Let P; € a; and Pj the corrosponding point in a;l and Qj, Q)
analog in b; respective b;l. Further Ry, Ry, R3 the vertexes of the fundamental
domain A where a; lies between Ry, Ry and b; lies between Ry, Rs. Note that
everything which works for a () — couples works for Ry, Ry and analogous with
the P — couples and Ry, R3. See picture 77.

1. Ap(Fj) = Ak(F;) + Bj

2. A(Q)) = Ax(Qy) + djk

Qo

. dlog U(Q}) = dlog ¥(Q;)

B

. dlog W(P;) = dlog W (P;) — 2mi w;(F;)

2
O
QU
<}
OS]
S
—
T
~—
I
(@)
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7. fbj dlog ¥(Q) = 2mi ({; — Aj(Re) — 5B;;))
8. faﬁaj_l(dlog U (P)AL(P)) = 2mi (fa]- (w;(P)Ag(P)) + Bjx)
9. fb er leg \I/(Q)Ak(Q)) = 5j,k 211 (C A (Rg) B]J))

10. [, (wr(P)Ak(P)) = 6;(Ax(R2) — 1)

Proof. Take D(Z) = dlog ¥ (Z) as abbreviation.
, P ,
L Au(P)) = Ak(P)) = [} wi = [ wi = [pf wr = = f, we ==

/ J Q;' J
2. Au(Q)) = An@) = [0 wn— Joi wi = J5 wr == [, we =~

3. U(Q)) = 0(A(Q)) — ¢). Using B this is (A(Q;) — e; — () and by the
periodicity of 6 this is (A(Q;) — () = V(Q;).

4. Since W(P}) = 0(A(P;) — (). Using[ll this is 0(A(P;) — B, — () and by the
periodicity of 6 this is exp(—2mi (A;(FP;) — ;) — 7wt B;;) 0(A(P;) — ().
Since we are intressed in D(P}) = dlog W(P;) we calculate dlog from the
exp term above:

1 &
2mi d(—A;(Py)+¢— 5 B;;) = —2mi dA;(P;) = —2mi d/ w; = —2mi w;(P))

Py

5. W(P) = 0(A(P)) — ¢) = 0(A(P)) + B;j; — () = exp(—2mi (A;(F)) — ¢ +
Bj,j))e(A(RQ) - C) = exp(—2ﬂ' ( J( ]) Cj + %Bj,j))\l/(Pj)

6. fa]- dlogVU(P)) = log V(Ry) —log V(R;) = log W(Ry) — log(A(R;) — ()
log W(Ry) — log 0(A(Rz) + ¢; — () = log U(R;) — logO(A(Rz) — () =0

7. J, dlog U(Q) = log U(Rs) —log U(Ry) = log gt = —2mi (A;(Ry) — G +
1p. )
20
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[0 fy 0= [ / s [0 [ o
@/ / / — 27 wj( / wk+/wk
- [ [ - /a].“D(P) ari (P [ nct B

P /aj(wj(P) /ijk)+3j,k(zm_/% D(P))

P
2mi / (wj(P)/ wi) + 2mi B,
aj Py

[ 0@ [0 fo@ [l [ 0@ [ o

@ i@ - 0 o0 [T
s, /D

D 5,5 2w (G — 4,(Ro) — 5B,,)

10. 2 [, (wi(P = 2, @il(P) [, wr) = [, d(A(P))? = (Ax(Ry))?

) k(P) _
(Ap(R1))? 2 (A, ( 2))? = (Ar(Re) — [, wi)® = 24k(R2) [, wi — ([, wi)® =
20;1(Ar(Rs) — 3)

O

September 19, 2006
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